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SYNTHESIS  OF  2n-POLES  BY  NETWORKS  CONTAINING  THE 
MINIMUM  NUMBER  OF  ELEMENTS 

Bt  B.  D.  H.  Telleoen 


1.  Statement  of  the  problem.  The  synthesis  of  passive  two-poles  was  ac¬ 
complished  by  Brune.*  Bnine’s  networks  contain  the  minimum  number  of 
reactances  (inductances  and  capacitances),  equal  to  the  highest  power  p  of  the 
frequency  parameter  X  in  numerator  and  denominator  of  the  impedance  func¬ 
tion  of  the  two-pole.  Brune’s  networks  also  contain  the  minimum  number  of 
elements  (inductances,  capacitances,  resistances,  and  ideal  transformers),  equal 
to  the  number  2p  -f-  1  of  independent  parameters  defining  the  impedance  func¬ 
tion.  Darlington,*  Cauer,*  and  Cocci^  have  shown  that  it  is  possible  to  realize 
any  impedance  function  by  a  network  containing  not  more  than  one  resistance. 
These  networks  contain,  however,  more  than  the  minimum  number  of  reactances, 
an^  more  than  the  minimum  number  of  elements. 

The  synthesis  of  passive  four-poles  was  accomplished  by  Gewertz.*  As  Leroy* 
pointed  out,  Gewertz’  method  is  rather  to  be  regarded  as  an  extension  of  the 
method  of  Darlington  e.a.  than  as  an  extension  of  the  method  of  Brune.  For  by 
using  Darlington’s  results  the  method  of  Gewertz  leads  to  networks  containing 
not  more  than  two  resistances,  and,  as  Leroy*  has  shown,  this  is  the  minimum 
number  of  resistances  necessary  to  realize  a  general  four-pole.  Also,  in  a  certain 
sense,  it  can  be  said  that  Gewertz*  networks  contain  more  than  the  minimum 
number  of  reactances  and  more  than  the  minimum  number  of  elements.  These 
statements  get  a  definite  meaning  only  after  introducing  the  concept  of  order 
of  a  four-pole  f  The  order  of  a  four-pole  is  defined  as  the  order  of  the  differential 
equation  of  the  free  oscillations  of  the  system  formed  by  connecting  the  terminal 
pairs  of  the  four-pole  to  the  terminal  pairs  of  a  four-pole  containing  no  reactances. 
The  minimum  number  of  reactances  is  then  equal  to  the  order  p  of  the  four-pole, 
and  the  minimum  number  of  elements,  being  equal  to  the  number  of  independent 
parameters  defining  a  general  four-pole  of  order  p,  is  equal  to  3p  -|-  3,  as  will  be 
proved  in  section  4. 

The  method  of  Gewertz  was,  in  several  ways,  extended  to  passive  2n-poles 
by  Bayard,*  Oono,*  Leroy,“  and  Belevitch.”  They  derived  networks  con- 

*  O.  Brune,  J.  Math.  Phys.  10,  101,  1931. 

*  S.  Darlington,  J.  Math.  Phya.  18,  257,  1939. 

*  W.  Cauer,  Theorie  der  linearen  Wechselstromachaltungen,  1941,  p.  437. 

*  G.  Cocci,  Alta  Frequenza,  9,  686,  1940. 

*  C.  Gewertz,  J.  Math.  Phya.  18,  1,  1933. 

*  R.  Leroy,  C&blea  A  Tranamiaaion,  Paria,  S,  141,  1949. 

'  B.  D.  H.  Tellegen,  Philips  Res.  Rep.  1,  109,  1946. 

*  M.  Bayard,  Bull.  ^c.  frang.  filect.  9,  497,  1949;  CAbles  A  Transmission,  Paria,  4,  281, 
1050. 

*  Y.  Oono,  J.  Math.  Phys.  29,  13,  1960. 

‘*  R.  Leroy,  C&bles  A  Transmission,  Paris,  4,  234, 1950. 

“  V.  Belevitch,  Ann.  TOl^commun.  6,  302,  1961. 

1 


2 


B.  D.  H.  TELLEOEN 


taining  the  minimum  number  of  resistances,  generally  n,  but  more  than  the  min¬ 
imum  number  of  reactances  and  more  than  the  minimum  number  of  elements. 

The  object  of  this  paper  is  to  extend  the  method  of  Brune  to  the  synthesis  of 
passive  2n-poles,  and  thereby  to  arrive  at  networks  containing  the  minimum 
number  of  reactances  and  the  minimum  number  of  elements.**  Section  2  con¬ 
tains  some  preliminary  considerations.  The  synthesis  procedure  is  described 
in  section  3,  while  most  of  the  proofs  are  given  in  later  sections  * 


2.  Preliminary  considerations.  To  synthesize  a  2n-pole  we  start  from  its 
impedance  matrix 

II  II  i  “  Zki,  Zik  “  Rik  +  jXik  ;  t,  A:  *=  1,  2,  •  •  •  ,  n. 

The  Zik  are  rational  functions  of  the  frequency  parameter  X.  It  is  known  that  for 
a  passive  2n-pole  this  matrix  is  a  positive  real  matrix,**  i.e.  the  quadratic  form 
associated  with  the  matrix  is  a  positive  real  function: 


2^  ZikXiXk 


(1) 


is  a  positive  real  function  for  all  real  values  of  the  x’s.  A  rational  function  /(X) 
is  said  to  be  a  positive  real  function  if 

(a)  /(X)  is  real  for  X  real, 

(b)  Re  /(X)  ^  0  for  Re  X  ^  0. 

Brune**  has  shown  that  a  necessary  and  sufficient  condition  for  a  rational 
function  /(X)  to  be  a  positive  real  function  is  that 

(a)  the  coefficients  are  real, 

(b)  Re  /(X)  ^  0  on  the  imaginary  axis  of  the  X-plane, 

(c)  /(X)  has  no  poles  in  the  right  half  of  the  X-plane, 

(d)  any  poles  on  the  imaginary  axis  are  simple  and  have  positive  real  residues. 

By  applying  this  to  (1)  we  find  that  a  necessary  and  sufficient  condition  for  a 
matrix  ||  ||  whose  elements  are  rational  functions  of  X  to  be  a  positive  real 

matrix  is  that 

(a)  the  coefficients  of  the  Za  are  real, 

Oono,  reference  9,  at  tke  end  of  his  paper,  mentions  that  in  another  paper  he  has 
given  networks  containing  no  superfluous  elements.  As  this  paper  was  written  in  Japanese, 
I  have  not  been  able  to  read  it. 

C.  Gewertz,  reference  5,  pp.  53,  85.  E.  A.  Guillemin,  Communication  networks,  Vol. 
II,  1935,  p.  217.  W.  Cauer,  reference  3,  pp.  127, 136. 

“  Reference  1,  p.  204. 

*  Note  added  in  proof.  After  the  writing  of  the  paper  there  appeared  an  extensive  study 
by  B.  McMillan,  Bell  Syst.  tech.  J.  31,  pp.  217,  541,  1952,  dealing  with  the  synthesis  of 
2n-poles.  The  procedure  of  McMillan  has  much  in  common  with  mine;  his  notion  of  “de¬ 
gree”  of  a  2n-pole  corresponds  to  my  notion  of  “order.”  During  a  visit  to  the  Bell  Tele¬ 
phone  Laboratories  in  1952  Mr.  Dietzold  showed  me  an  English  translation  of  the  paper 
by  Oono  mentioned  in  note  12,  which  proved  to  me  that  Oono  extended  the  Brune  procedure 
to  the  synthesis  of  2n-poles  in  a  way  different  from  mine.  At  the  symposium  on  modern 
network  synthesis  in  New  York,  April  1952,  Mr.  Bayard  surveyed  the  work  on  the  synthesis 
of  2n-poles  (Proc.  of  the  Symp.  p.  66;  also  Ann.  Telecommun.7,  517, 1952). 
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(b)  I  Ra,  I  and  all  principal  minors  are  ^0  on  the  imaginary  axis, 

(c)  the  Zik  have  no  poles  in  the  right  half  plane, 

(d)  any  common  {joles  of  the  Za  on  the  imaginary  axis  are  simple  and  have 

real  residues  fa  for  which  |  |  and  all  principal  minors  are  ^0. 

The  inverse  matrix  of  a  positive  real  matrix  is  also  positive  real.’*  The  inverse 
matrix  of  the  impedance  matrix  ||  Zn,  ||  is  the  admittance  matrix  ||  Fa  ||;  so  if 
we  know  that  the  impedance  matrix  is  positive  real,  the  same  holds  for  the  ad¬ 
mittance  matrix,  and  vice  versa. 

When  one  or  more  of  the  elements  of  a  matrix  have  a  pole  at  a  certain  value 
of  X,  we  say  that  the  matrix  has  a  pole  at  that  value  of  X.  When  the  determinant 
of  a  matrix  is  zero  at  a  certain  value  of  X,  we  say  that  the  matrix  has  a  zero  at 
that  value  of  X.  At  a  zero  of  a  matrix  the  inverse  matrix  has  a  pole.  The  rank 
of  the  matrix  of  the  residues  of  a  pole  we  call  the  rank  of  the  pole.  For  a  zero  the 
rank  of  the  corresponding  pole  of  the  inverse  matrix  we  call  the  rank  of  the  zero. 
When  the  determinant  of  a  matrix  is  zero  for  all  values  of  X,  the  matrix  is  said 
to  be  singular. 

A  pole  of  an  impedance  matrix  at  X  —  0  can  be  split  off  by  writing 

II  II  =  II  rVX  II  +  II  z'.  II  ,  (2) 

where  the  ra  are  the  residues  of  the  pole.  From  the  afore-mentioned  properties 
of  positive  real  matrices  it  follows  that  the  matrices  on  the  right-hand  side  of 
(2)  are  both  positive  real.  The  first  of  these  matrices  can  be  realized  by  a  2n- 
pole  composed  of  capacitances  and  ideal  transformers.’*  The  minimum  number 
of  capacitances  is  equal  to  the  rank  of  the  pole.  If  the  rank  is  one,  the  2n-pole 
can  consist  of  one  capacitance  and  n  —  1  ideal  transformers.  Fig.  1  illustrates 
the  splitting  off  of  such  a  pole  by  means  of  a  series  2n-pole,  for  n  —  Z.  Fig.  2 
illustrates  the  splitting  off  of  a  pole  of  rank  one  at  X  =  0  of  an  admittance  matrix 
by  splitting  off  a  parallel  2n-pole,  also  for  n  =  3.  The  splitting  off  of  poles  at 
X  EX  00  or  at  two  conjugate  imaginary  values  of  X  can  be  illustrated  by  fig.  1 
after  changing  the  capacitance  into  an  inductance  resp.  into  a  capacitance  and 
an  inductance  in  parallel,  and  by  fig.  2  after  changing  the  inductance  into  a 
capacitance  resp.  into  an  inductance  and  a  capacitance  in  series.  Zeros  of  a 
matrix  on  the  imaginary  axis  can  be  split  off  by  splitting  off  the  corresponding 
poles  of  the  inverse  matrix. 

The  order  of  the  differential  equation  of  the  free  oscillations  of  the  system 
formed  by  connecting  the  terminal  pairs  of  a  2n-pole  to  the  terminal  pairs  of  a 
2n-pole  containing  no  reactances  we  call  the  order  of  the  2n-pole.  For  n  =  1  the 
order  is  equal  to  the  highest  power  of  X  in  numerator  and  denominator  of  the 
impedance  function.  The  order  of  a  2n-pole  cannot  be  larger  than  the  number  of 
reactances  contained  in  the  2n-pole  network.  Thus  the  number  of  reactances 
necessary  to  realize  a  2n-pole  is  equal  to  its  order. 

•*  C.  Gewertz,  reference  6,  p.  S9.  W.  Csuer,  reference  3,  p.  133.  R.  Leroy,  reference  10, 
Th^orime  IV. 

••  W.  Cauer,  reference  3,  p.  190. 
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In  the  next  section  we  give  a  synthesis  procedure  for  general  2n-poles  of  a  given 
order.  We  suppose  the  impedance  matrix  to  have  no  poles  or  zeros  on  the  imagi¬ 
nary  axis,  for  these  can  first  be  split  off  by  the  procedures  described  above.  Our 
synthesis  procedure  demonstrates  that  every  positive  real  matrix  can  be  realized 
as  the  impedance  matrix  of  a  passive  2n-pole,  as  was  already  shown  by  Bayard 
and  Oono.‘^  As  we  can  also  start  from  the  admittance  matrix  and  use  analogous 
procedures,  every  positive  real  matrix  can  also  be  realized  as  the  admittance 
matrix  of  a  passive  2n-pole. 

3.  The  synthesis  procedure.  The  synthesis  procedure  consists  in  developing 
a  zero  of  the  impedance  matrix  on  the  imaginary  axis  of  the  X-plane  and  splitting 
off  the  zero  by  splitting  off  the  corresponding  pole  of  the  inverse  matrix.  To  de- 


Fio.  1  Fia.  2 

Fia.  1.  The  splitting  off  of  a  pole  of  rank  one  at  X  0  of  an  impedance  matrix. 

Fio.  2.  The  splitting  off  of  a  pole  of  rank  one  at  X  ■■  0  of  an  admittance  matrix. 

velop  such  a  zero  we  begin  by  splitting  off  a  resistance  R  in  series  with  the  first 
terminal  pair.  The  impedance  matrix  will  remain  positive  as  long  as 


flu  —  fl 

flit  • 

•  flu 

flit 

fla  • 

•  Ru 

Ri» 

Ru  • 

’  flu* 

on  the  imaginary  axis.  If  we  put  |  Ra,  \  >■  A  and  denote  the  minor  of  the  ele¬ 
ment  Ru  by  All ,  we  can  write  the  condition  as 

R  ^  A/ All  . 


References  8  and  9. 
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We  determine  the  minimum  of  A/Au  on  the  imaginary  axis  and  make  R  equal  to 
this  minimum.  The  minimum  can  lie  at  zero  frequency,  at  infinite  frequency,  or 
at  a  finite  value  of  the  frequency.  We  shall  consider  these  cases  separately. 
The  first  two  cases  give  no  trouble;  the  third  case  is  the  difficult  one. 

(a)  The  minimum  lies  at  zero  frequency.  In  this  case  the  impedance  matrix, 
after  splitting  off  R,  has  a  zero  at  X  >  0.  Thus  the  admittance  matrix  has  a 
pole  at  X  «  0.  The  pole  is  generally  of  rank  one  (section  5)  and  can  thus  generally 
be  split  off  by  a  parallel  2n-pole  consisting  of  an  inductance  and  n  —  1  ideal 
transformers  (fig.  2).  By  this  procedure  the  order  of  the  2n-pole  is  lowered  by 
one  (section  6). 

(b)  The  minimum  lies  at  infinite  frequency.  The  corresponding  zero  at  X  =  «> 
can,  analogous  to  (a),  generally  be  split  off  by  a  parallel  2n-pole  consisting 
of  a  capacitance  and  n  —  1  ideal  transformers.  This  also  lowers  the  order  of  the 
2n-pole  by  one. 


Fia.  3.  Reduction  of  a  two-pole  according  to  Brune 
Fiq.  4.  Equivalent  circuit  to  fig.  3 

(c)  The  minimum  lies  at  finite  frequency  a.  In  this  case  the  impedance  matrix’ 
after  splitting  off  R,  generally  has  no  zero  at  X  *■  fa.  To  be  able  to  extend  Brune’s 
two-pole  method  in  this  case,  let  us  recapitulate  it. 

Brune’e  method.  At  X  =  fa  the  impedance  function,  after  splitting  off  R,  is 
reactive,  Z  *  jX.  If  X  is  negative,  Brune  puts  X  =  <rLi ,  where  Li  is  a  negative 
inductance.  To  develop  a  zero  of  the  impedance  function  at  X  =  fa,  Brune  splits 
off  Li  in  series.  The  impedance  function  thereby  remains  positive  and  a  pole  at 
infinity  is  introduced  which  raises  the  order  of  the  two-pole  by  one.  Then  the 
zero  is  split  off  by  a  series  connection  of  an  inductance  and  a  capacitance,  in 
parallel  to  the  two-pole.  This  lowers  the  order  by  two.  Finally  the  pole  at  infinity 
is  split  off  by  a  series  inductance,  lowering  the  order  by  one  (fig.  3).  The  three 
steps  together  lower  the  order  by  two.  Between  the  inductances  there  is  a 
relation  which  makes  it  possible  to  replace  the  circuit  of  fig.  3  by  that  of  fig.  4, 
containing  one  (positive)  inductance,  a  capacitance  and  an  ideal  transformer. 

If  the  reactance  X  is  positive  Brune  puts  X  —  —1/aCi ,  where  Ci  is  a  nega¬ 
tive  capacitance.  He  now  develops  a  zero  of  the  admittance  function  by  splitting 
off  Cl  in  parallel.  We  can,  however,  also  in  this  case  proceed  by  developing  a 
zero  of  the  impedance  function,  by  splitting  off  Ci  in  series.**  Then,  by  a  pro- 

*•  W.  Cauer,  reference  3,  p.  434. 
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cedure  quite  analogous  to  that  described  above,  we  arrive  at  the  circuit  of  fig.  5. 
By  replacing  this  circuit  by  the  equivalent  circuit  of  fig.  6  and  combining  the 
second  transformer  with  the  reduced  two-pole  we  see  that  also  for  positive  X 
the  circuit  of  fig.  4  can  be  used  to  reduce  the  two-pole.  For  positive  X  it  is  this 
procedure  that  we  shall  extend  to  the  2n-pole. 

Extension  of  Bruns's  method.  Generally,  forn  >  1  it  is  not  possible  to  develop 
a  zero  of  the  impedance  matrix  of  a  2n-pole  at  X  >■  jo  by  splitting  off  a  reactance 
in  series  with  one  of  the  terminal  pairs.  Therefore  Gewertz,”  in  the  case  n  ■»  2, 
splits  off  reactances  in  series  with  each  of  the  terminal  pairs.  The  order  of  the 
four-pole  is  thereby  raised  by  two,  contrary  to  Brune’s  method,  so  this  is  not  an 
appropriate  way  to  extend  it.  This  is  confirmed  by  the  fact  that  Gewertz  does 
not  proceed  along  this  way  but  develops  a  different  method,  which  cannot  be 
regarded  as  an  extension  of  Brune’s  method.  To  develop  a  zero  of  the  impedance 
matrix  at  X  ==  jo  whilst  raising  the  order  of  the  2n-pole  by  one,  it  is  necessary 
to  split  an  auxiliary  2n-pole  containing  one  reactance.  This  can  be  achieved 


Fio.  6  Fio.  6 

Fio.  5.  Reduction  of  a  two-pole  by  a  circuit  similar  to  fig.  4 
Fio.  6.  Equivalent  circuit  to  fig.  5 


by  splitting  off  a  series  2n-pole  whose  impedance  matrix  has  rank  one,  consisting 
of  a  reactance  X  and  n  —  1  ideal  transformers  (section  7).  Fig.  7  illustrates  this 
for  the  case  n  =  Z. 

Just  as  Brune  does,  we  must  distinguish  between  negative  and  positive  values 
of  X.  If  X  is  negative  tye  put  X  =  oLa ,  where  Li  is  a  negative  inductance. 
Then  by  splitting  off  the  series  2n-pole  the  impedance  matrix  remains  positive. 
The  matrix  now  has  zeros  at  X  =  dtjo  and  a  pole  at  X  =  «,  The  zeros  are 
generally  of  rank  one  (section  5)  and  can  thus  generally  be  split  off  by  a  parallel 
2n-pole  consisting  of  an  inductance  and  a  capacitance  in  series  and  n  —  1  ideal 
transformers.  This  lowers  the  order  by  two  (section  6).  Then  the  pole  at  infinity 
of  the  remaining  impiedance  matrix  is  split  off  by  a  series  2n-pole  consisting 
of  an  inductance  and  n  —  1  ideal  transformers,  lowering  the  order  by  one. 
The  three  steps  together  lower  the  order  by  two.  For  n,=  3  they  are  illustrated 
by  fig.  8.  Between  the  inductances  and  the  transformation  ratios  there  are 
relations  (section  8)  which  make  it  possible  to  replace  the  circuit  of  fig.  8  by 

**  Reference  6,  Part  X. 


Fiq.  8.  Reduction  of  a  2n-pole;  extension  of  fig.  3 
Fia.  9.  Equivalent  circuit  to  fig.  8:  extension  of  fig.  4 
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that  of  fig.  9,  containing  one  (positive)  inductance,  a  capacitance  and  2n  —  1 
ideal  transformers  (section  9). 

If  the  reactance  X  is  positive  we  put  X  —  —\loC\ ,  where  Ci  is  a  negative 
capacitance.  Then,  by  a  procedure  quite  analogous  to  that  described  above,  we 
arrive  at  a  circuit  that  arises  from  that  of  fig.  9  by  interchanging  the  inductance 
and  the  capacitance.  This  last  circuit  is  equivalent  to  that  oi  fig.  10,  consisting 
of  a  4n-pole  like  that  in  fig.  9,  a  4n-pole  composed  of  n*  ideal  transformers,  and 
the  reduced  2n-pole  (section  10).  By  combining  the  second  4n-pole  with  the 


Fio.  10.  Extension  of  fig.  6;  I:  a  4n-pole  like  that  in  fig.  9,  II:  a  4n-pole  composed  of 
n*  ideal  transformers,  III :  reduced  2n-pole. 


Fio.  11.  A  2n-pole  of  order  zero 


reduced  2n-pole  we  see  that  also  for  positive  X  the  circuit  of  fig.  9  can  be  used 
to  reduce  the  2n-pole. 

Generally  we  can  repeat  the  reduction  procedure  irntil  we  arrive  at  a  2n-pole 
of  order  zero.  This  can  be  realized  by  a  network  containing  n  resistances  and 
in(n  —  1)  ideal  trarisformers.*  For  n  —  3  we  can,  for  example,  use  the  network 
of  fig.  11.  We  see  that  in  this  way  the  2n-pole  is  realized  by  a  network  containing 

*•  W.  Cauer,  reference  3,  p.  190. 
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the  minimum  number  of  reactances.  In  the  cases  (a)  and  (b),  to  lower  the  order 
of  the  2n-pole  by  one  we  need  n  +  1  elements.  In  case  (c),  to  lower  the  order 
by  two  we  need  2n  +  2  elements.  For  the  2n-pole  of  order  p  we  thus  arrive  at 
a  network  containing  p(n  -HI)-!-  in(n  -f-  1)  elements.  This  is  precisely  the 
number  of  independent  parameters  defining  a  general  2n-pole  of  order  p  (section 
4).  Thus  the  network  also  contains  the  minimum  number  of  elements. 

In  special  cases  it  may  be  that  we  start  with  a  singular  matrix  or  that,  in  the 
procedure  described  above,  we  come  upon  a  singular  matrix.  As  a  singular  matrix 
has  no  inverse,  we  cannot  reduce  it  by  the  procedure.  A  singular  matrix  of  rank 
r  can  be  realized  by  a  2r-pole  and  r(n  —  r)  ideal  transformers.”  A  singular  im¬ 
pedance  (admittance)  matrix  leads  to  a  2n-pole  of  which  n  —  r  terminal  pairs 
each  have  r  transformer  windings  in  series  (parallel)  and  of  which  r  terminal  pairs 
each  have  n  —  r  transformer  windings  and  a  terminal  pair  of  the  2r-pole  in 
p>arallel  (series).  ' 

4.  The  number  of  independent  parameters  defining  a  general  2n-pole  of 
order  p.  Let  a  2n-pole  be  given  by  its  impedance  matrix 

II  Za  II  (t,fc  -  1,2,  •••  ,n). 

To  investigate  the  order  of  the  2n-pole  we  connect  its  terminal  pairs  to  the 
terminal  pairs  of  a  2n-pole  containing  no  reactances,  whose  impedance  matrix 
be  II  Rit  II  .  The  Zn,  sixe  rational  functions  of  the  frequency  parameter  X;  the 
Rik  are  arbitrary  constants.  The  differential  equation  of  the  free  oscillations  of 
the  system  arises  from 

.  I  Z<*  -|-  Rn  I  =»  0  (3) 

by  developing  the  determinant,  bringing  all  terms  over  the  same  denominator, 
multiplying  by  it,  and  replacing  X  by  the  differential  operator  d/dt.  The  order 
of  this  differential  equation  is  the  order  of  the  2n-pole.  For  example,  the  order 
of  a  2n-pole  whose  impedance  matrix  is  ||  X  ||  or  ||  r^/X  ||  ,  where  the  ra  are 
constants,  is  equal  to  the  rank  of  ||  ||  ;  the  order  of  a  2n-pole  whose  impedance 

matrix  is  ||  roX/ (X*  +  <r')  ||  ,  where  <r  and  the  r*  are  constants,  is  equal  to  twice 
the  rank  of  ||  ||  . 

The  left-hand  side  of  (3)  is  equal  to  the  algebraic  sum  of  each  minor  of  |  Za  | 
multiplied  by  the  complementary  minor  of  |  Ra  |,  including  terms  consisting 
only  of  I  Za  I  and  of  |  Ra  |  .  Thus,  if  the  2n-pole  is  of  order  p,  generally  |  Za  | 
and  all  its  minors  will  have  the  same  denominator,  and  this  denominator  and 
all  numerators  are  pol)momials  in  X  of  degree  p.  We  now  put 

Za  -  Aa/C, 

where  C  and  the  Aa  are  polynomials  of  degree  p.  These  are  in(n  ■+•  1)  +  1 
pol3rnomial8,  each  containing  p  -f  1  coefficients.  As  only  the  ratios  of  the  poly¬ 
nomials,  and  therefore  of  the  coefficients,  are  of  interest,  the  polynomials  contain 

(p  +  1)  {in(n  +  1)  +  1}  -  1  -  p  |in(n  +  1)  -f-  1}  -|-  Jn(n  -f  1)  (4) 

*'  W.  Cauer,  reference  3,  p.  141.  R.  Leroy,  reference  10,  Th4orAme  IV. 
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parameters.  However,  these  parameters  are  not  independent,  for  |  Zm  |  and  all 
its  minors  must  have  C  as  denominator.  Thus  |  Aa  |  must  contain  as  a 
factor;  the  minors  of  |  A^c  1  of  order  n  —  1  must  contain  as  a  factor;  •  •  •  ; 
the  minors  of  |  .4  a  |  of  order  2  must  contain  C  as  a  factor. 

We  shall  now  show  that  to  find  the  relations  between  the  parameters  it  is 
generally  only  necessary  to  investigate  the  minors  of  |  |  of  order  2.  Let  B 

be  a  determinant  of  order  s.  The  elements  of  the  inverse  determinant  are  formed 
by  the  minors  of  order  »  —  1  divided  by  B.  As  the  inverse  determinant  is  equal 
to  1/.B,  the  determinant  D  formed  by  the  afore-mentioned  minors  is  equal  to 
Let  B  contain  r  factors  C,  then  D  will  generally  contain  r(«  —  1)  factors 
C.  (It  is  only  in  the  special  case  that  C  has  multiple  zeros  that  can  contain 
more  than  r(«  —  l)iactors  C.)  Supposing  now  that  all  minors  of  B  of  order  s  —  1 
contain  (7*~*  as  a  factor,  then  D  will  contain  at  least  «(«  —  2)  factors  C.  Thus, 
generally,  r(«  —  1)  ^  «(«  —  2),  or  r  ^  —  1  —  l/(«  —  1).  As  r  and  «  are  whole 

numbers  this  leads  to 

r  ^  s  —  1  for «  ^  3.  (5) 

If  the  minors  of  |  Aa  |  of  order  2  contain  C  as  a  factor,  then  by  applying  (5) 
for  s  =  3  we  find  that  the  minors  of  |  Aa  |  of  order  3  generally  contain  C*  as  a 
factor.  By  applying  (5)  for  «  =  4  we  find  next  that  the  minors  of  |  Aa  |  of  order  4 
generally  contain  C*  as  a  factor,  and  so  on.  Therefore  it  is  generally  only  neces¬ 
sary  to  investigate  the  condition  that  the  minors  of  |  Aa  |  of  order  2  contain  C 
as  a  factor. 

We  shall  now  show  that  it  is  only  necessary  to  investigate  in(n  —  1)  of  these 
minors,  e.g.  all  minors  of  order  2  that  have  An  in  its  upper  left-hand  corner. 
If  we  know  that  these  minors  contain  C  as  a  factor,  then  generally  all  minors  of 
order  2  will  contain  C  as  a  factor.  To  prove  this  we  consider  the  following  three 
minors: 


All 

All 

All, 

Aiy 

Au 

A<i 

Aij 

f 

A<i 

A.* 

f 

A,* 

If  the  first  two  minors  contain  C  as  a  factor,  at  a  zero  of  C  we  have 

,  A,vAii  —  Ai^Aa  *  0, 

AaAu  —  Ai*A,i  =  0. 

Therefore  if  An  and  A,i  are  not  both  zero,  which  generally  will  not  be  the  case, 
the  third  minor  will  be  zero  too.  (If  Au  and  A  a  are  both  zero  at  a  zero  of  C,  the 
first  two  minors  are  zero,  and  we  must  separately  demand  the  third  minor  to 
be  zero  too.  This  means  that  three  polynomials  must  have  the  zero  of  C,  instead 
of  only  two  in  the  general  case,  so  this  leads  to  a  less  general  2n-pole.)  Thus,  if 
the  first  two  minors  contain  C  as  a  factor,  the  third  will  generally  also  contain  C 
as  a  factor.  By  extending  this  reasoning  we  come  to  the  above-mentioned  prop¬ 
erty. 

To  find  the  conditions  that  must  exist  between  the  coefficients  of  the  poly- 
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nomials  C  and  ila  of  degree  p  in  order  that  these  may  define  a  2n-pole  of  order 
p,  we  have  generally  only  to  express  that  the  afore-mentioned  \n{n  —  1)  minors 
of  order  2  contain  C  as  a  factor.  This  means  that  every  zero  of  C  is  also  a  zero 
of  these  minors.  As  C  is  of  degree  p,  this  leads  to  p  conditions  for  every  minor, 
and  so  in  total  to  p{  Jn(n  —  1)}  conditions.  The  number  of  independent  parame¬ 
ters  defining  a  general  2n-pole  of  order  p  is  found  by  subtracting  from  (4)  the 
number  of  these  conditions,  and  so  it  amounts  to  p(n  -f-  1)  -|-  ^n(n  -}-  1). 

5.  Poles  of  rank  one.  Poles  of  an  impedance  (or  admittance)  matrix  of  a 
2n-pole  of  a  given  order  are  generally  of  rank  one.  Let  us  consider  a  pole  at  X  =  0. 
Then  the  polynomial  C  of  section  4  will  have  a  zero  at  X  =  0  which  generally 
will  be  simple.  As  seen  in  section  4,  every  minor  of  |  Aik  \  of  order  2  contains  C 
as  a  factor  and  therefore  will  contain  X  as  a  factor.  This  means  that  the  determi¬ 
nants  formed  by  the  constant  terms  of  the  polynomials  constituting  the  afore¬ 
mentioned  minors  are  zero.  These  constant  terms  are  proportional  to  the  residues 
of  the  pole,  and  so  the  pole  is  generally  of  rank  one.  This  is  also  true  for  poles  at 
other  values  of  X. 

6.  The  lowering  of  the  order.  We  prove  the  following 

Theorem.  If  two  2n-pole8  whose  impedance  matrices  have  no  poles  in  common  are 
connected  in  series,  the  order  of  the  combined  2n-pole  is  equal  to  the  sum  of  the  orders 
of  the  component  2n-poles. 

Let  the  2n-poles  have  impedance  matrices  ||  ||  and  ||  Za  ||,  let  their  orders 

be  p'  and  p",  respectively,  and  let  the  common  denominators  of  |  Za  |  and  its 
minors  and  of  |  Za  |  and  its  minors  be  C'  and  C ,  respectively.  Then  |  Zj*  |  and 
its  minors,  zero  order  included,  multiplied  by  C ,  and  |  Za  |  and  its  minors,  zero 
order  included,  multiplied  by  C"  are  polynomials  in  X  of  highest  degree  p'  and 
p",  respectively.  The  impedance  matrix  of  the  combined  2n-pole  is  ||  Z'n  +  Zj*  H- 
Since  ||  Za  ||  and  ||  Z^  ||  have  no  poles  in  common,  C'  and  C"  have  no  common 
factors.  Thus  the  common  denominator  of  |  Z,-*  -|-  Z<*  |  and  its  minors  is  C'C". 
The  order  of  the  combined  2n-pole  is  therefore  equal  to  the  highest  degree  of 
I  Zik  +  Zik  I  and  its  minors,  zero  order  included,  multiplied  by  C'C".  Now 
I  Zik  +  zik  I  and  its  minors  can  be  developed  into  an  algebraic  sum  of  products 
of  I  Zik  I  I  I  zik  I ,  and  their  minors.  From  this  it  follows  that  the  order  of  the 
combined  2n-pole  cannot  be  higher  than  p'  -|-  p''. 

The  order  of  the  combined  2n-pole  cannot  be  lower  than  p'  -1-  p"  either,  which 
can  be  shown  as  follows.  Since  ||  Zik  ||  and  ||  Zlk  ||  do  not  both  have  poles  at 
X  =  00 ,  let  us  suppose  that  the  first  has  no  such  pole.  Then  C'  will  be  of  degree 
p'.  As  the  second  component  2n-pole  is  of  order  p",  |  Z<*  |  or  some  minor,  zero 
order  included,  multiplied  by  C"  will  be  a  polynomial  of  degree  p".  Between  the 
minors,  |  Z<*  |  included,  having  this  property  we  choose  one  having  the  lowest 
order.  For  example,  if  C"  is  of  degree  p"  we  choose  the  minor  of  zero  order  1 ; 
if  C'^  is  of  degree  p'^  —  1  we  choose  some  minor  of  first  order,  Z*  ,  whose  numer¬ 
ator  is  of  order  p";  and  so  on.  We  now  consider  a  minor  of  |  Za  -f  Z*  |,  nth 
and  zero  order  included,  whose  order  is  equal  to  the  afore-mentioned  lowest 
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order  and  that,  after  developing  into  an  algebraic  sum,  contains  the  afore¬ 
mentioned  minor  of  |  Za  |  as  a  term.  All  other  terms  of  this  development  contain 
a  minor  of  |  Z*  |  of  lower  order,  whose  numerator  is  therefore  of  a  degree  lower 
than  p".  Thus  the  considered  minor  of  |  Za  -1-  Z*  |  multiplied  by  C'C*  contains, 
after  development,  one  term  of  degree  p'  -|-  p",  which  proves  our  statement. 

As  mentioned  in  section  4,  the  order  of  a  2n-pole  whose  impedance  matrix  is 
II  Tik/^  II  is  equal  to  the  rank  of  ||  ra  ||.  From  this  and  our  theorem  it  follows 
that  if  the  impedance  matrix  of  a  2n-pole  has  a  pole  at  X  —  0  of  rank  one,  after 
splitting  off  this  pole  the  order  of  the  2n-pole  has  been  lowered  by  one,  the 
same  applying  for  the  splitting  off  of  a  pole  of  the  admittance  matrix  and  for  a 
pole  at  X  =  00 .  If  there  are  poles  at  X  =  ±  jv  of  rank  one,  by  splitting  them  off 
the  order  of  the  2n-pole  is  lowered  by  two. 

If  the  poles  considered  are  of  a  rank  higher  than  one,  by  splitting  them  off  the  order  of 
the  2n-pole  is  lowered  by  more  than  one  or  two.  In  the  case  where,  in  the  extension  of  Brune’s 
method  (section  3) ,  poles  arise  in  the  admittance  matrix  at  X  ^0  of  a  rank  higher  than 
one,  we  do  not  split  off  these  poles  completely  but  con&ne  ourselves  to  splitting  off  poles 
of  rank  one,  thereby  lowering  the  order  of  the  2n-pole  by  two.  That  this  procedure  is  always 
possible  follows  from  a  lemma  by  Oono”  on  symmetrical  matrices  the  elements  of  which  are 
real  numbers.  Such  a  matrix  is  said  to  be  ixwitive  if  the  associated  quadratic  form  is  posi¬ 
tive,  dehnite  or  semi-dehnite.  Oono  showed  that  a  positive  matrix  of  rank  r  can  be  expressed 
as  the  sum  of  r  positive  matrices  of  rank  1.  By  condition  (d)  for  a  positive  real  matrix 
(section  2),  the  residues  of  a  pole  on  the  imaginary  axis  of  a  positive  real  matrix  constitute 
the  elements  of  such  a  positive  matrix.  Therefore,  if  a  matrix  has  a  pole  at  X  —  of  rank 
r,  we  can  first  split  off  this  pole  completely  by  means  of  a  matrix  of  rank  r,  thereby  lowering 
the  order  of  the  2n-pole  by  2r.  Then  we  can,  by  Oono’s  lemma,  split  the  matrix  of  rank  r 
into  the  sum  of  r  matrices  of  rank  one.  Then  we  add  r  —  1  of  these  matrices  together,  which 
results  in  a  matrix  of  rank  r  —  1.  By  adding  this  matrix  to  that  of  the  reduced  2n-pole,  the 
order  of  the  2n-pole  is  raised  by  2r  —  2  and  thus  becomes  equal  to  the  order  of  the  original 
2n-pole  diminished  by  two. 

7.  The  develoinnent  of  a  zero  of  a  matrix  at  X  =  ja.  In  this  section  we  consider 
symmetrical  matrices  the  elements  of  which  are  complex  numbers.  Such  a  matrix 
we  say  to  be  positive  if  the  quadratic  form  associated  with  the  real  parts  of  its 
elements  is  positive,  definite  or  semi-definite.  The  impedance  matrix  of  a  passive 
2n-pole  is  positive  in  this 'sense  at  each  point  of  the  imaginary  axis.  To  develop  a 
zero  of  the  impedance  matrix  ||  Za  ||  ■=  ||  Rik  +  jXn,  ||  on  the  imaginary  axis 
we  began  in  section  3  by  decreasing  Ru  until  |  Rik  |  =  0  at  some  point  of  the 
imaginary  axis.  We  now  suppose  this  point  to  be  X  ja.  The  impedance  matrix 
of  the  2n-pole  consisting  of  one  reactance  and  n  —  1  ideal  transformers,  as  il¬ 
lustrated  by  fig.  7  for  the  case  n  »  3,  is  of  rank  one  and  has  imaginary  elements. 
The  way  todevelop  a  zero  of  a  positive  matrix  for  which  |  Rik  |  »  0  by  subtracting 
a  matrix  of  rank  one  with  imaginary  elements,  is  shown  by  the  following 

Theorem.”  If  a  positive  matrix  ||  Za  ||  of  order  n  has  determinant  zero,  there 
exists  a  set  of  real  numbers  not  all  zero,  such  that 

•*  Reference  9,  p.  22. 

"  W.  Peremans,  H.  J.  A.  Duparc,  C.  G.  Lekkerkerker,  Proc.  Kon.  Ned.  Akad.  Wetensch. 
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2  Zikfik  “0  for  t  -  1,  •  •  •  ,  n. 

k^l 

A  symmetrical  matrix  of  rank  one  with  imaginaiy  elements  can  be  written  as 

II  jahjik  II  ;  hi ,  hk  real;  o  -  ±1. 

The  h'a  and  a  must  now  be  so  determined  that  we  can  write 
•  * 

(Rik  +  jXik  —  jahihk)0k  *  0.  (6) 

The  real  parts  of  (6)  lead  to 

n 

^  RikPk  “  0. 

k-1 

Since  |  Ra  |  *  0,  there  exist  real  /9’s  that  are  not  all  zero  and  that  satisfy  these 
equations.  The  imaginary  parts  of  (6)  lead  to 

Jim.  W 

ahi  S  A*  /8*  *  ^  XikPk-  (7) 

By  multiplying  by  /3,  and  summing  over  t  we  get 

S  XikPiPk- 

\*-i  /  a-i 

This  determines  the  sign  of  a  and  the  value  of  hkffk .  From  (7)  we  can  then 
find  the  values  of  the  h’s.**  From  (6)  it  follows  that  |  fta  +  jXik  —  jahihk  \  =  0, 
so  that  we  have  developed  the  required  zero  of  the  impedance  matrix. 

8.  The  relations  between  the  inductances  and  the  transformation  ratios  in 
fig.  8.  The  procedure  illustrated  by  fig.  8,  part  of  which,  for  an  arbitrary  value 
of  n,  is  redrawn  in  fig.  12,  starts  from  a  2n-pole  whose  impedance  matrix  has  no 
pole  at  X  =  00 .  Then  such  a  pole  is  introduced  by  subtracting  a  matrix  ||  || 

(with  pi  —  1).  In  this  way  zeros  are  developed  at  X  *  ijV.  These  are  removed 
by  subtracting  from  the  admittance  matrix  a  matrix  ||  n,-n*/[XLj  +  (l/XC))  || 
(with  ni  *  —1),*  where  <r*L*C  —  1.  We  are  interested  in  the  pole  at  X  =  «  of 
the  ensuing  impedance  matrix.  , 

If  II  Zit  II  is  an  impedance  matrix  and  ||  F*  ||  the  corresponding  admittance 
matrix,  we  have 

Zik  ”  i/a/l  Fj*  I,  F<*  =  z<t/|  Zik  I, 


Amsterdam,  A  68,  24,  1962.  Leroy,  reference  10,  Th^or6me  II,  has  proved  the  theorem  for 
the  special  case  of  a  positive  real  matrix,  in  the  sense  of  section  2,  whose  determinant  is 
zero  for  all  values  of  X. 

**  We  suppose  the  X’s  to  be  finite.  The  case  where  the  X’s  are  infinite  can  be  considered  as 
A  limiting  case  (see  note  26). 

**  The  minus  sign  is  arbitrary.  It  somewhat  simplifies  the  equations  of  the  next  section. 
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where  is  the  cofactor  of  Ka  in  |  K*  |,  and  2*  the  cofactor  of  Za  in  |  Za  |.  Fur¬ 
ther  we  know  that  |  Za  |  •  |  F*  |  «  1.  We  now  put 


Then 


Za  ^  Zik  —  piPiXla  *  ya/l  y«  | . 


_ 1 _ 

**  \Zik\  \Zik\  —  '^tk~iPiPk^lnZik’ 

y%k  “  (Za  —  p,p*XZa)  I  Fa  | . 


For  X  — ►  00 ,  putting 

(<5i 

we  get 

1  L  “  -lAQ,  Ptt«  “  PiPkLi/Q. 

We  further  put 

Fa  -  Fa  -  n.V[M^  +  (l/XC)]. 

Since  for  X  — ►  oo 

the  last  term  tends  to  zero,  we  have 

l/a«  =  ya«  =  PtPkLilQ. 

Further 

For  X  — ►  00  this  results  in 

1 


Li  Li 


PiPuniUk  “  — 


'  “  \Q  \QLi  <5^1 

For  the  corresponding  impedance  matrix  we  get 

Vikm 


\QU 


Za 


_ Pij^XLiLi 

Fa  U  Li  (2^*Liptnt)*Li 


This  shows  that  the  matrix  has  a  pole  at  X  «  of  rank  one.  The  pole  can  be 
removed  by  subtracting  a  matrix  ||  p,ptXZ/3 1|,  where  Lt  is  given  by 


LiLi  LiLt  -\- 


P*n*^  Li^ 


0. 


(8) 


Now  Xi-i  P*n*  «■  P*w*  —  1.  Thus  if  we  put  p*;?*  =  A,  we  can  write 
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Fio  (Xl/i  +  (l/XC)]/io  +  »  /«  “  ”  nJw  : 

Iio  “  /i  +  /i  ; 

Vx  =  XL,(/i  +  ZpJk)  +  Vto ,  V[  -  XL,(/;  +  +  Vio , 

Vi  -  p,Xla(/i  +  Ep*A)  +  ,  7;  -  p,XL,(/I  +  Ep,n)  +  7« . 

By  eliminating  ho ,  7jo ,  la,  Va  and  solving  Vi,  Vi,  Vi,  h,  we  find 

V^  -  {(A  -  1)*XL,  +  XL,  +  (l/XOj/i+  {(A  -  1MXL,+  XLt  +  d/XC-))/; + 

2  (A  —  l)ptXLi  /*  +  2  W|,7*, 
7;  =  {(A  -  DAXL,  +  XL,  +  (l/XO}/,+  {A*XL,  +  XL,  +  XL,  +  (1/XC)}/J  + 

S  (Ap*XLi  +  Pi  XL,)  /*  +  (®) 

7;  -  (A  -  l)p,XL,/,  +  (Ap.XLi  +  P.XL,)  /(  + 

2^  (p<  p*  XLi  +  p.  p*  XL,)/i  +  7,- , 

I,  -  -n</, 

where  again  A  »»  ^p*n*  . 

We  now  turn  our  attention  to  those  parts  of  the  coefficients  of  the  equations 
that  are  proportional  to  X.  These  form  a  matrix 

(A-1)*L, +  L,  (A-l)AL, +  L,  ..-(A-DpiLi 

(A  —  1)A  Li  +  L,  A*Li  4*  L,  +  Li  •  •  •  AptL,  +  p*Li  •  •  • 

. .(10) 

(A  -  l)p<Li  Ap,Li  +  P.L,  ...  p<p*Li  +  p<p*L,  •  •  • 


On  account  of  (S')  this  matrix  has  rank  one,  as  can  easily  be  verified.  We  can 
therefore  replace  it  by  the  matrix 

fj  rriiL  •  •  •  m*  L  •  •  • 

mi  L  m*  L  •  •  •  m,  m,  L  •  •  • 


m<L  mt-miL  •••  rnimoL  ••• 


where  L  {A  —  l)*Li  +  Lt  ^  — IaL,/L,  is  positive.  The  equations  (9)  thereby 
change  into** 

**  The  case  mentioned  in  note  24  also  leads  to  the  equations  (11).  If  Li  becomes  infinite, 
the  p's,  the  n’s,  Lt  ,  (A  —  1)L|  ,  and  L,  +  Lt  appear  to  remain  finite.  Thus  all  elements 
of  (10)  remain  finite  and  so  also  L  and  the  m’s. 


SYNTHESIS  or  2n-POLES 
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Vi  —  [XX/  +  (l/XC)]Xi  +  [tniXL  +  (lAC)]/i  +  ^  mk\Lli  +  ^  n*  F*, 

Fi  *  [mi  XL  (1/XOl/i  +  [m*XL  +  (lAOJXi  +  ^  mim*XL/ik  +  2  h*F», 
FJ  —  m<XL/i  +  mitniXLIt  +  mankXLlL  +  F<,  (11) 

/.  -  -n,/i  -Tk/J  -I'i 

As  can  easily  be  seen,  these  are  the  equations  of  the  4n-pole  in  fig.  9,  which,  for 
an  arbitrary  value  of  n,  is  redrawn  in  fig.  13. 

If  in  the  circuit  of  fig.  12  we  interchange  the  primed  and  the  unprimed  terminal 
pairs  and  also  Li  and  Lt ,  the  circuit  is  transformed  into  itself.  The  relation  (5) 
thereby  remains  unaltered.  The  circuit  of  fig.  12  is  therefore  also  equivalent  to 
the  circuit  that  arises  from  that  of  fig.  13  by  interchanging  the  primed  and  the 
unprimed  terminal  pairs,  with  corresponding  changes  in  the  values  of  L  and  the 
m’s. 


Fio.  14.  Part  of  fig.  10;  I:  a  4n-pole  like  that  in  fig.  13,  II:  a  4n-poIe  composed  of  n* 
ideal  transformers. 


The  value  of  <r,  the  frequency  at  which  for  the  2n-pole  |  Rn,  |  »  0,  can  be  de¬ 
termined  from  (11).  At  this  frequency  it  is  possible  to  give  the  currents  to  the 
2n-pole  such  ratios  that  no  energy  is  delivered  to  the  2n-pole.  This  means  that  it 
is  possible  that  /[ ,  V[,  It,  and  V\  of  the  4n-pole  are  simultaneously  zero.  If 
we  put  this  in  the  second  and  third  equations  of  (11)  and  eliminate  Ii ,  F< ,  we 
find 


^  "*  (mi  —  53  mi,nk)LC' 
This  shows  mi  —  to  be  positive. 


10.  The  circuit  arising  from  that  of  fig.  9  by  interchanging  inductance  and 
capacitance  is  equivalent  to  the  circuit  of  fig.  10.  We  consider  the  4n-pole  whose 
equations  arise  from  (11)  by  interchanging  XL  and  1/XC.  This  4n-pole  is  equiva- 
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lent  to  the  4n-pole  of  hg.  14  if  I  is  defined  by  equations  that  arise  from  (11)  by 
replacing 

,  1  —  ^  m*nt  .  nii 

mi  by  - ^ - ,  mi  by - = - ; 

mi  —  2^  rnkfik  mi  —  2^  m* n* 

and  if  II  is  defined  by  the  equations 


Ii  «  mil'i+  J^m^Ik, 

/T  -  n,(l  -  mi)l[  4-  23  (*<*  “ 

V[  -  m,  V:  +  23  »h(1  -  mi)V: , 

F;  -  m.-7r  +  23  («a  -  min,)V:, 

where  ia  “  1  for  t  *  A,  5^  =  0  for  t  ^  k.  This  can  be  verified  by  eliminating 
Ii  ,Vi  ,  I'i  ,  Vi  from  the  two  sets  of  equations.  The  equations  (13),  containing 
n*  coefficients,  define  a  2n-pole  composed  of  n*  ideal  transformers  whose  ratios 
are  equal  to  the  coefficients.  The  terminal  pairs  l'^,  •  •  •  ,  n"  each  have  n  trans¬ 
former  windings  in  parallel;  the  terminal  pairs  1',  •  •  •  ,  n'  each  have  n  transformer 
windings  in  series. 


11.  Conclusion.  The  s)mthesis  procedure  for  general  passive  2n-poles  is,  for 
n  s  3,  illustrated  by  figs  2,  9,  and  11.  After  splitting  off  a  series  resistance  the 
2n-pole  can  be  reduced  either  by  the  circuit  of  fig.  2,  by  the  circuit  that  arises 
from  that  of  fig.  2  by  changing  the  inductance  into  a  capacitance,  or  by  the  circuit 
of  fig.  9.  By  repeating  this  procedure  we  finally  arrive  at  a  2n-pole  of  zero  order 
which  can  be  realized  by  the  circuit  of  fig.  11. 

Phiups  Reseabch  Laboratories 
Eindhoven-Netherlands 
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SPINOR  THEORY  OF  FOUR-TERMINAL  NETWORKS 


W.  T.  Patnb 

1.  Introduction.  In  the  theory  of  linear  four-terminal  networks,  it  is  sometimes 
considered  desirable  to  have  a  geometrical  scheme  that  will  give  a  picture  of 
network  operation  and  will  help  in  solving  network  problems.  All  the  geometrical 
schemes  that  have  been  devised  hitherto^  appear  to  be  based  on  the  linear  frac¬ 
tional  transformations  of  a  single  complex  variable,  which  is  taken  to  represent 
the  impedance,  or  ratio  of  complex  voltage  to  complex  current,  at  the  input  or 
output  of  the  network.  Such  a  scheme  has  two  shortcomings:  first,  it  fails  to  give 
a  completely  detailed  account  of  network  operation,  since  it  describes  only  the 
transformation  of  the  ratio  of  voltage  to  current  rather  than  the  transformation 
of  voltage  and  current  themselves;  and  second,  it  can  be  applied  only  to  net¬ 
works  whose  determinant  is  1,  and  not,  for  example,  to  amplifier  circuits.  For 
these  reasons,  it  seems  desirable  to  find  a  new  scheme  that  shall  be  based  on  the 
group  of  all  homc^eneous  linear  transformations  of  two  complex  variables,  a 
group  that  is  larger  than  the  group  of  linear  fractional  transformations  of  one 
complex  variable  and  is  better  suited  to  the  problem.  The  proper  scheme  is  the 
theory  of  spinors,  which  is  a  geometrical  representation,  in  three-dimensional 
Euclidean  space,  of  precisely  this  transformation  group.  The  subgroup  of  homo¬ 
geneous  linear  transformations  of  determinant  1  (sometimes  called  the  group 
Ct*  or  the  unimodular  group),  which  is  the  algebraic  basis  for  the  linear  frac¬ 
tional  transformations  of  one  complex  variable,  plays  a  special  part  in  spinor 
theory,  just  as  it  does  in  the’  theory  of  four-terminal  networks,  where  it  is  the 
basis  for  networks  that  satisfy  the  reciprocity  theorem. 

The  object  of  the  present  paper  is  to  show  how  spinor  theory  can  be  applied 
to  linear  four-terminal  networks.  The  study  will  be  restricted  to  the  steady  state, 
although  the  spinor  scheme  appears  to  be  broad  enough  so  that  this  restriction 
is  perhaps  not  really  necessary.  For  the  sake  of  mathematical  completeness, 
n^ative  resistances  will  not  be  excluded  from  consideration,  although,  of  course, 
the  reasoning  does  not  depend  in  any  essential  way  on  their  inclusion. 

2.  Elements  of  spinor  theory.  The  basic  part  of  spinor  theory  has  recently  been 
presented  by  the  author  in  an  elementary  way,*  and  will  now  be  briefly  outlined 
and  extended  to  meet  the  needs  of  the  present  application.  A  spinor  can  be  de¬ 
scribed  by  saying  that  it  is  a  geometric  object  in  3-space  having  a  magnitude 

*  H.  Kdnig,  Obtr  die  Abhdngigkeit  dee  Scheintoiderstandee  eines  aymmetriachen  Vierpola 
von  der  Belaalung,  Helvetica  Phyaica  Acta  4,  281  (1931).  A  Weisafloch,  Kreiageometriache 
Vierpoltheorie,  Hochfrequemtechnik  und  Elektroakaatik  61,  100  (1943).  J.  van  Slooten 
Meetkundige  beachouvnngen  in  verband  met  de  theorie  der  electriache  vierpolen,  thesis,  Delft, 
1946. 

*  B.  L.  van  der  Waerden,  Die  gruppentheoretiache  Methode  in  der  Quantenmechanik, 
Springer,  Berlin,  1932.  L.  Brillouin,  Wave  Propagation  in  Periodic  Structurea,  McGraw-Hill, 
New  York,  1946. 

*  W.  T.  Payne,  Elementary  Spinor  Theory,  American  Journal  of  Phyaica  20,  253  (1952). 
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(S)  and  three  Eulerian  angles,  as  shown  in  Figure  1.  The  analytical  theory  of 
spinors  is  based  on  two  complex  components  Si  and  St,  defined  by  the  equations 

Si  -  (2S)*  cos 

St  -  (2S)*  sin 

If  a  spinor  has  specifications  S,  6,  and  then  the  vector  in  3-space  whose 
magnitude,  polar  angle,  and  azimuthal  angle  are  equal  to  S,  $,  and  0,  respec¬ 
tively,  may  be  called  the  associated  vector*  P.  Its  components  and  magnitude 
are  related  to  the  spinor’s  components  as  follows: 

Pi  -  hiSiSt  +  StSt),  Pt  -  -hUSiSt  -  StSt), 

(2) 

Pi  =  K^iSr  -  StSt),  P  -  USiSt  +  StSt). 

P, 


The  direction  of  a  spinor  can  be  specified  by  the  ratio  of  its  components. 
Si/ St ,  which,  according  to  Eqs.  (1),  is  equal  to  cot  ^de**  and  thus  depends  only 
on  6  and  0,  but  not  on  We  shall  call  this  ratio  tr.  Evidently  the  quantity 
cot  may  be  used  to  Specify  the  direction  of  a  ray,  as  well  as  that  of  a  spinor. 
Two  rays  whose  a’s  are  the  negatives  of  each  other  have  their  angle  bisected  by 
the  Pi-axis,  and  conversely. 

A  geometric  picture  of  the  relation  between  a  spinor  (or  ray)  and  the  associated 
(T-value  can  be  obtained  as  follows.  Describe  a  sphere  of  unit  radius  about  the 
origin;  project  each  point  of  the  sphere  onto  the  PiPj-plane  by  stereographic 
projection  from  the  north  pole  of  the  sphere;  and  transfer  the  value  of  <t  from 
each  point  of  the  sphere  to  its  projection  on  the  plane.  Then  elementary  geom¬ 
etry  shows  that  the  different  values  of  a  will  be  laid  out  on  the  PiPj-plane  ac¬ 
cording  to  the  usual  rules  for  plotting  complex  numbers  in  the  complex  plane. 

*  See  Reference  3,  Eq.  (17).  Note  change  in  notation.  The  transverse  associated  vectors 
are  not  used  in  the  present  paper. 
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The  stereographic  projection  is  shown  in  Figure  2,  in  which  N  is  the  north  pole 
and  A  is  the  projected  point,  and  OA  is  equal  to  cot  if  the  sphere  has  unit 
radius. 

On  looking  back  over  this  section,  we  see  that  a  spinor  has  four  real  specifica¬ 
tions,  the  associated  vector  three  (the  angle  ^  having  been  eUminated),  and  the 
disection  ratio  a  only  two.  In  the  application  of  spinor  theory  to  four-terminal 
networks,  as  will  be  shown  later,  the  spinor  components  represent  complex  cur¬ 
rent  and  complex  voltage,  the  associated  vector  represents  power,  and  a  repre¬ 
sents  impedance. 


3.  The  homogeneous  linear  transformations  of  a  spinor.  It  will  be  shown  at  the 
end  of  this  section  that  all  non-singular  homogeneous  linear  transformations  of 
the  components  of  a  spinor  can  be  made  up  multiplicatively  out  of  three  stand¬ 
ard  types  of  transformations,  which  are  rotations,  unimodular  (i.e.  having  deter- 


Fio.  2.  Stereographio  projection 


minant  equal  to  unity)  Hermitian  transformations,  and  numerical  multiples  of 
the  identity  transformation.  These  three  types  will  now  be  studied  briefly. 

Rotations  have  already  been  discussed  in  the  previous  paper.*  If  a  spinor  is 
rotated  through  the  angle  x  about  an  axis  whose  direction  angles  are  a,  /3>  y, 
then  its  components  undergo  a  homogeneous  linear  transformation  whose  matrix 


Q  j  sin  Jx  cos  /3  -H  sin  Jx  cos  y. 

This  matrix  is  a  unimodular  unitary*  matrix.  It  is  not  difficult  to  prove  that 
every  two-rowed  unimodular  unitary  matrb;  can  be  written  in  the  form  (3),  with 

*  For  definitions,  see  any  book  on  matrices  or  on  modem  algebra. 
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real  values  for  k,  a,  /3,  y.  In  proving  this,  it  is  helpful  to  note  that  a  two-rowed 
imimodular  unitary  matrix  has  the  sum  of  its  diagonal  elements  real  and  between 
—2  and  2,  and  their  product  real  and  between  0  and  1. 

As  for  unimodular  Hermitian  transformations,  a  unimodular  Hermitian*  ma¬ 
trix  can  always  be  expressed  in  the  form 


cosh  in  -h  sinh  in  cos  a 


+ 


sinh  in  cos  /8  + 


G  -.) 


(4) 


sinh  in  cos  y, 


or  the  negative  of  this,  with  real  values  for  n,  a,  /3,  y.  This  statement  can  be 
proved  by  using  the  facts  that  a  unimodular  Hermitian  matrix  has  the  sum  of 
its  diagonal  elements  real  and  not  lying  between  —2  and  2,  and  their  product 
real  and  not  less  than  1.  The  direction  specified  by  the  angles  a,  /3,  y  may  be 
called  the  axis  of  the  transformation,  and  m  is  a  parameter  that  specifies  the 
magnitude  of  the  transformation.  The  matrix  (4)  is  evidently  very  similar  in 
form  to  the  rotation  matrix  (3);  and,  in  fact,  the  replacement  in  (4)  of  n  by 
will  jdeld  precisely  the  matrix  (3).  If,  in  (4),  m  is  given  a  complex  value,  then  it 
is  easily  verified  that  (4)  will  be  the  product  of  the  matrices  of  a  rotation  and  a 
unimodular  Hermitian  transformation,  both  having  the  same  axis;  the  real  part 
of  the  complex  parameter  will  be  the  parameter  of  the  Hermitian  transformation 
and  the  imaginary  part  will  be  the  rotation  angle. 

To  get  a  picture  of  a  unimodular  Hermitian  transformation  of  a  spinor,  let  us 
consider  one  whose  axis  is  the  Praxis;  then  (4)  reduces  to 


0  \ 

VO  e-^'7’ 


(5) 


with  n  fcal*  When  this  transformation  is  applied  to  the  spinor  components  (1), 
it  evidently  leaves  the  values  of  0  and  ^  unchanged,  and  changes  only  S  and  6. 
We  can  see  how  S  and  0  are  changed  by  investigating  the  effect  of  the  trans¬ 
formation  (6)  on  the  associated  vector.  The  use  of  Eqs.  (2)  yields  the  following 
transformation  equations  for  this  vector,  the  primed  symbols  representing  the 
values  after  transformatibn: 

Pi  ~  Pi,  Pi  =  P, 

P't  *  Pi  cosh  M  +  P  sinh  n  (6) 

P'  »*  Pi  sinh  M  +  P  cosh  m- 

It  may  be  noted  that  (6)  is  a  Lorentz  transformation,  though  this  fact  is  of  no 
particular  significance  here.  The  first  two  of  Eqs.  (6)  show  that  the  transforma¬ 
tion  (5)  causes  the  blade*  of  a  spinor  to  move  along  a  line  parallel  to  the  Pi-axis 
One  of  the  equations  inverse  to  (6)  will  be 

P  “  P'  cosh  n  —  Pi  sinb  n,  (7) 

*  See  Reference  3,  Section  2. 
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and  if  P  is  held  constant  this  is  the  equation  of  a  prolate  spheroid  with  one  focus 
at  the  origin,  major  axis  along  the  Pt-axis,  and  with  semimajor  axis  a  equal  to 
P  cosh  ft,  semiminor  axis  b  equal  to  P,  and  focal  distance  c  equal  to  P  sinh  it. 
(To  show  this,  take  the  standard  form  of  the  prolate  spheroid  equation,  which 
is  P'a(l  —  c  cos  *=  6*;  note  that  this  can  be  written  P'a  —  P|C  —  6*,  since 
c  **  ta  and  Pt  —  P'  cos  S';  and  compare  with  (7).)  We  conclude  that  all  spinors 
initially  terminating  on  a  sphere  will,  after  the  transformation  (5)  is  applied  to 
them,  terminate  on  the  prolate  spheroid  just  described.  Figure  3a  shows  a  pic¬ 
ture  of  this;  the  dotted  line  is  the  path  along  which  the  spinor  blade  moves.  S' 
being  the  spinor  into  which  S  is  transformed. 

The  transformation  (5)  transforms  the  PiPj-plane  into  a  cone  whose  vertex 
is  at  the  origin  and  which  intersects  each  of  the  prolate  spheroids  just  mentioned 
around  its  middle.  Every  plane  parallel  to  the  PiP^plane  is  transformed  by  (5) 
into  one  sheet  of  a  two-sheet  hyperboloid  of  rotation  having  a  focus  at  the  origin. 

Ps  P3 


Fia.  3.  Hermitian  transformation  in  the  Pi-direction.  (a)  Transformation  of  a  spinor, 
(b)  Transformation  of  the  PiP|-plane  and  planes  parallel  to  it. 

These  statements  are  readily  proved  by  analytic  geometry,  if  one  uses  the  equa¬ 
tion  inverse  to  the  third  of  Eqs.  (6).  The  arrangement  of  cone  and  hyperboloids 
is  shown  in  Figure  3b.  Since  the  focal  distance  of  an  ellipsoid  of  semiminor  axis 
P  is  equal  to  P  sinh  it,  it  follows  that  the  half -angle  of  the  cone  has  its  cotangent 
equal  to  sinh  it,  so  that  the  cotangent  of  half  the  half-angle  must  be  equal  to  e'*. 

This  geometrical  description  of  the  transformation  (5)  can  be  applied  to  any 
other  positive-definite*  Hermitian  transformation  of  determinant  1,  by  merely 
reorienting  the  common  axis  of  the  prolate  spheroid  and  the  cone  and  hyperbo¬ 
loids  so  that  it  will  coincide  with  the  axis  of  the  given  transformation.  The  ana¬ 
lytical  justification  for  this  statement  consists  in  the  fact  that  the  matrix  (4)  is 
obtained  by  subjecting  the  matrix  (5)  to  the  similarity  transformation* 

(cosier  —sin  0  ^  cos  8inid,e^'\ 

sin^fl,  6“^'  cos  /\0  cos  /’ 

where  B,  and  denote  the  polar  and  azimuthal  angles  of  the  axis  of  (4),  so  that 
sin  6,  cos  0r  *  cos  a,  sin  $r  sin  0,  »  cos  /U,  and  0r  —  7.  The  matrix  on  the  right 
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in  (8)  is  the  matrix  of  a  rotation  that  turns  the  axis  of  (4)  into  coincidence  with 
the  Pt-axis,  and  the  matrix  on  the  left  is  the  inverse  of  this  rotation.  A  negative- 
definite  Hermitian  transformation  can  be  handled  by  factoring  it  into  a  positive- 
definite  Hermitian  transformation  and  a  360°  rotation.^ 

The  third  t3rpe  of  homogeneous  linear  transformation  that  we  have  to  study 
is  the  numerical  multiple  of  the  identity  transformation,  whose  matrix  is  the 
product  of  the  unit  matrix  by  a  (complex)  number.  The  determinant  of  such  a 
transformation  is  not,  in  general,  unity.  The  geometrical  effect  of  the  transforma¬ 
tion  is,  according  to  (1),  simply  to  multiply  the  magnitude  of  every  spinor  by 
a  real  number  and,  at  the  same  time,  to  rotate  each  spinor  about  its  own  axis 
through  some  angle,  the  real  number  and  the  angle  being  the  same  for  all  spinors. 
The  direction  of  a  spinor  is  evidently  not  changed  by  this  transformation. 

As  mentioned  at  the  beginning  of  this  section,  every  non-singular  homogeneous 
linear  transformation  of  the  components  of  a  spinor  can  be  uniquely  factored 
into  a  rotation,  a  positive-definite  unimodular  Hermitian  transformation,  and  a 
multiple  of  the  identity  transformation.  To  prove  this,  note  that  any  non-singu¬ 
lar  matrix  can  be  uniquely  factored  into  a  unitary  matrix  and  a  positive-definite 
Hermitian  matrix,'  whose  determinants  will  be,  respectively  a  phase  factor*  and 
a  real  positive  number.’  Then  if  we  factor  out  a  multiple  of  the  unit  matrix 
whose  determinant  is  equal  to  that  of  the  original  matrix,  there  will  remain  a 
unimodular  unitary  matrix  and  a  positive-definite  unimodular  Hermitian  matrix. 

It  follows  from  this,  in  particular,  that  every  transformation  of  the  group  Ct 
can  be  built  up  out  of  one  rotation  and  one  unimodular  Hermitian  transformation. 
However,  there  is  another  way,  to  be  discussed  in  Sections  7  and  8,  of  building 
up  a  transformation  of  Ct  out  of  rotations  and  unimodular  Hermitian  transfor¬ 
mations,  which  is  better  suited  to  four-terminal  network  theory. 


4.  Transfonnation  of  the  associated  vector  and  of  the  direction  ratio.  When 
the  components  of  a  spinor  are  subjected  to  a  transformation,  the  components 
and  magnitude  of  the  associated  vector  must  undergo  a  transformation  related 
in  some  way  to  the  spinor  transformation;  and  likewise  the  ratio  <r  must  undergo 
a  related  transformation.  The  nature  of  the  relationships  among  these  trans¬ 
formations  will  now  be  studied. 

Let  the  transformation  of  the  components  of  the  spinor  be 

Si  Ou5i  -h  oijSt 

/  (9) 

St  “  onSi  -j-  On'S]. 


Then  the  transformation  equations  for  the  components  and  magnitude  of  the 
associated  vector  may  be  written  as  follows: 


(P'  +  P»  Pi  +  iP't\  (an  aitVP  +  Pi  Pi  +  tPiVori  a?A 
\P[-iP't  P'-Pt)“W  (hiAPi-iP*  P-PiAa?t  OiV* 


(10) 


'  See  Reference  3,  Section  6. 

*  C.  C.  MscDuffee,  The  Theory  of  Matricee,  Chelsea,  New  York,  1046,  p.  77. 

*  Reference  8,  pp.  26,  28. 
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In  this  equation  the  components  and  magnitude  of  the  vector  P  have  been  gotten 
together  into  a  second-rank  spinor,”  and  (10)  is  just  the  transformation  formula 
for  a  second-rank  spinor.  The  last  matrix  on  the  right  in  (10)  is  the  Hermitian 
conjugate  of  the  matrix  of  the  a’s.  Eq.  (10)  may  be  verified  most  easily  by  noting 
that  the  second-rank  spinor  is  just  the  direct  product”  of  the  spinor  S  by  itself; 
that  is,  the  matrix  elements  of  the  middle  matrix  on  the  right  side  of  (10)  are 
equal,  respectively,  to  (Si5f  ,  SiSt ,  StSt ,  and  5*5?  . 

When  the  spinor  components  are  subjected  to  the  transformation  (9),  the 
ratio  «r  will  evidently  undergo  the  linear  fractional  transformation 

<r'  >■  (Oiiff  -H  au)/(.<hi<r  +  On)-  (11) 

It  should  be  noted  that  the  correspondence  between  the  homogeneous  linear 
transformations  of  a  spinor  and  the  linear  fractional  transformations  of  a  is  not 
one-to-one,  since  the  coefficients  of  (11)  can  all  be  multiplied  by  an  arbitrary 
constant  without  changing  the  transformation,  whereas  the  multiplying  of  the 
coefficients  of  (9)  by  an  arbitrary  factor  will  yield  a  different  spinor  transforma¬ 
tion.  Thus  the  group  of  linear  fractional  transformations  of  a  complex  variable 
is  isomorphic,  in  one-to-one  corresfxindence,  with  the  group  Cj ,  which  is  only 
a  subgroup  of  the  entire  group  of  homogeneous  linear  transformations  of  two 
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complex  variables.  This  is  the  reason  why  the  spinor  method  is  applicable  to  a 
greater  variety  of  four-terminal  networks  than  the  method  based  on  the  linear 
fractional  transformations  of  one  complex  variable. 

6.  Application  of  spinor  theory  to  linear  four-terminal  networks.  Let  us  con¬ 
sider  a  linear  four-terminal  network  in  the  steady  state,  with  input  voltage  and 
current  V  and  7  and  output  voltage  and  current  V  and  V  (see  Figure  4,  in  which 
the  arrows  indicate  the  positive  senses).  All  four  quantities  are  assumed  to  be 
complex  and  to  contain  a  time-dependent  factor  e*'*'*;  thus 

V  =  and  7  =  7oe'<*”‘+‘’,  (12) 

and  similarly  for  V'  and  I'.  Here  6  and  c  are  the  initial  phases  of  V  and  7.  Eqs. 
(12)  can  be  expressed  more  conveniently  in  terms  of  the  sum  (^)  of  the  phases 
of  V  and  7  and  the  difference  (^)  of  these  phases, 

“  ^Tvt  -1"  5  -H  «  and  ^  =  i  —  e.  (13) 

Thus, 

V  -  and  7  -  (14) 

'*  Reference  3,  Section  8. 
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Note  the  similarity  of  form  between  these  functions  and  those  in  Eqs.  (1). 
Because  of  this  similarity,  we  may  tentatively  think  of  V  and  I  as  being  the 
components  of  a  spinor,  the  “input  spinor”;  then  evidently  the  azimuthal  angle 
^  of  this  spinor  is  equal  to  the  angle  of  lag.  The  angle  which  by  (13)  is  a  linear 
function  of  the  time,  specifies  the  angular  position  of  the  spinor  about  its  axis 
(Figure  1);  and  therefore  the  spinor  must  rotate  about  its  axis  with  frequency 
2i>,  that  is,  in  step  with  the  power  fluctuations. 

Now  there  is  one  difficulty  in  regarding  V  and  I  as  the  components  of  a  spinor: 
the  components  of  a  spinor  ought  to  be  dimensionally  alike.  This  difficulty  can 
be  surmounted  by  the  use  of  a  dimensional  factor,  which  we  shall  take  to  be 
1  ohm  (IQ).  Then  the  best  way  to  define  the  components  of  the  input  spinor 
appears  to  be  as  follows: 

Si  =  V/m\  S,  =  /(IQ)*.  (15) 

The  components  Sl  and  Ss  of  the  output  spinor  are  defined  similarly. 

The  network  equations,  expressed  in  terms  of  the  voltages  and  currents,  will 
have  the  form" 

V'  =  aV  +  bl,  r  ^  cV  +  dl.  (16) 

In  terms  of  the  S’s,  the  network  equations  will  be 

Si  =  oiiSi  +  aijSi 

,  (17) 

St  =*  citSi  +  otiSi , 

where  au  =  a,  On  —  d,  an  =  6/lQ,  and  om  =  c(lQ).  The  a’s  are  all  dimension¬ 
less,  while  the  S’s  all  have  the  dimension  (power)*.  The  determinant  of  (17), 
aiiOit  —  OiiOii ,  is  equal  to  the  determinant  of  (16),  ad  —  be.  This  determinant 
is  not  necessarily  equal  to  1,  since  the  circuit  may  contain  amplifiers. 

If  voltage  and  current  are  essentially  the  components  of  a  spinor,  then  the 
components  of  the  associated  vector  ought  to  have  some  meaning.  These  com¬ 
ponents  can  be  obtained,  by  using  Eqs.  (2)  and  (15),  in  terms  of  voltage  and  cur¬ 
rent;  the  results  at  the  input  side  are 

Pi  =*  I  y/  I  cos  0  «=  2  X  average  power  used 

Pj  =  I  y/  I  sin  0  =  2  X  reactive  power 

(18) 

p,  =  h[iVV*m  -  (//*)in] 

p  =  i((yy*/iQ)  -I-  (//*)iQ]. 

The  component  P»  may  be  called  the  power  difference,  for  it  is  equal  to  the  dif¬ 
ference  between  the  power  that  the  voltage  V  would  supply  to  a  resistance  of 
1  ohm  and  the  power  that  the  current  I  would  dissipate  in  a  resistance  of  1 
ohm.  The  value  of  P|  is  a  measure  of  whether,  and  to  what  extent,  the  power  is 
being  transmitted  at  high  voltage  and  low  current  or  the  opposite. 

“  See  any  of  the  standard  books  on  communications  circuits,  or  see  Brillouin,  l.c.  Chap¬ 
ter  9. 
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It  appears  at  first  sight  that  P\  must  always  be  positive.  However,  Pi  may  be 
considered  to  have  a  negative  value  if  the  side  of  the  four-terminal  network  that 
is  nearer  to  the  generator  is  called  the  output,  rather  than  the  input,  side.  In 
this  case,  the  average  “output”  power  P[  from  a  passive  network  will  be  more 
negative  than  the  average  “input”  power  Pi ,  and  V  and  I  will  be  more  than 
90°  out  of  phase,  according  to  the  conventions  of  sense  shown  in  Figure  4. 

Because  of  Eqs.  (15),  the  ratio  a,  already  discussed  in  Section  2,  is  evidently 
equal  to  the  input  impedance  of  the  network  divided  by  1  ohm.  The  values  of 
o  at  the  different  points  on  the  surface  of  the  unit  sphere  (Figure  2)  can  thus  be 
thought  of  as  impedance  values,  the  points  on  the  equator  being  those  whose 
impedance  has  an  absolute  value  of  1  ohm  (since  at  the  equator  cot  ^0  »  1). 
This  plotting  of  impedance  values  on  the  unit  sphere  can  also  be  accomplished 
by  first  plotting  impedance  values  according  to  the  usual  rules  in  the  PiPa-plane 
and  then  transferring  them  by  stereographic  projection  to  the  surface  of  the 
sphere,  as  illustrated  by  Figure  2. 

The  output  power  components  can  be  expressed  in  terms  of  the  input  power 
components  by  the  transformation  (10);  and  the  output  impedance  is  related 
to  the  input  impedance  by  a  linear  fractional  transformation  that  is  obtained 
by  multiplying  (11)  by  1  ohm. 

6.  Four-terminal  networks  corresponding  to  some  rotations  and  unimodular 
Hermitian  transformations.  In  this  section  and  the  next  two  sections,  we  shall 
undertake  to  show  how  the  details  of  the  general  geometric  scheme  work  out  when 
the  rules  already  set  forth  are  applied  to  various  special  cases.  First  let  us  find 
networks  corresponding  to  the  simplest  rotations  and  unimodular  Hermitian 
transformations. 

The  unimodular  Hermitian  transformations  having  for  their  axes  the  Pi ,  P* , 
and  Pj  axes  are  respectively,  by  (4) : 

(cosh  sinh  /cosh^M  i  sinh  jA  0  \  . 

sinh  ill  cosh  in/  \— isinhin  cosh  in  /’  \0 

The  third  of  these  is  the  easiest  to  deal  with.  It  is  the  matrix  of  an  ideal  trans¬ 
former,  as  is  seen  by  comparing  it  with  Eqs.  (16)  and  (17).  The  voltage  ratio  is 
and  the  voltage  is  stepped  up  or  down  according  as  n  is  positive  or  negative. 
From  the  geometrical  picture.  Figure  3a,  it  is  evident  that  Pi ,  Pj ,  0,  and  4^ 
are  invariant,  and  therefore  F'  is  in  phase  with  V  and  P  with  7. 

The  first  and  second  of  the  matrices  (19)  have  their  diagonal  elements  equal, 
and  the  corresponding  networks  must  therefore  be  symmetric  networks.”  For 
the  first  matrix  the  corresponding  network  can  be  any  symmetric,  purely  resistive 
network  (e.g.  a  T-network)  whose  circuit  elements  have  been  so  chosen  that 
(6/c)*  shall  be  equal  to  1  ohm,  for  then  an  will  be  equal  to  oji  and  therefore  the 
matrix  will  have  the  form  given  in  (19).  If  the  network  resistances  are  all  posi¬ 
tive,  then  M  will  be  negative,  and  Pi  will  be  less  than  Pi  for  every  spinor.  If  the 
resistances  are  all  negative,  m  will  be  positive  and  Pi  will  be  greater  than  Pi  . 
The  condition  that  (6/c)*  shall  be  1  ohm  is  equivalent  to  saying  that  the  itera- 


28 


W.  T.  PAYNE 


tive  (or  image)  impedance”  of  the  network  shall  be  1  ohm.  The  propagation 
(or  transfer)  constant  (§m)  is  real- 

For  the  network  corresponding  to  the  second  matrix  of  (19),  we  can  take 
any  symmetric,  purely  reactive  network  such  that  b  and  c  are  imaginary  and  of 
opposite  sign  and  |  b/c  is  equal  to  1  ohm  (e.g.  a  symmetric  network  contain* 
ing  only  inductive  reactance  or  else  only  capacitive  reactance).  These  conditions 
are  equivalent  to  saying  that  the  iterative  impedances  shall  be  zti  ohms  and  the 
propagation  constant  real.  If  all  the  reactances  in  the  network  are  inductive, 
n  will  be  negative;  if  capacitive,  n  will  be  positive.  It  is  evident  from  the  picture 
of  a  Hermitian  transformation  (Figure  3a,  but  with  the  spheroid’s  major  axis 
along  the  P»*axis)  that,  for  every  spinor.  Pi  and  P|  are  invariant  to  the  trans¬ 
formation.  However,  Pi  is  changed,  and  so  is  0  unless  is  ±90°. 

A  unimodular  Hermitian  transformation  whose  axis  lies  in  the  PiPrplane  and 
makes  an  arbitrary  angle  a  with  the  Pi-axis  has  its  diagonal  coefficients  both 
equal  to  cosh  &nd  its  off-diagonal  coefficients  equal  to  sinh  as  follows 

from  (4).  For  the  corresponding  network,  one  can  take  a  symmetric  network 
whose  elements  are  impedances  with  phase  angle  a  and  absolute  values  so  chosen 
that  I  b/c  I*  1  ohm.  The  iterative  impedance  is  e“  ohms  and  the  propagation 
constant  is  again  real  and  equal  to  4m- 

The  matrices  of  rotations  about  the  Pi  ,  Pt ,  and  Pi  axes  are,  by  (3) : 

(cos  4*  i  sin  4  A  /cos  4*  —  sin  4  A  /  0  \ 

t  sin  4k  cos  4k/  \sin  4k  cos  4k/’  \0  6““^*/' 

A  rotation  about  the  Pi-axis  can  be  realized  by  a  symmetric  lossless  filter  sec¬ 
tion,  operating  in  its  passband  and  having  its  circuit  elements  so  chosen  that 
I  b/c  1*  *  1  ohm;  such  a  network  will  have  its  iterative  impedance  equal  to 
1  ohm  and  its  propagation  constant  imaginary  (4tK).  The  power  component 
Pi  is  invariant,  as  is  the  power  magnitude  P;  while  Pj  and  Pi  undergo  an  orthog¬ 
onal  transformation.  If  the  filter  section  is  operating  outside  its  passband  and 
has  I  b/c  I*  equal  to  1  ohm,  the  corresponding  transformation  will  be  a  Hermi¬ 
tian  transformation  whose  axis  is  the  Pi-axis. 

A  rotation  about  the  Pt-axis  can  be  realized  by  a  symmetric  combination  of 
positive  and  negative  resistances,  arranged  in  the  circuit  in  the  same  way  in 
which  the  positive  and  negative  reactances  are  arranged  in  a  symmetric  filter 
section,  with  the  values  so  chosen  that  the  iterative  imiiedances  will  be  ±t. 
Similarly,  a  rotation  about  any  arbitrary  axis  in  the  PiPi-plane  can  be  realized 
by  a  symmetric  combination  of  positive  and  negative  impedances  of  suitably 
chosen  phase  angle,  just  as  was  done  in  the  case  of  Hermitian  transformations. 

The  rotation  about  the  Pi-axis  can  be  realized  by  a  combination  of  networks 
of  the  types  just  discussed,  since  any  rotation  can  be  built  up  out  of  rotations 
about  two  arbitrarily  chosen  perpendicular  axes.” 

7.  Geometry  of  transformations  corresponding  to  arbitrary  symmetric  four- 
terminal  networks  with  determinant  1.  A  symmetric  network  has  a  equal  to 

**  Reference  3,  Section  4. 
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d\  and  let  us  assume  for  the  present  that  neither  h  nor  c  vanishes.  Then  the 
problem  can  be  referred  to  the  cases  studied  in  the  preceding  section,  in  the 
following  way.  The  matrix  of  the  o’s,  in  Eq.  (17),  can  be  derived  from  another 
matrix  that  has  its  off-diagonal  elements,  &ii  and  bn  ,  equal  in  absolute  value, 
by  the  similarity  transformation, 

/flu  / 1  Rij/a«  1*  0  i  On/ou  I*  0  \ 

\a«  On/  \  0  I  da/ Oij  l*/\bn  On/V  0  |  Ou/ Oa  jy  ’ 

where 

I  uiion  1^  X  phase  factor  of  au 

4  (22) 
ba  =  1  daOn  |  X  phase  factor  of  Oa . 

Since  |  bn  |  =  |  ba  |,  the  matrix  containing  the  b’s  represents  a  rotation  or  a 
Hermitian  transformation  (or  a  coaxial  combination  of  these)  whose  a.\is  is  in 
the  PiPi-plane. 

The  geometrical  interpretation  of  (21)  is  as  follows.  The  first  matrix  on  the 
left  of  the  righthand  side  of  (21)  represents  a  Hermitian  transformation  with 
axis  along  the  Pt-axis;  therefore  it  transforms  any  sphere  into  a  prolate  spheroid, 
as  depicted  in  Figure  3a.  Let  us  start  with  such  a  spheroid  and  apply  the  entire 
right  side  of  (21)  to  spinors  terminating  on  it;  this  will  first  transform  the  sphe¬ 
roid  into  a  sphere,  then  subject  all  the  spinors  to  a  rotation  or  Hermitian  trans¬ 
formation  (or  coaxial  combination)  about  an  axis  in  the  PiPrplane,  and  finally 
transform  the  sphere  back  into  a  spheroid.  The  last  one  of  these  three  transfor¬ 
mations  converts  the  axis  of  the  rotation  or  Hermitian  transformation  (or  com¬ 
bination)  into  a  bent  line  (a  trace  of  the  cone  shown  in  Figure  3b);  the  two 
parts  of  this  line  are  the  principal  axes  of  the  entire  transformation  (21),  because 
a  spinor  lying  along  one  of  them  does  not  have  its  direction  changed  but  only  its 
magnitude  and/or  its  angular  position  about  its  axis.  The  Pt-axis  bisects  the 
angle  between  these  principal  axes;  this  is  evidently  the  geometric  expression  of 
the  fact  that  the  network  is  symmetric.  It  follows  from  Section  3  and  Eq.  (21) 
that  the  cotangent  of  half  the  angle  between  either  principal  axis  and  the  Praxis 
is  equal  to  |  au/on  |*  or,  in  terms  of  the  original  network  coefficients,  to 

I  k/c  l'(in)-. 

Since  a  spinor  lying  along  either  principal  axis  of  the  transformation  (21) 
has  only  its  magnitude  and/or  its  angle  ^  changed,  the  effect  of  (21)  on  such  a 
spinor  will  be  merely  to  multiply  its  components  by  a  (complex)  numerical 
factor.  The  two  factors  associated  with  the  two  principal  axes  are  the  principal 
values  of  the  transformation  (21).  They  are  reciprocals  of  each  other,  since  the 
determinant  of  (21)  is  1.  If  the  middle  transformation  on  the  right  side  of  (21) 
is  a  rotation,  the  principal  values  will  be  phase  factors  whose  phases  are  plus  or 
minus  half  the  rotation  angle;  if  it  is  a  Hermitian  transformation,  they  will  be 
real  numbers  whose  logarithms  are  plus  or  minus  half  the  parameter  of  the  Her¬ 
mitian  transformation.  The  propagation  constant  of  the  network,  which  is  by 
definition  the  logarithm  of  one  of  the  principal  values,  will  be  equal  to  times 


30 


W.  T.  PAYNE 


the  rotation  angle,  or  half  the  parameter  of  the  Hermitian  transformation,  as 
the  case  may  be.  In  the  case  of  a  combination  of  a  rotation  and  a  Hermitian 
transformation  the  propagation  constant  will,  of  course,  be  complex. 

It  is  not  difficult  to  visualize  the  effect  of  the  transformation  (21)  as  a  whole 
on  spinors  that  do  not  lie  along  a  principal  axis.  If  the  middle  transformation 
on  the  right  side  of  (21)  is  a  rotation,  then  the  blade  of  each  spinor  will  move 
along  an  ellipse  which  is  the  intersection  of  the  prolate  spheroid  of  Figure  3a 
with  a  vertical  plane.  If  the  middle  transformation  is  a  Hermitian  transforma¬ 
tion,  each  spinor  blade  will  move  along  a  hyperbola  that  is  the  intersection  of  one 
of  the  hyperboloids  of  Figure  3b  with  a  vertical  plane. 

Let  us  next  consider  the  case  where  the  network  coefficient  c  vanishes  (e.g.  a 
network  containing  series  impedance  but  no  shunt  elements).  This  is  the  limit¬ 
ing  case  obtained  from  the  type  of  networks  just  studied  as  the  angle  between 
either  principal  axis  and  the  Pj-axis  is  decreased  to  zero,  because,  as  already 
shown,  the  cotangent  of  half  this  angle  is  equal  to  |  h/c  |*(lfi)~‘.  If  c  vanishes, 
therefore,  the  principal  axes  both  coincide  with  the  positive  P»-axis.  Similarly, 
if  c  0  but  &  »  0,  the  principal  axes  coincide  with  the  negative  Pi-axis;  this 
case  is  realized  by  a  network  having  shunt  impedance  only. 


8.  Geometry  of  transformations  corresponding  to  arbitrary  four-terminal  net¬ 
works  of  determinant  1.  The  principal  values  X  (or  characteristic  roots,  as  they 
are  sometimes  called)  of  the  general  transformation  (17)  and  the  <r-values  of  its 
principal  axes  can  be  found  by  the  well-known  method  of  solving  the  secular 
(or  characteristic)  equation.*  The  results  are: 

X  =  ifou  +  Oa  ±  [(flu  +  Oa)*  ~  4]*} 

»  t  (23) 

<T  =  (l/2aa){<iu  —  Oa  ±  [(uii  +  fla)  ~  4]*}. 

Since  the  determinant  of  the  transformation  is  assumed  to  be  1,  the  two  values 
of  X  are  reciprocal.  From  the  second  of  Eqs.  (23),  it  is  seen  that  the  two  a  values 
will  have  their  signs  changed  if  uu  and  on  are  interchanged;  or,  in  other  words, 
if  the  input  connections  of  the  network  are  interchanged  with  the  output  con¬ 
nections,  the  new  principal  axes  will  be  the  images,  in  the  Praxis,  of  the  original 
principal  axes.  If  the  four  values  of  a  thus  obtained  for  both  sets  of  axes  are  mul¬ 
tiplied  by  1  ohm,  the  resulting  four  quantities  will  be  the  iterative  impedances 
of  the  network**;  this  follows  at  once  from  a  comparison  of  the  definitions  of 
principal  axis  and  iterative  impedance.  Most  authors  discard  the  two  iterative 
impedances  that  have  a  negative  real  part.  In  the  case  of  a  symmetric  network, 
two  of  the  iterative  impedances  coincide  with  the  other  two,  since  the  two  cr-values 
in  (23)  are  in  that  case  the  negatives  of  each  other. 

Now  the  two  principal  axes  of  the  general  unimodular  homogeneous  linear 
transformation  are  geometrically  related  to  the  bisector  of  their  angle  in  the 
same  way  in  which,  in  the  preceding  section,  the  principal  axes  of  a  transforma¬ 
tion  having  On  *  a«  were  related  to  the  Pa-axis.  Therefore  it  must  be  possible 
to  use  the  same  method  as  in  the  preceding  section;  that  is,  it  must  be  possible 

The  relation  between  iterative  impedances  and  principal  axes  has  been  noted  by  Bril- 
louin,  l.e.  Section  54. 
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to  derive  the  matrix  of  the  general  transformation,  by  means  of  a  similarity 
transformation,  from  another  matrix  that  will  be  either  unitary  or  Hermitian 
or  a  coaxial  combination  of  the  two.  The  transforming  matrix  in  the  similarity 
transformation  (i.e.  the  matrix  corresponding  to  the  righthand  matrix  in  (21)) 
must  now  be  a  unimodular  Hermitian  matrix  whose  axis  is  the  bisector  of  the 
angle  between  the  principal  axes  of  the  given  transformation,  and  the  parameter 
of  this  matrix  must  be  such  that  the  first  step  of  the  similarity  transformation 
will  cause  the  principal  axes  of  the  given  transformation  to  become  antiparallel 
to  each  other.  This  is  exactly  what  was  done  in  the  preceding  section.  If  the 
second  matrix  of  the  similarity  transformation  is  unitary,  then  the  principal 
values  of  the  original  transformation  are  reciprocal  phase  factors  whose  phases 
are  plus  or  minus  half  the  rotation  angle  k;  the  propagation  constant  is  then 
^iK.  If  the  second  matrix  is  Hermitian,  the  principal  values  are  reciprocal  real 
numbers  whose  logarithms  are  plus  or  minus  half  the  parameter  of  the  Hermitian 
transformation  (i.e.  ±  ;  the  propagation  constant  is  All  these  conclusions 

follow  by  analogy  with  the  preceding  section.  Argument  by  analogy  is  justified 
here  because  the  spinor  properties  concerned  depend  only  on  the  geometrical 


Fio.  5.  Image  axes 


relationships  among  the  various  axes  involved  and  not  on  their  relation  to  the 
Pi-axis. 

Thus,  in  the  spinor  scheme,  the  iterative  propagation  constant  of  a  network 
appears  as  a  rotation  angle  (times  §t),  or  as  a  real  exponent,  or  as  a  complex 
linear  combination  of  the  two.  To  these  three  cases  there  correspond,  in  the 
scheme  based  on  the  linear  fractional  transformations  of  the  complex  variable 
<r  (Section  4),  the  so-called  elliptic,  hyperbolic,  and  loxodromic  transformations 
respectively/*  If  the  two  principal  axes  of  the  network  transformation  coincide, 
the  corresponding  <r  transformation  is  parabolic.** 

9.  Image  axes  of  a  transformation  and  image  impedances.  It  has  already  been 
noted  (Section  2)  that  any  two  directions  whose  a-values  are  the  negatives  of 
each  other  are  the  images  of  each  other  in  the  Praxis,  and  also  that  in  the  case 
of  a  symmetric  network  the  principal  axes  satisfy  this  relation.  In  the  case  of  a 
general  network,  it  is  possible  to  find  two  directions  that  are  the  images  of  each 
other  in  the  Pi-axis  and  are  transformed  by  the  network  equations  into  two  direc¬ 
tions  that  are  likewise  the  images  of  each  other  in  the  Praxis.  (See  Figure  5,  but 

**  See  van  Slooten,  I.e.,  or  any  standard  book  on  functions  of  a  complex  variable. 
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note  that  a'  and  —9'  are  not  necessarily  coplanar  with  9  and  —a.)  The  four 
directions  may  be  called  image  axes,  and  the  four  9  values  times  1  ohm  are  the 
image  impedances  of  the  network,  the  two  with  negative  real  parts  being  dis¬ 
carded  as  meaningless  by  most  authors. 

It  is  not  difficult  to  find  the  9  values  for  the  image  axes  in  terms  of  the  coeffi¬ 
cients  of  the  network  equations.  The  transformation  equations  for  9  and  —9 
are,  by  (11): 


9'  =“  (<iii9  +  <ia)/(on9  +  On) 

—  9'  =*  (“fluff  +  ai»)/(“Oaff  -f-  Ojj). 


(24) 


Eliminate  9',  and  solve  for  9  and  then  for  9'.  The  results  are: 


ff  »  (ai*a*i/auO«)*  9'  =  {fluOa/ onOn)^ ,  (25) 

On  multiplying  these  values  by  ±1  ohm,  one  gets  the  standard  formulas  for  the 
image  impedances, 

±(W/ac)*  and  ±(o6/cd)*.  (26) 


The  following  facts  may  be  noted  in  connection  with  image  axes  and  image 
impedances: 

For  a  symmetric  network,  9  and  9’  coincide  and  —9  and  —9'  coincide;  also, 
the  image  impedances  coincide  with  the  iterative  impedances. 

For  an  ideal  transformer,  there  are  an  infinite  number  of  sets  of  image  axes 
and  image  impedances,  and  9  and  9'  are  indeterminate. 

The  definition  of  the  image  axes  explicitly  refers  to  the  Pi-axis,  in  contrast 
to  the  definition  of  the  principal  axes  of  a  transformation,  which  is  independent 
of  the  P-axes.  It  would  be  possible,  of  course,  to  define  image  axes  referred  to 
any  arbitrarily  chosen  direction  of  the  PiPjPi-space. 

If  the  network  transformation  is  a  pure  rotation,  the  image  axes  are  in  the 
PiPrplane  and  the  values  of  9  and  9*  are  and  uT'*',  where  0,  and  are 
the  second  and  third  Eulerian  angles  of  the  rotation.^*  (The  image  transfer  con¬ 
stant  in  this  case  is  times  the  first  Eulerian  angle  of  the  rotation.) 


10.  Negative  resistances  and  amplifier  circuits.  It  has  been  assumed  up  to 
this  point  that  the  four-terminal  network  could  contain  negative  resistances.  If 
these  are  ruled  out,  the  question  arises  which  of  the  various  spinor  transformations 
will  be  discarded.  Since  the  network  is  now  purely  passive,  all  transformations 
will  be  disallowed  that  cause  Pi  to  exceed  Pi  for  one  or  more  of  all  spinors.  For 
example,  all  rotations  will  be  ruled  out  except  rotations  about  the  Pi-axis;  and 
every  Hermitian  transformation  will  be  ruled  out  whose  spheroid  has  its  center 
in  front  of  the  PjPi-plane.  The  remaining  transformations  do  not,  of  course, 
form  a  group,  because  most  of  them  no  longer  have  inverses. 

A  linear  amplifier  circuit  obeys  Eqs.  (16)  or  (17),  but  with  the  determinant 
not  equal  to  1.  As  noted  at  the  end  of  Section  3,  the  matrix  of  the  equations  can 
always  be  factored  into  a  matrix  of  determinant  1  and  a  numerical  multiple  of 
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the  unit  matrix.  The  first  of  these  factors  corresponds  to  a  network  that  satisfies 
the  reciprocity  theorem,  and  can  be  treated  according  to  the  rules  already 
developed  in  Sections  6,  7,  and  8.  The  numerical  multiple  of  the  unit  matrix 
has  a  simple  geometrical  meaning  already  noted  in  Section  3:  it  multiplies  the 
amplitudes  of  voltage  and  current  by  a  real  number  and/or  shifts  the  phases  of 
voltage  and  current  by  some  angle,  the  real  number  and  the  phase-shift  angle 
being  the  same  for  all  spinors.  Since  this  type  of  transformation  is  what  dis¬ 
tinguishes  a  linear  amplifier  circuit  from  a  circuit  satisfying  the  reciprocity  the¬ 
orem,  a  hypothetical  circuit  corresponding  to  this  ty|)e  of  transformation  might 
be  called  an  “ideal  amplifier.”  The  ideal  amplifier  differs  from  the  ideal  trans¬ 
former  in  that  it  multiplies  both  current  and  voltage  by  the  same  factor,  whereas 
an  ideal  transformer  multiplies  them  by  reciprocal  factors. 
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SECONDARY  FLOW  WITHIN  A  BEND* 


By  Hans  P.  Eichenberoer 

1.  Introduction.  In  analysing  flow  in  fluid  machines,  one  usually  assumes  the 
existence  of  (mtential  flow.  This  assumption  implies  that  the  stagnation  pressure 
is  the  same  on  different  streamlines,  and  simplifies  the  calculation  of  the  flow 
phenomena  considerably.  In  the  case  of  incompressible  flow,  the  problem  re¬ 
duces  to  the  solution  of  the  Laplace  equation.  But  in  many  machines  the  stag¬ 
nation  pressure  is  not  constant  throughout.  For  instance,  in  an  axial  flow  com¬ 
pressor  which  is  fed  from  the  free  atmosphere  the  flow  at  the  inlet  is,  except  in  a 
very  thin  boundary  layer,  potential  flow.  However,  after  a  few  stages  of  a  multi¬ 
stage  compressor  the  stagnation  pressure  is  only  nearly  invariant  going  from 
streamline  to  streamline  (1).  It  varies,  however,  in  direction  of  the  span  of  the 
blades  only  (from  hub  to  casing  of  the  compressor)  and  remains  essentially  con¬ 
stant  in  direction  perpendicular  to  the  span.  The  flow  which  occurs  under  these 
circumstances  deviates  from  potential  flow.  The  difference  between  the  real  flow 
and  the  potential  flow  has  been  called  secondary  flow. 

Until  recently  the  effects  of  this  secondary  flow  were  neglected  in  the  design 
of  axial  flow  compressors.  It  is  clear  that  as  a  result  the  blades  may  operate  far 
from  the  expected  design  conditions  and  separation  at  the  root  and  tip  of  a  blade 
may  occur  due  to  this  incorrect  design.  This  phenomenon  contributes  to  the 
secondary  losses  which  account  for  approximately  half  of  the  losses  occurring  in 
a  compressor  (7).  Studies  conducted  at  the  Gas  Turbine  Laboratory  at  M.I.T. 
(8)  seem  to  indicate  that  at  least  a  part  of  these  losses  could  be  avoided  if  account 
were  taken  of  the  secondary  flow  in  the  design  of  the  cascade  instead  of  assuming 
the  existence  of  potential  flow  as  was  done  in  the  past. 

The  proposed  method  is  to  add  a  correction  to  the  blades  designed  on  the  basis 
of  potential  flow.  In  order  to  calculate  the  correction,  knowledge  of  the  secondary 
flow  is  necessary.  In  this  paper  it  is  shown  how  secondary  flow  can  be  calculated. 

Although  the  fact  that  stagnation  pressure  varies  within  the  stream  shows  that 
dissipation  occurred,  we  will  assume  in  this  paper  an  inviscid  fluid.  This  assump¬ 
tion  is  justified  by  experinients  (8)  which  showed  that  the  effect  of  viscosity  within 
one  passage  is  negligible  although  the  cumulative  effect  over  many  stages  of  a 
compressor  leads  to  a  flow  with  vorticity. 

2.  The  Problem.  The  rather  complicated  geometry  of  a  blade  passage  in  a  com¬ 
pressor  was  replaced  by  a  simple  bend  such  that  the  experimental  result  could 
easily  be  interpreted  in  the  light  of  the  theory.  The  surface  of  the  blades  was 
replaced  by  two  coaxial  cylindrical  surfaces  bounded  by  two  horizontal  planes 
which  are  a  distance  2h  apart  as  shown  on  FigUYe  1. 

*  This  work  has  been  sponsored  by  the  ONR  under  contract  N5ori  07848  and  was  per¬ 
formed  in  the  Gas  Turbine  Lab.  at  M.I.T.  under  the  direction  of  E.  8.  Taylor.  The  author 
is  also  indebted  to  Prof.  C.  C.  Lin  for  his  suggestions  and  interest  in  this  paper. 
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The  problem  can  be  formulated  as  follows:  Given  at  a  certain  section,  say 
^  =s  0,  of  this  bend  TT  =  0,  17  *  0  and  V  (r,  z)  in  such  a  fashion  that  the  stag¬ 
nation  pressure  varies  in  z  direction  but  not  in  r  direction.  U,  V,  W  are  the 
velocities  in  direction  of  r,  ip,  and  z,  the  three  orthogonal  coordinates  as  indicated 
on  Fig.  1. 

We  wish  to  find  the  velocities  downstream  at  a  bend  section  which  corresponds 
to  a  turning  angle  met  with  in  compressors.  The  calculation  of  these  velocities 
form  the  main  part  of  this  paper. 


The  flow  is  governed  by  the  three  momentum  equations  and  the  continuity 
equation  which  are,  as  written  in  cylindrical  coordinates: 

(A) 

(B) 

(C) 

(D) 

where  P  is  the  pressure  and  p  is  the  density. 


U^+V-  — -\-W—  _ _ ^  — 

dr  r  dip  dz  r  p  dr 

U^+vl^+W^  +  ^= 

dr  r  dip  dz  r  pr  dip 


j.  dW  .  Tr  1  dW  .  ™  dW  1  dP 
^17  +  ’^;:  +  “  --,Tz 

1 1  (rxn  +  J  ^  -  0 


3.  The  Linearization.  A  first 'approximation  to  the  above  problem  is  the  well- 
known  potential  flow  around  the  bend  of  Figure  1.  After  a  very  short  bend  angle 
this  potential  flow  is  very  nearly  equal  to  the  free  vortex  flow.  This  flow  is  de¬ 
fined  by  17  *  0,  F  *  c/r,  W  *  0,  where  c  is  a  constant  depending  on  the  mass 
rate  of  flow.  If  we  put  these  velocities  into  the  equations  (A)  to  (C),  we  obtain 
for  the  corresponding  pressure,  which  we  call  the  pressure  of  the  potential  flow 
Pp: 


dip 


0 


The  index  p  denotes  the  value  of  P  in  the  case  of  potential  flow. 

i 


(E) 
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'  J 

If 


We  assume  now  that  the  real  flow  deviates  only  little  from  the  above  defined 
free  vortex  flow  such  that  we  can  write: 


f/  =  0  +  u(r,  ifi,  z),  F  =  (c/r)  +  t;(r,  z), 

IF  =  0  +  to(r,  z),  P  ^  P,-\-  p(r,  ip,  z) 

where  u,  v,  w  are  small  as  compared  to  c/r  and  p  small  as  compared  to  Pp 
If  we  put  these  expressions  into  equations  i4  to  D  we  obtain: 

_  i;* 

.1 


du  , 
dr 


du  ,  ®  _  2c»  _  V  _  ®  ^ 

dip  dz  r*  r^  r  P  p  dr 


c  ,  dv  ,  /  c  .  v\  dv  ,  dv  ,  (v  ,  c\  —IdP 
r  dr  \r  r/  d^  dz  \r  r*/  pr  dtp 

dw  ,  /  c  ,  v\dw  ,  dw  I  dP 

dr  \r*  r/  d^  dz  p  dz 


I  d  f  .  I  dv  ,dw 
r  dr  r  dip  dz 


(4) 


If  we  assume  that  du/dr,  r  ^du/dtp,  du/dz  are  of  the  same  order  and  u,  v,  w,  c/r, 
considering  relation  (E),  the  above  equations  reduce  to: 


c  du  _2cv  _  \  dp 
dip  r*  p  dr* 

c  dv  _  ^  (o\  ®  ^ 

r*  dtp  pr  dip’  r*  dip  cp  dz 


(1) 

(3) 


We  now  have  the  task  of  finding  a  solution  to  the  four  linear  partial  differen¬ 
tial  equations  (1)  to  (4)  for  the  four  unknowns  u,  v,  w,  and  p,  all  functions  of  the 
three  independent  variables  r,  ip  and  z.  As  boundary  conditions  we  have,  of 
course,  the  solid  walls  of  the  bend  and  we  wish  to  impose  u  =  w  =  0  at  the 
bend  section  ^  =  0.  In  addition,  we  specify  v(r,  z)  at  this  section. 


4.  Derivation  of  the  Partial  Differential  Equation.  Integration  of  (2)  with 
respect  to  ^  yields  imm<*liately: 

(c/r*)v  +  (l/pr)p  -  /(r,  z)  (2') 

f(r,  z)  standing  for  an  arbitrary  function  (c/r*)vo  +  (l/pr)po  =  f(r,  z)  where  the 
index  o  denotes  the  values  of  the  functions  at  ip  ^  0.  Taking  the  derivative  of 
(2')  with  respect  to  z  and  r  gives,  respectively:  . 


cdv  I  dp 
r*  dz~^  pr  dz 


die  ,1  \ 

I  t'o  4 —  Po  I 
dz  \r*  pr  / 


(5) 


and 


1  dp 
p  dr 


£ 

dr 


T  +  -  A 

r  P  / 


(6) 
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From  (6)  and  (1)  we  can  eliminate  dpidr: 

cdu  2cv  ,  c  1  dv  d  /cvo  ,  1  \ 

c  du  c  d  ,  .  d  /cvo  .  1  \ 

and  with  (3)  eliminating  dp/dz  from  (5) 


c  dw 
r* 


c  dv 
r  dz 


(?+;>•) 


(7) 


(8) 


In  section  2  we  stated  that  the  stagnation  pressure  does  not  vary  in  radial 
direction  at  the  beginning  of  the  bend.  The  stagnation  pressure  is  by  dehnition: 

5  =  P  +  yr  -  P,  +  p  +  ip(F,  +  „)»  =  p,  +  p  +  Jp[(c/r)  +  v]\ 

where  the  indices  p  denote  that  the  functions  correspond  to  the  potential  flow. 
In  this  expression,  we  may  neglect  the  term  with  v*.  Also,  we  know  that  the  stag¬ 
nation  pressure  of  the  potential  flow  is  invariant;  so  that, 

id/dr)iP,  +  ^pV\)  -  0 

Thus,  at  the  beginning  of  the  bend,  from  dS/dr  =  0  follows 
(d/dr)[pvoic/r)  -|-  po)  =  0 


which  means  that  the  right  hand  member  of  (7)  is  zero. 

In  this  case  (7)  is  satisfled  if  we  define  a  function  4>: 

r~^d^/d<p  =  V  d^/dr  =  u 

As  4>  is  a  function  of  the  three  variables,  equation  (9)  does  not  define  ^  completely. 
In  addition,  we  may  specify  its  value  along  a  vertical  line  which  will  l)e  done 
later  at  our  convenience. 

Writing  (4)  and  (8)  in  terms  of  4>: 


Integrating  (11)  with  respect  to 

tc  -  +  r*  ^  4-  — )  =*  /(r,  z)  (11a) 

dz  dz  \r  pc/ 

In  order  to  determine  the  arbitrary  function  /(r,  z)  we  use  the  boundary  condi¬ 
tion  at  ^  »  0  namely  w  =  0.  Equation  (11a)  then  becomes: 


d*{r,  0,  z)/dz  -  -/(r,  z) 
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Putting  this  value  of  /(r,  z)  into  (11a)  yields  after  differentiation  with  respect 
to  z: 


—  —  —  ^  r'  —  0» 

dz  dz*  ^  dz*  \r  pc)  dz' 


(12) 


eliminating  dw/dz  from  (10)  and  (12)  we  have 

i  A/'r— ^  4-1—4-—  =  r*  ^  4- 

9dr\dr)  r*  dz*  dz*  ^  dz*  \r  pc) 


In  order  to  determine  ^  completely  we  assume  ♦  *  0  on  the  line  v  “  0,  r  =  ro , 
(ro  is  the  radius  r  at  the  outside  of  the  bend)  because  this  simplifies  the  above 
equation  considerably.  Asu  =  0aty>  =  0:  d4>/dr  =  0  there  and  #>  =  0  in  the 
whole  ^  =  0  plane.  Therefore, 

d*«t(r,  0,  z)/dz*  =  0  (13) 

and  the  partial  differential  equation  to  solve  is 


The  boundary  conditions  are  the  following:  ^ 

(1)  ^>(r,  0,  z)  =  0  was  found  above  and  implies  that  m  =  =  0  at  the  begin¬ 

ning  of  the  bend. 

(2)  w(r,  <p,  ±  h)  =  0  yields  with  (11a) 

d^(r,  y,  ±h)  ^  A  4- 
dz  ^  dz  \r  pc) 


(3)  Finally  the  condition  of  no  flow  across  the  cylindrical  walls  can  be  ex¬ 
pressed  as 


d4'(ro  ,  <p,  z)/dr  =  0  d^'(r,- ,  <p,  z)/dr  =  .0 


where  r,-  is  the  radius  r  at  the  inside  of  the  bend. 


The  question  which  could  not  be  an.swered  at  the  end  of  last  paragraph  as  to 
the  necessary  and  sufficient  conditions  to  impose  at  the  bend  section  ==  0  is 
now  solved :  we  can  arbitrarily  prescribe  v  and  p,  called  po  and  Vo ,  there,  but 
these  functions  of  r  and  z  always  appear  in  the  differential  equation  (14)  and 
in  the  boundary  conditions  in  the  combination  (d/dz)[(ro/r)  +  (po/pc)],  which 
was  shown  to  be  the  variation  of  the  stagnation  pressure.  Thus  not  the  distribu¬ 
tion  of  V  or  p  upstream  of  the  bend,  but  the  variation  of  the  stagnation  pressure 
is  responsible  for  the  secondary  flow.  We  should  give  4>  or  its  normal  derivative 
on  a  closed  boundary  because  of  the  elliptic  form  of  the  partial  differential  equa¬ 
tion.  But  we  do  not  know  what  conditions  we  should  prescribe  downstream;  the 
flow  there  is  precisely  what  w’e  intend  to  calculate.  We  choose  the  following 
artifice.  We  prolong  the  bend  up  to  360°.  Then  we  hope  that  the  conditions  im¬ 
posed  there  do  not  appreciably  affect  the  flow  in  the  first  quarter  of  the  bend. 


i 
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This  assumption  is  similar  to  the  principle  of  Saint  Yenant  in  elasticity  where 
the  equations  are  of  the  elliptic  type  too.  Thus  we  assume  arbitrarily 

♦(r,  2t,  z)  —  0 

which  determines  the  problem  completely. 


6.  Discussion.  The  components  of  the  vorticity 

1  dw  _  dv  _  du  _  dw  1  d  ,  _  du 

r  dip  dz*  ^  dz  dr  *  r  dr  ^  dtp 

in  direction  of  r,  ip  and  z  respectively,  follow  from  equations  (7),  (8)  and  (11a): 


,  =  2rv>  f 
dz 


It  follows  from  the  linearization  that  {  and  do  not  change  with  bend  angle 
(f  =  0  in  our  case)  whereas  i;  increases  linearly  with  ip.  This  has  already  been 
found  by  Squire  and  Winter  and  they  used  this  knowledge  to  calculate  the  cor¬ 
responding  flow  in  a  straight  duct  assuming  two-dimensional  flow,  i.e.,  no  change 
in  direction  of  the  main  flow.  From  the  hnear  increase  of  it  follows  that  no 
periodic  phenomenon  is  possible.  If  the  equations  are  not  linearized  the  phenome¬ 
non  of  secondary  flow  appears  to  be  periodic  (9).  The  period,  however,  is  too 
large  to  be  of  any  significance  for  this  problem.  In  other  words,  the  linearization 
leads  to  significant  results  in  this  case,  as  will  be  shown  by  the  experiments. 

A  comparison  of  the  results  of  Squire  and  Winter’s  method  and  of  the  above 
solution  is  of  interest. 


6.  The  Solution  of  the  Partial  Differential  Equation.  In  general  it  is  best  to 
solve  (14)  by  relaxation.  If  the  stagnation  pressure  varies  linearly,  however, 
equation  (14)  reduces  to  Laplace’s  equation  and  an  analytic  solution  is  useful. 
By  separation  of  variables  one  obtains  the  solution 

4»  =  -  53  (-1)*  •  sin  hp’cim,  k)-Bk{mr)  (15) 

m  k  fnk  cosh  nth 

where 

s  =  {dfdz)[{vt/r)  +  (po/pc)l 

Bkimr)  is  defined  for  A:  ==  1,  2,  3  •  •  •  by 

r*B''(r)  +  rB'ir)  +  ((mr)*  -  ifc*]B(r)  =  0 

B'(r,)  =  0  B'(ro)  =  0 

m  are  the  eigenvalues  and  c(m,  k)  is  determined  by  the  condition: 

y*.  m  c(m,  k)Bit(Tnr)  *  r*  for  all  k.  (16) 

Instead  of  using  the  tabulated  Bessel  function  it  proved  to  be  faster  to  ap¬ 
proximate  each  Bk  by  two  trigonometric  functions  determining  the  constant  by 
collocation  (3). 


(15a)‘ 
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7.  Comparison  of  Result  with  Experiment  and  Squire’s  Solution.  The  experi¬ 
ment  was  performed  with  a  90°  elbow  with  8x8  inches  square  cross  section  and 
28  inches  mean  radius.  Upstream  of  the  elbow  a  stagnation  pressure  profile  as 
shown  on  Figure  2.1  was  produced.  The  stagnation  pressure  was,  as  nearly  as 
possible,  made  to  increase  linearly  from  the  top  to  the  middle  and  from  the  bot¬ 


tom  to  the  middle  of  the  bend.  Because  this  was  not  exactly  true,  the  accuracy 
of  the  result  is  only  about  5  per  cent. 

Fig.  2.1  shows  the  stagnation  pressure  profile  as  it  was  at  bend  angle  0.  The 
lines  of  constant  stagnation  pressure  were  assumed  to  be  horizontal  in  the  theory. 
In  Fig.  2.2  the  stagnation  pressure  profile  after  30°  bend  angle  is  plotted.  Accord¬ 
ing  to  a  linearization  the  lines  of  constant  stagnation  pressure  should  remain 
horizontal;  they  are  only  approximately  so.  For  the  application  to  the  design  of 
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a  compressor  we  are  interested  in  turning  angles  which  are  smaller  than  30**. 
However,  in  order  to  show  how  the  linearization  breaks  down  the  stagnation 
pressures  after  90“  bend  angle  are  reproduced  in  Fig.  2.3.  We  would  have  to  go 
still  further  around  the  bend  in  order  to  be  able  to  recognize  the  beginning  of 
an  oscillating  phenomenon. 

Our  special  attention  is  focussed  upon  the  velocities  at  30°  bend  angle. 

The  secondary  flow  which  resulted  there  is  plotted  on  Fig.  3  at  r  —  J(r<  +  ro). 
The  full  line  represents  the  values  obtained  by  the  above  theory  and  the  dotted 
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Fio.  3.  Velocities  in  radial  direction  at  30°  bend  angle  at  r  —  r.  (middle)  as  a  function 
of  the  height  2.  • 

line  is  obtained  from  the  simplified  theory  of  Squire  and  Winter  (2)  which  as¬ 
sumes  two-dimensional  flow  neglecting  changes  in  the  direction  of  increasing 
bend  angle. 

It  is  seen  that  the  experiment  which  is  discussed  in  more  detail  in  reference 
(8),  agrees  with  the  theory  within  experimental  accuracy.  The  deviation  between 
the  three-dimensional  theory  and  the  two-dimensional  approximation  is  of  the 
order  of  6  per  cent.  This  means  that  in  the  case  investigated  (a  radius  to  width 
ratio  equal  or  greater  than  28/8)  the  flow  changes  so  little  around  the  bend 
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that  the  simplified  theory  may  be  used.  For  new  cases  the  validity  of  the  sim¬ 
plified  theory  has  to  be  checked  against  the  three-dimensional  theory. 
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A  HEAT  CONDUCTION  PROBLEM  AND  THE  PRODUCT  OF  TWO 
ERROR  FUNCTIONS 

By  Earl  D.  Rainville 


1.  Introduction.  By  solving  a  heat  conduction  problem  in  two  different  ways, 
and  then  equating  the  two  solutions,  we  shall  obtain  what  seems  to  be  a  new 
expansion  for  the  product  of  two  error  functions.  The  error  function  we  use  is 
erf(x),  defined  by 

(1)  erf  (x)  =*  e“**  da. 


It  will  be  wise  for  us  to  employ  the  factorial  notation,  (a),  =  a(a  +  1)  •  •  • 
(a  +  n  —  1),  for  positive  integral  n,  with  (a)o  =  1.  Another  standard  notation 
to  be  used  is 

(2)  .F.(a;6;z)  - 

(b)nnl 

a  confluent  hypergeometric  function,  meaningful  if  b  is  neither  zero  nor  a  nega¬ 
tive  integer. 

The  relation  which  is  the  main  aim  of  this  paper  is  the  following: 


erf  (r  cos  0)  erf  (r  sin  0) 


(3) 


4  y  sin  [(4n  +  2)0)r*’-*'*  iFi(2n  -f-  1;  4n  -j-  3;  -r*) 
X  R-0  (2n  +  1)2«-+‘(3/2),r 


valid  for  0  <  r,  0  ^  0  ^  t/2. 

It  is  possible  that  the  actual  heat  conduction  problems  solved  here  and  the 
techniques  used  on  them  will  be  of  interest  to  some  people  independently  of  the 
relation  (3)  which  results  from  them. 


2.  A  simple  heat  conduction  problem.  Consider  the  problem  of  the  conduction 
of  heat  in  a  quarter  infinite  solid,  that  portion  of  space  defined  by  0  ^  x,  0  ^ 
y,  in  rectangular  coordinates  x  and  y.  We  assume  that  there  is  no  heat  flow'  nor¬ 
mal  to  the  x^-plane,  that  the  initial  temperature  is  fixed  (at  unity  for  simplicity) 
and  that  the  surfaces  x  =  0  and  y  ^  0  are  kept  at  zero  temperature  after  some 
fixed  time  t  =  0.  Let  u  represent  the  temperature  at  (x,  y)  at  time  t. 

The  physical  problem  roughly  described  above  can  be  stated  mathematically 
as  the  following  boundary  value  problem: 


(4) 

du  _ 
dt  “ 

,/d*u  d*w\ 

*  W+ap)- 

for  0  <  /,  0  <  X,  0 

< 

y; 

(5) 

As  t 

M-+  1, 

for  0  <  X, 

0 

< 

y; 

(6) 

As  X 

M  — ♦  0, 

for  0  <  /, 

0 

< 

y; 

(7) 

As  y 

^0^ 

u  — ►  0, 

for  0  <  /, 

0 

< 

X, 

in  which  h*,  the  thermal  diffusivity,  is  presumed  constant. 
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In  an  elementary  study  of  the  simple  heat  equation, 

(8)  du/at  »  k*  d*u/dx*, 
one  of  the  first  solutions  encountered  is 

(9)  Ml  *  erf  [x/{2h^)]. 

The  function  Ui  has  the  properties: 

•  (a)  It  satisfies  equation  (8)  for  0  <  x,  0  <  f; 

(b)  As  <  — >  O'*’,  Ml  — ►  1,  for  0  <  x; 

(c)  As  X  — >  O'*’,  Ml  — ►  0,  for  0  <  <• 

It  follows  at  once  that  the  solution  we  seek  can  be  formed  as  a  product  of 
solutions  (9),  one  in  x  and  t,  the  other  in  y  and  t.  That  is, 

(10)  M  =  erf  [x/{2h^)]  erf  [y/{2hJ^)\ 

is  a  solution  of  the  boundary  value  problem  (4)-(7),  a  fact  easily  verified  directly. 
This  is  not  a  new  result. 

3.  Solution  in  polar  coordinates.  In  polar  coordinates  p  and  6,  related  to  the 
X  and  y  of  Section  2  by  x  =  p  cos  6,  y  ^  p  sin  0,  the  boundary  value  problem 
(4)-(7)  can  be  restated  as  follows: 


(12)  As  <  0^  M  1,  for  0  <  p,  0  <  0  <t/2; 

(13)  As » O'*',  M  -» 0,  for  0  <  f,  0  <  p; 

(14)  As  0  ->  (t/2)“,  m  -♦  0,  for  0  <  /,  0  <  p. 

We  shall  solve  the  boundary  value  problem  (11)-(14)  by  first  seeking  certain 
types  of  solutions  of  the  diiTerential  equation  (11)  and  then  adjusting  them  to 
satisfy  the  boundary  conditions  (12)-(14).  As  usual,  our  technique  can  be  purely 
formal  because  we  can  verify  the  final  result  directly  in  (11)-(14). 

For  equation  (11)  we  sliall  obtain  solutions  which  are  functions  of  only  two, 
not  three,  arguments, 

(15)  M  =  ^(-pV4/i*<,  e)  *  ^(v,  d). 

It  is  possible  to  look  upon  this  as  a  change  of  independent  variables  in  which  6 
is  untouched  and  new  variables  v  and  w  are  introduced  by 

V  =  —p*/ih\  and  w  =  w(p,  t), 

with  the  function  w  not  specified.  Then  we  seek  solutions  independent  of  w. 
Direct  substitution  of  the  m  of  (15)  into  equation  (11)  yields  the  new  equation 


(11) 

du  .1  /d*  M 

a7  =  *  W 

,  1  dM  ,  1  d*  M^ 
p  dp  p*  dd^  j 

1. 

(12) 

As  t  — *•  0"'’, 

M 

(13) 

Ab  0  O'*', 

M 

(14) 

As  0  (t/2)-, 

M 

1 5 V  1  ft  \  I  1 


for  V  <  0,  0  <  d  <  -  . 
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In  a  similar  manner  the  conditions  (12)-(14)  become 


(17) 

As  p  — ►  —  <», 

^-1, 

V 

o 

<  x/2; 

(18) 

As  «  4  O'*’, 

^-^0, 

for 

r  <  0; 

(19) 

As  e  (t/2)-, 

o' 

T 

for 

A 

p 

The  boundary  value  problem  (16)-(19)  is  amenable  to  the  simple  technique 
of  separation  of  variables.  Put  ^  =  fiv)hi6).  Then 

(20)  h"  +  a*/i  -  0 

and 

(21)  vY  +  vil  -  v)r  -  Ka'f  =  0. 

Because  of  (18)  and  (19)  we  find  that  a  —  2k,  k  integral  and  h  —  sin  2kd.  Then 
/  must  satisfy  the  equation 

vY  +  t»(l  -  v)r  -  k'f  «  0, 

the  general  solution  of  which  is 

/  =  Av^  iFi(lk;  2A:  +  1;  w)  +  Bv^  iFi(-A:;  1  -  2A:;  v), 

with  A  and  B  arbitrary.  The  coefficient  of  B  is  a  polynomial,  of  degree  k,  in 
(1/v).  Since  — ►  0,  as  p  — *  0  for  fixed  t,  we  must  discard  such  solutions,  which 
leaves  us  with 


,  (22) 


2^-i4tt>*  iFiik;  2k  1;  t»)  sin  2kd. 


The  ^  of  (22)  satisfies  (16),  (18),  and  (19)  and  needs  to  be  adapted  to  the  condi¬ 
tion  (17).  That  is,  as  i>  — ♦  —  oo,  the  right  member  should  become  the  Fourier 
sine  series  for  unity  in  the  interval  0  <  0  <  t/2. 

It  is  common  knowledge  that 


(23) 


4  ^  sin  [(4n  +  2)0] 
xii  2n  +  1 


for  0  <  0  <  J . 


Therefore,  in  (22)  we  must  choose  Ajn  =  0  and  require  that 

(24)  Atn+i  Lim  iF»(2n  +  1;  4n  +  3;  i;)J  =  ,,  ^  ,,  . 

(2n  l)ir 

Asymptotic  properties  of  the  iFi  are  known.  From  Copson’s  Complex  Vari¬ 
ables,  p.  265,  we  obtain 

(23)  Lun  (.*■«.#■, (2»  +  1;4»  +  3;.)|  = 

Hence,  from  (24), 

A  4  -1 

^  (2n  +  l)2«-+‘(^^)i.  ’ 
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and  our  solution  (22)  is  now  found  to  be 

I  _  4  V  (-«')*"■"*  +  1;  4n  +  3;  r)  sin  [(4n  +  2)6] 

(26)  - (2n  +  l)2-«(?i)„ - • 

That  (26)  does  satisfy  the  boundary  value  problem  (16)-(19)  is  easily  verified 
directly.  Recalling  that  v  —  —p*/{4h*t),  we  find  that  we  have  the  solution 

4  V  [pV(4A*01‘"'"‘ii^i(2n  +  1;  4n  +  3;  -pV(4/i*<))  sin  l(4n  +  2)»] 


(27) 

T 


(2n  + 


for  the  original  problem  (11)-(14). 

Before  equating  the  two  solutions  (27)  and  (10)  of  the  same  problem,  it  pays 
to  simplify  matters  by  placing 

X  =  2hrt*  cos  y  *  2hrt*  sin  0, 

from  which 

p*  =  X*  +  y*  “  4h*rh 
and  6  =  <f>.  Then  (10)  becomes 

u  =  erf  (r  cos  4»)  erf  (r  sin  0) 

and  (27)  becomes 

_  4  Y'  i^i(2n  +  1;  4n  +  3;  -r*)  sin  ((4n  +  2)^] 

(2n  +  1)2^"+'(^),. 

and  the  desired  relation  (3),  given  earlier,  is  obtained. 


4.  An  independent  verification  of  the  identity  (3).  A  demonstration  of  the 
validity  of  the  identity  (3)  would  normally  take  the  form  of  a  uniqueness  theorem 
for  the  boundary  value  problem,  which  was  solved  in  two  ways  above.  We  can, 
however,  circumvent  the  need  for  such  a  theorem  in  a  reasonably  elementary 
manner.  The  function 

erf  (r  cos  0)  erf  (r  sin  0) 
has  the  Fourier  series  expansion 

«o 

(28)  erf  (r  cos  0)  erf  (r  sin  0)  =  Z  sin  (4n  +  2)0. 

valid  in  0  ^  0  ^  t/2,  for  all  finite  r,  where 
4  r'* 

(29)  X,(r)  *  ~  /  ^rf  (r  cos  0)  erf  (r  sin  0)  sin  (4n  +  2)0  d0. 

In  the  expansion  (28)  the  absence  of  terms  involving  sin  (4n  0)  is  due  to  the 
fact  that  the  function  being  represented  is  symmetric  about  ir/4  in  the  basic 
interval  0^0^  t/2. 

The  integral  in  (29)  can  be  evaluated  by  methods  often  taught  in  advanced 
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calculus,  combined  with  a  slight  knowledge  of  the  iFi  function.  The  result  is, 
naturally,  that  stated  in  equation  (3). 


6.  A  less  restricted  heat  problem.  The  solution  using  polar  coordinates,  of  the 
heat  problem  of  Section  2  is  easily  extended  to  handle  the  situation  of  a  two  di¬ 
mensional  wedge  of  arbitrary  angle  /3*  Let  the  wedge  have  an  initial  temperature 
unity  throughout  and  let  its  faces  6  =  0,  $  =  he  held  at  temperature  zero 
for  t  >  0. 

The  corresponding  boundary  value  problem. 


(30) 

du  _  ,  j  /d*  M  ,  1  ,  1  d* 

dt  \dp*  p  dp  p*  d6^ ) 

for 

0  <  <,  0  <  P,  0  <  d  <  d; 

(31) 

As  t  -*  0^ 

W-*  1, 

forO  <  p,  0  <  d  <  /3; 

(32) 

As  d  -»•  O'*", 

M  — »  0, 

for  0  <  <,  0  <  p; 

(33) 

As  d  — ♦  /3~, 

M  — >  0, 

for  0  <  <,  0  <  p, 

can  be  solved  by  the  device  of  Section  2.  In  that  way  it  is  found  that  the  problem 
(30)-(33)  has  the  solution 

(34)  M  »  -  2  OnGnip)  sin  [(2n  -f  l)ird/j8], 

T  n-0 

in  which 


-  i  -|(ln+J)*//J  / 


(2n  +  1)»  .  (2n  +  l)i  - 


and 


(2n  -f  l)r  1  -f- 


2/3  ’  ^  /3 

(2n  -I-  1)t> 


'wt/* 


r(,^.(2^,) 
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ON  A  CLASS  OF  STOCHASTIC  OPERATORS* 


By  L.  a.  Zadeh 

1.  Introduction.  By  a  stochastic  operator  we  mean  a  random  function  H(J) 
defined  on  a  function  space  =  {/(0}»  where  t  represents  the  time.  From  the 
physical  point  of  view,  a  stochastic  operator  corresponds  essentially  to  a  ran¬ 
domly  varying  system,  with  the  restriction  that  the  operational  characteristics 
of  the  system  are  not  deterministically  related  to  its  operand. 

In  this  paper  we  are  concerned  with  linear  stochastic  operators  which  admit 
a  representation  of  the  form 

HU)  =  r  Hit,  X)  dFi\)  (1) 

•*“•0 

where  {Hit,  X),  — «  <  t  <  oo,— «  <X<  «j  is  a  complex-valued  station¬ 
ary  (wide  sense)  and  continuous  (in  mean  square)  stochastic  process;  X  is  a  real¬ 
valued  parameter;  Hit,  X)  is  a  real  function  of  tX;  F(X)  is  the  Fourier-Stieltjes 
transform  of  the  operand,  /  =  fit) ;  and  the  integral  is  taken  in  the  usual  sto¬ 
chastic  (Lebesgue)  sense.'  The  assumptions  on  the  [Hit,  X)}  process  imply  that 
its  autocorrelation  function  RbU,  X), 

R^ir,  X)  =  E{Hit,  X)  Hit  +  r,  X))  (2) 

where  E  denotes  the  expectation  operator  and  the  bar  indicates  the  complex 
conjugate,  is  (a)  independent  of  t,  (b)  continuous  at  r  =  0,  and  (c)  an  even  func¬ 
tion  of  T  and  X.  In  the  sequel  the  autocorrelation  function  Ruir,  X)  plays  a 
central  role  and  is  referred  to  as  the  autocorrelation  function  of  the  stochastic 
operator  H. 

For  each  fixed  X,  the  {Hit,  X)}  process  is  a  continuous  stationary  (wide  sense) 
stochastic  process.  As  such  it  may  be  represented*  as  a  continuous  path  in  a 
separable  Hilbert  space  LtiH)  which  consists  of  all  random  variables  of  the  form 

X  =  c, //(<,,  X)  (3) 

r— 1 

i 

where  the  c’s  are  complex  constants  and  n  is  any  positive  integer,  and  of  random 
variables  which  are  limits  (in  mean  square)  of  sequences  of  x’s.  The  inner  prod¬ 
uct  in  this  space  is  defined  as 

ix,y)^E{xy\.  (4) 

Accordingly,  the  autocorrelation  function  RbU,  X)  may  be  regarded  as  the  inner 
product  of  Hit,  X)  and  Hit  r,  X)  in  LtiH). 

*  Presented  to  the  American  Mathematical  Society,  April  27,  1951,  under  the  title  On 
StocKattie  Heaviside  Operators. 

*  P.  Levy,  Processus  Stoehastiques  et  Mouvement  Brownien,  Gauthier-Villars,  Paris,  1948. 

*  K.  Karhunen,  Ober  Lineare  Methoden  in  der  Wahrscheinlichkeitsrechnung,  Ann.  Ac. 
Sci.  Fennicae,  A  I,  S7,  1947. 
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It  will  be  noted  that  when  X)  is  a  polynomial  in  X,  /I  reduces  to  a  stochas¬ 
tic  differential  operator.  It  will  also  be  noted  that  the  random  function  H{t^  X) 
may  be  expressed  in  terms  of  H  by  the  relation 

//(<,  X)  =  (5) 

2.  A  relation  between  autocorrelation  functions.  In  this  section  we  consider  the 
case  where  {/(Of  oojisa  real-valued  stationaiy  (wide  sense)  and 

continuous  stochastic  process  with  a  given  autocorrelation  function,  R/{r). 
We  assume  further  that  the  {/(O)  and  {H(t,  X)}  processes  are  independent. 
Proceeding  on  these  assumptions,  we  derive  an  expression  for  the  autocorrela¬ 
tion  function,  Rgir),  of  the  transform  of  /, 

g  =  m,  (6) 

and  show  that  Rg  may  be  written  as 

=  «*(«/)  (7) 

where  the  transformation  is  defined  as  in  (1),  with  Rb,  Rair,  X)  and  R/ir) 

playing  the  roles  of  H,  H(t,  X)  and  f{t)  respectively.  This  result  was  stated  with¬ 
out  proof  in  a  previous  paper.* 

In  the  sequel,  we  shall  find  it  necessary  on  occasion  to  express  the  operation 
with  /f  on  /  in  a  form  that  brings  in  evidence  the  function  X).  In  such  cases, 
we  shall  write  (6)  as 

g(t)  =  e)m  (8) 

*  where  the  use  of  0  in  place  of  X  indicates  that  H(t,  6)  should  be  regarded  as  an 
operator  acting  on  /(<)  in  accordance  with  the  defining  equation  (1).  In  short, 

//(/)  =  Hit,  9)  fit)  =  r  Hit,  X)e“"  dFi\)  (9) 

where  F(X)  is  the  Fourier-Stieltjes  transform  of  fit). 

Turning  to  the  autocorrelation  functions  of  fit),  Hit,  X)  and  git),  we  have 

Rfir)  =  E{fit)fit  +  t)\  (10) 

Rsir,  X)  =  E{Hit,  X)  Hit  +  r,  X)}  (11) 

and 

Rgir)  -  E{git)git  +  r)].  (12) 

Note  that  {^(O}  is  ^  real- valued  stochastic  process  by  virtue  of  the  assumption 
that  Hit,  X)  is  a  real-valued  function  of  tX. 

Proceeding  in  a  formal  manner,  we  have 

giOgit  +  r)  -  r  r  Hit,  \)Hit  +  T,  dFi\)  dFi\').  (13) 


*  L.  A.  Zadeh,  Time-Dependent  Heavitide  Operatora,  Journ.  Math.  Phys.,  SO,  73,  1951. 
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On  applying  the  expectation  operator  to  both  sides  of  (13)  and  making  use  of  the 
commutativity  of  stochastic  averaging  and  stochastic  integration,  we  obtain 

«,(r)  -  r  r  \)HU  +  T,  EldFiX)  dF(\')}.  (14) 

Since  |/(0)  is  a  continuous  stationary  process,  the  {F(X)}  process  associated 
with  its  Fourier-Stieltjes  representation 

m  -  r  dF(\)  (15) 

is  a  process  with  uncorrelated  increments/  This  implies  that 

^{dF(X)dF(X0)  =0  forX  -  X'  (16) 

and 

£{|dF(X)|*}  -  daAX)  (17) 

where  <r/(\)  is  the  spectral  distribution  function  of  the  {/(<) )  process. 

In  consequence  of  (16)  and  (17),  (14)  reduces  to 

«,(r)  -  E{H(i,  X)mt  +  T,  -X))e-‘^"  d<r/(X),  (18) 

and  since  H(t,  tX)  is  a  real-valued  function,  we  have 

H(t  +  r,  -X)  -  H(t-hT,  X),  (19) 

and  hence 

E{H(t,  X)H(t  +  r,  -  X)}  -  Rb(t,  X)  (20) 

where  Rm(t,  X)  is  the  autocorrelation  function  of  H.  Finally,  on  substituting 

(20)  in  (18)  and  replacing  t  by  —  t,  we  obtain 

R,(r)  =  r  RmIt,  X)e""  dcAX)  (21) 

where  «x/(X)  is  the  Fourier-Stieltjes  transform  of  R/(r). 

We  note  that  this  relation  is  of  the  same  form  as  (1),  with  /?w(t,  X)  and  <y/(X) 
corresponding  to  II(t,  X)  and  F(X),  respectively.  The  role  of  the  operand  in 

(21)  is  played  by  R/(t),  and  that  of  the  operator  by  Rb  - 

On  the  basis  of  this  similarity,  we  may  write  (21)  in  the  operational  form  (8) 

R,(r)  =  RB(r,  e)RAr)  (22) 

with  the  understanding  that  (22)  is  defined  by  (21). 

To  summarize:  If 

ff(t)  -  H(t,  em  (23) 

where  {/(<),  — *  <  t  <  «}isa  real-valued  continuous  stationary  (wide  sense) 
process  ;^f(f,X)  is  a  real  function  of  tX;  {^(<,X),  —  00  <<<ao,— oo<X<oo) 

*  J.  L.  Doob,  Time  Seriet  and  Harmonic  Analyeit,  Proc.  Berkeley  Sympoeium  on  Math. 
Stat.  and  Probability,  303,  1949. 
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is  a  continuous  stationary  (wide  sense)  process  independent  of  {/(O } ;  and  (23) 
is  defined  by  (9);  then 

RM  -  «,(r,  e)Rf{r)  (24) 

where  A,,  Rb  and  R/  are  the  autocorrelation  functions  oi  {^(^>  ^)} 

and  {/(O)  respectively,  and  (24)  is  defined  by  (21),  which  is  of  the  same  form 
as  (1). 

It  should  be  renoarked  that  (24)  is  also  valid  when  the  autocorrelation  func¬ 
tions  R, ,  Rb  and  Rf  are  defined  as  the  temporal  rather  than  stochastic  means  of 
g{t)g{t  +  r),  H{t,  \)H{t  +  r,  X)  and  S(t)f{t  +  r)  respectively.  This  makes  a  dif¬ 
ference  when  the  {/(<)}  tu^d  |/f(<,  X)}  processes  are  not  ergodic.  In  this  case,  we 
require  that  the  temporal  means  of  +  r)  and  H(t,  \)H(t  -+-  r,  X)  be  in¬ 

dependent  of  t.  The  requirement  that  the  {/(O)  ^'^d  {H{t,  X))  processes  be  con¬ 
tinuous  may  be  dropped  if  one  will  admit  the  use  of  delta-functions  of  var¬ 
ious  orders  in  conjunction  with  (24). 

As  a  simple  application  of  the  result  derived  above,  we  consider  the  following 
process 

git)  -  fit  +  ait))  (25) 

where  {o(0,  —  *  <  t  <  * }  and  {/(O,  —  *  <  t  <  qo  }  are  continuous  sta¬ 
tionary  (wide  sense)  and  independent  stochastic  processes. 

It  is  readily  verified  that  (25)  may  be  written  in  the  operational  form 

git)  ~  Hit,  e)fit)  (26) 

where 

Hit,  e)  »  (27) 

By  (2),  the  autocorrelation  function  of  the  stochastic  operator  associated  with 
Hit,  8)  is  given  by 

Rair,  X)  “  £{exp  [ta(0X  —  ia(<  +  t)X]},  (28) 

which  in  terms  of  the  characteristic  function  of  the  joint  distribution  of  ait) 
and  ait  t), 

MaiK  X'  r;)  -  £;{exp  (ta(0X  +  iait  +  t)X']}  (29) 

may  be  written  as 

RBir,  X)  -  M,i\,  -  X;  r).  (30) 

On  substituting  this  in  (24),  the  expression  for  Rgir)  becomes 

Rgir)  -  M„i0,  -  8;  r)Rfir).  (31) 

In  particular,  if  {a(0}  is  a  Gaussian  process  with  zero  mean,  the  characteris¬ 
tic  function  is  given  by‘ 

M,i\,  V;  t)  -  exp  {-«,(0)i(X*  +  X'*)  “  fl.(r)XX')  (32) 

'  S.  O.  Rice,  Mathematical  Analyeit  of  Random  Noise,  Bell  Sys.  Tech.  Journ.,  23,  282, 
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where  Rair)  is  the  autocorrelation  function  of  the  {a(0}  process.  From  (30) 
it  follows  at  once  tJiat 

R,(t,  X)  -  exp  {X*1/2.(t)  -  ft.(0)])  (33) 

and  hence  the  autocorrelation  function  the  {(^(0)  process,  (25),  with  Gaussian 
{a(0},  is  given  by 

«,(r)  -  exp  {«*[ft.(r)  -  fl.(0)]}«/(T)  (34) 

or  more  explicitly 

R,(r)  -  r  exp  {X*[i2.(T)  -  fl.(0)l}e""  d«r,(X)  (35) 

where  ff/(X)  is  the  spectral  distribution  function  of  the  {/(Ol  process. 

3.  A  product  relation  for  autocorrelation  functions  of  stochastic  operators. 
If  Hi  and  Ht  are  independent  stochastic  operators  of  the  type  defined  by  (1), 
then  their  product,  H  »  HiHt ,  is  a  stochastic  operator  H  defined  by  the  equa¬ 
tion  H(f)  —  The  domain  of  H  is  the  set  of  the  elements  of  the  domain 

of  Hi  which  are  transformed  by  Hi  into  elements  of  the  domain  of  Hi . 

Let  H(t,  X),  Hi{t,  X)  and  Hi(t,  X)  be  the  random  functions  associated  with  H, 
Hi  and  Hi  respectively.  By  (5),  we  have 

H(t,  X)  =  e"“"  ^(e“")  =  («“")].  (36) 

But 

Hiie*'^)  -  Hi(t,  X)  (37) 

and  hence 

H(t,  X)  =  c"“^  Hi(t,  X)]  (38) 

or  more  explicitly 

Hit,  X)  =  e-*"  Hiit,  Hiit,  X)].  (39) 

Now  it  is  readily  verified  that 

Hiit,  e)  [e**"  Hiit,  X)]  -  Hiit,  0  +  X)  Hiit,  X),  (40) 

and  consequently  the  random  function  Hit,  X)  is  given  by 

Hit,  X)  =  Hiit,  0  -f  \)Hiit,  X).  (41) 

In  this  relation,  X  is  a  fixed  parameter  and  Hiit,  X)  plays  the  role  of  the  operand 
of  Hiit,  0  +  X). 

Let  Rair,  X),  Rsiir,  X)  and  Ratir,  X)  be  the  autocorrelation  functions  of 
H,  Hi  and  Hi  respectively.  On  applying  (24)  to  (41)  and  treating  Hit,  X), 
Hiit,  ^  -H  X)  and  Hiit,  X)  as  git).  Hit,  0)  and  fit),  respectively,  we  obtain  the  fol¬ 
lowing  relation  between  the  autocorrelation  functions  in  question 

Rair,  X)  =  Raiir,  0  +  X)fiir,(T,  X)  (42) 

where  X  is  a  fixed  parameter  and  Ratir,  X)  is  the  operand  of  Raiir,  0  +  X). 
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Since  (42)  is  of  the  same  form  as  (41),  we  may  conclude  that  Ra ,  regarded  as 
an  ordinary  operator  defined  by  (21),  is  given  by  the  product  of  Rhi  and  Rat 

Ra  “  RsiRFt  (43) 

where  and  Rat  are  likewise  regarded  as  ordinary  operators  defined  by  (21). 

To  summarize:  If  ^  is  the  product  of  two  independent  stochastic  operators 
Hi  and  Ht,  H  ^  HiHt ,  then 

Hit,  X)  -  Hiit,  e  +  \)Htit,  X)  (44) 

and 

Rmir,  X)  -  Ra,ir,  0  +  X)«,,(r,  X)  (45) 

or  symbolically,  Ra  *  Rajtat ,  where  Ra  ,  Ra,  and  Rat  are  the  autocorrelation 
functions  of  H,  Hi ,  and  Ht ,  re^jiectively. 

This  result  furnishes  an  effective  means  of  determining  the  autocorrelation 
function  of  a  stationary  (wide  sense)  stochastic  process  which  admits  a  repre¬ 
sentation  of  the  form 

g^HiHt-'HniS)  (46) 

where  Hi ,  •  •  •  ,  Hn  and  /  are  mutually  independent. 

Columbia  Univxbsitt 
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UPPER  AND  LOWER  BOUNDS  FOR  TORSIONAL  RIGIDITY 
By  H.  F.  Weinberger 


1.  Introduction.  We  are  here  concerned  with  the  Saint-Venant  [7]  torsion 
problem  of  a  long  cylindrical  beam  of  uniform  cross  section. 

The  axis  of  the  beam  is  taken  as  the  z-axis.  The  cross  section  is. a  bounded 
region  R  in  the  xy  plane.  Let  this  region  be  bounded  by  an  outer  curve  70  and 
possibly  one  or  more  inner  curves  7<  (holes). 

The  state  of  stress  in  the  interior  of  the  beam  is  determined  by  the  stress 
function  'if  (x,  y)  defined  on  R.  The  stress  is  given  by 


Yi*  "  —lUX  — - 

^  dx 


where  n  is  the  shear  modulus  and  a  is  the  an'gle  of  twist  per  unit  length. 

The  function  is  defined  by 

(2)  A’J'  —  —  2  'i'  -  0  on  7o ,  'i'  -  on  7*  »  »  1,  •  •  •  ,  n. 

The  constants  C< ,  which  occur  only  when  R  is  multiply  connected,  are  to  be^ 
determined  by  the  additional  condition 


(f  - 

Jt  dn 


for  any  closed  curve  7  in  R,  where  A  (7)  is  the  area  inclosed  by  the  curve  7, 
and  n  is  the  outward  normal  on  7.  If  R  is  simply  connected,  (3)  is  a  consequence  * 
of  Green’s  theorem.  If  R  is  multiply  connected.  Green’s  theorem  assures  us  that  ' 

(3)  is  satisfied  if  it  holds  for  each  of  the  interior  boundary  curves. 

The  torsional  rigidity  <S>,  which  is  the  torque  required  for  unit  angle  of  twist. 

per  unit  length  when  /x  =  L  is  the  Dirichlet  integral  of 
♦ 

(4)  S  ^  (4^2  +  ’i'J)  dx  dy. 


The  explicit  solution  of  the  boundary  value  problem  (2),  (3)  often  presents 
great  difficulties.  It  is  therefore  desirable  to  approximate  S  even  when  'i'  is  not 
known. 

A  method  for  obtaining  upper  and  lower  bounds  for  S  with  arbitrary  accu¬ 
racy  has  been  given  by  Diaz  and  Weinstein  [4,  5],  and  in  a  more  complete  form 
by  Diaz  [2,  3],  as  an  extension  of  the  methods  of  Rayleigh-Ritz  and  Trefftz. 

This  paper  presents  new  methods  for  finding  upper  and  lower  bounds  for  a 
restricted  class  of  cross  sections.  For  these  problems,  the  bounds  are  obtained 
with  great  ease  and  speed.  While  their  accuracy  cannot  be  systematically  im¬ 
proved,  it  is  often  quite  good,  particularly  for  regions  with  small  holes.  For  a 
hollow  square  with  sufficiently  small  hole  we  obtain  better  bounds  than  those 
which  have  so  far  been  calculated  by  Diaz  [3]. 

*  This  work  was  sponsored  by  the  Office  of  Naval  Research. 
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2.  A  Tninimum  principle.  We  shall  use  the  following  extension  to  multiply  con¬ 
nected  domains  of  a  minimum  principle  given  by  Diaz  [2]: 


(5) 


S  -  min  (fl  +  fl)  dx  dy 


among  continuously  differentiable  fimctions  /(x,  y)  sati8f}ring  4/*  —  0  and 


i 


y  Ofl 


for  all  closed  curves  7  in 
To  prove  this,  we  let  Then 


(6) 

Hence, 


A* 


A 

’  Jy  dn 


ds  —  0  for  all  7  in 


(7) 


//^  (fl  +  fl)  dx  dy 

~  Jf^(*l  +  ♦J)  dx  dy  +  11^  +  ^l)  dx  dy 

+  2  -f  dx  dy 

-  S  +  ff  (♦;  +  *l)dxdy -2E<f  ^ ^ d« 

JJm  «>i  Jyi  an 

-  5  +  ff  (4*;  +  dxdy  -2'ZCii  pds 

JJ*  *-i  Jyt  an 

-  5  +  ij[  +  *1') 

from  which  (5)  follows. 

3.  An  inequality.  We  consider  a  r^on  Rn  which  is  the  union  of  two  disjoint 
regions  Ri  and  Ri .  Let  their  respective  torsional  rigidities  be  Su ,  Si ,  and  8% . 
We  show  that 

(8)  Su  ^  5i  -h  Sj . 

Let  ♦  be  the  stress  function  for  Rn .  Then  it  satisfies  =  —2, 


i 


J*.-2AW 


for  all  7  in  i2u  ;  hence  also  in  Ri  and  in  Rt .  Therefore,  by  (4)  and  (5) 

Su  -  ff  +  ^l)  dx  dy 
JjKit 

-  //^  (^l  +  dx  dy  -I-  jj  +  ^l)  dx  dy 


'*1 

^  Si  -f-  S*. 


(9) 
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From  (7)  it  follows  that  the  equality  holds  if  and  only  if  'i'  only  differs  by  con¬ 
stants  from  the  stress  functions  in  Ri  and  in  ,  that  is,  if  ^  is  constant  on  the 
common  boundary  of  Ri  and  Rt .  In  other  words,  the  equality  in  (8)  holds  if  and 
only  if  the  common  boundary  of  Ri  and  Rtis  a  level  line  of 
Obviously,  we  can  also  show  for  the  union  of  subregions 

(10)  ^  5i  +  •  •  •  +  . 

This  permits  us  to  obtain  a  lower  bound  for  .  For  example,  lower  bounds 
for  L,  T,  or  I  shaped  beams  are  easily  obtained  by  splitting  them  into  rectangles. 
The  numerical  results  are  not  always  satisfactory,  and  an  alternative  lower  bound 
for  certain  problems  will  be  given  in  paragraph  5. 

Since  the  torsional  rigidity  is  always  positive,  (10)  will  still  hold  if  some  of 
the  terms  on  the  right  are  replaced  by  zero, 

4.  Upper  bounds.  Inequality  (10)  can  also  be  used  to  get  upper  bounds  for 
the  torsional  rigidity  Si .  Transposing  (10)  gives 

(11)  Si  ^  Si...n  —  (Si  +  •••  +  Sn) 

This  formula  is  particularly  useful  for  a  multiply  connected  region  Ri  consist¬ 
ing  of  a  simply  connected  region  ...  „  with  holes  Rt , ... ,  Rn ,  all  having  known 
rigidities. 

As  an  example,  consider  a  hollow  square  with  outer  side  2b  and  inner  side 
2a.  The  torsional  rigidity  of  the  solid  square  is  2.24965*  and  that  of  the  hole  is 
2.2496a*.  Thus,  we  have  for  the  hollow  square 

(12)  S  g  2.2496(6*  -  a*) 

Since  the  equality  holds  for  a  =  0,  (12)  is  the  best  upper  bound  of  the  form 
C(6*  —  a*).  For  a  <6/4,  (12)  gives  a  better  bound  than  that  given  by  Diaz  [3] 
and  Weber  [8]. 

We  note  that  (12)  holds  even  if  the  square  hole  is  not  concentric  with  or 
parallel  to  the  outer  square. 

For  the  problem  proposed  by  Courant  [1]  of  a  square  with  four  square  holes 
we  immediately  find 

(13)  -S  ^  2.2496(6*  -  4  o*). 

6.  Lower  bounds.  In  this  paragraph  we  give  a  second  method  for  obtaining 
lower  bounds,  which  gives  better  results  than  (8)  for  certain  multiply  connected 
regions.  The  method  dejjends  on  the  following  theorem. 

Theorem  1.  Let  Ri  consist  of  the  simply  connected  region  flu  with  the  hole 
Rt .  Let  ^  be  the  stress  function  of  flu .  Let  fl'  be  a  region  contained  in  flu 
and  containing  Rt  such  that  there  is  a  level  line  of  SP  lying  entirely  outside  fl* 
but  inside  Ri .  We  call  Rt  the  region  inside  this  level  line  and  R”  the  region  out¬ 
side  it  but  still  in  flu  .  The  corresponding  torsional  rigidities  of  the  various 
regions  are  labelled  in  the  obvious  manner.  Then 

(14)  Si  ^  Sit  -  Si . 
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We  return  to  the  statement  in  paragraph  3  to  the  dfect  that  if  is  cut  along 
a  level  line  of  'i',  the  equality  holds  in  (8).  This  immediately  gives 

(15)  Si  -  -  Si. 

Since  Ri  contains  Ri\ 

(16)  Si  ^  Si. 

Since  Rt  contains  Rt, 

(17)  Si  ^  Si'. 

Combining  (15),  (16),  and  (17)  gives  (14)  and  the  theorem  is  proved. 

To  apply  this  theorem,  one  must  find  a  region  Ri  having  the  properties  de¬ 
scribed  in  the  theorem. 


y 


figure  I 


We  again  consider  the  hollow  square  with  sides  2b  and  2a,  and  assume  that 
a  <  bly/2.  We  show  by  means  of  the  following  two  lemmas  that  the  circle 
circumscribed  about  the  hole  may  be  used  as  Ri. 

Lemma  1.  Let  ^  be  stress  fimction  of  the  (solid)  square  of  side  26.  Of  all  the 
values  of  attained  on  the  smaller  square,  the  minimum  occurs  at  the  comers. 

Proof.  Since  A'i'  =  —  2,  A(^',)  =  0. 

Since  ^  is  symmetric  about  the  axes,  4^,  =  0  at  x  *  0.  Because  of  the  bound¬ 
ary  conditions,  =  0  at  y  *  ±  6.  Finally,  since  <  0,  ^  cannot  have  a  mini¬ 
mum  in  the  interior.  But  'J'  =  0  on  the  boundary  and  hence  must  be  positive 
inside.  So  4^,  ^  0  at  x—  b.  Thus,  ^  0  on  the  boundary  of  the  rectangle 
O^x^b,  —b^y^b  and  is  harmonic  in  its  interior.  So  ^,  <  0  inside  this 
rectangle.  Thus,  'i'  steadily  decreases  from  its  maximum  at  x  »  0  along  the 
lines  X  ±o.  By  symmetry,  the  same  is  true  on  the  lines  y  *  ±o,  and  the 
statement  of  the  lemma  follows. 
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Lemma  2.  Of  all  the  values  o(  'if  attained  on  the  circle  inscribed  about  the 
inner  square,  the  maximum  occurs  at  the  comers  of  the  square. 

Proof.  Introduce  polar  coordinates  (r,  tf).  Since  Ai'  “—2,  A(^«)  =*  0. 

Since  'i'  is  ^mmetric  about  the  y-axis  as  well  as  about  the  line  0  «  r/4, 
i'#  0  on  each  of  these  lines.  Since  the  direction  of  increasing  0  is  outward  on 

y  ^  b,  X  ^  0,  and  since  is  positive  inside,  we  find  that  4^1  ^  0  on  this  part 
of  the  boundary.  Thus,  in  the  triangle  0<j/<6,  ir/4<fl<  t/2,  4'#  <  0. 
Hence,  i'  steadily  decreases  in  value  along  the  circle  from  the  diagonal  to  the 
vertical  position.  Together  with  symmetry,  this  proves  the  lemma. 

Consider  the  level  line  of  'i'  passing  through  the  corners  of  the  inner  square.' 
By  the  two  lemmas,  the  value  of  on  this  level  line  remains  between  the  values 
of on  the  inner  square  and  those  on  the  circumscribed  circle.  Hence  the  level 


/ 


line  remains  between  these  two  curves.  We  have  thus  shown  that  the  circum¬ 
scribed  circle,  which  has  radius  a  V2,  is  a  region  Rt  whose  rigidity  St  can  be 
used  in  the  inequality  (17).  By  this  means,  we  get  for  the  hollow  square  the 
lower  bound 

(18)  S  ^  2.24966*  -  2x0*. 

For  a  <  6/4  this  bound  is  better  than  the  best  lower  bound  in  the  literature  [8]. 
Furthermore,  the  difference  between  this  lower  bound  and  the  upper  bound 
(12)  is  4.0336a*,  which  is  quite  small  relative  to  the  bounds  for  small  a/6. 

It  is  immediately  obvious  from  the  proofs  of  the  two  lemmas  that  for  the 
problem  of  the  square  with  a  concentric  circular  hole  we  may  take  for  Rt  the 
square  parallel  to  the  outer  square  circumscribed  about  the  hole.  Thus,  for  a 
square  of  side  26  wnth  hole  of  radius  r,  we  find 

(19)  S  ^  2.2496(6*  -  r*). 
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Furthermore,  lemmas  1  and  2  can  clearly  be  extended  to  any  regular  polygon. 
Thus,  we  find  lower  bounds  for  regular  polygons  with  similar  holes  or  circular 
holes. 

If  a  given  doubly  connected  region  is  not  of  the  type  for  which  we  have  here 
obtained  lower  bounds,  we  may  deform  it  by  enlarging  the  hole  or  shrinking  the 
outer  boundary.  Then  the  lower  bound  for  the  deformed  region  is  a  bound  for 
the  original  region. 

If  the  stress  function  i'  is  explicitly  known,  Rt  may,  of  course,  be  taken  as 
just  the  region  inside  any  level  line  remaining  outside  the  hole. 

Lower  bounds  may  sometimes  be  found  by  combining  the  technique  of  this 
paragraph  with  the  inequality  (8).  Consider  the  problem  of  a  square  with  side 
2b  having  a  circular  hole  of  radius  a  with  center  at  distance  e  from  the  center 


of  the  square.  We  introduce  a  cut  consisting  of  a  circle  of  radius  r  concentric 
with  the  square  and  surrounding  the  hole.  It  divides  our  region  into  two  sub- 
regions.  One  of  these  is  the  square  with  concentric  circular  hole,  for  which  we 
have  the  lower  bound  (19).  The  other  is  a  circle  with  eccentric  circular  hole, 
whose  torsional  rigidity  is  known  [9].  According  to  (8),  the  sum  of  the  rigidities 
of  the  two  regions  is  a  lower  bound  for  the  rigidity  of  the  original  region.  This 
lower  bound  still,  of  course,  depends  on  the  choice  of  the  radius  r.  As  an  ex¬ 
ample,  when  we  take  6  »  1,  a  »  0.2,  e  >  0.1,  the  best  result  is  obtained  with 
r  —  0.3  (its  smallest  possible  value).  We  find  for  this  case 


The  upper  bound  (11)  gives 


3.S 
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6.  Table  of  results.  For  convenience,  we  have  tabulated  upper  and  lower 
bounds  which  have  been  calculated  by  the  methods  treated  in  this  paper.  It  is 
be  noted  that  in  each  case  the  two  bounds  become  equal  as  the  hole  decreases 
size  to  zero. 


W  (b>  (c) 


(a)  Hollow  square 

2.2496(6*  -  o*)  ^  S  ^  2.2496  6*  -  2x0* 

(b)  Square  with  concentric  circular  hole 

2.24966*  -  (x/2)r*  ^  S  ^  2.2496(6*  -  r*) 

(c)  Equilateral  triangle,  nmUar  hole 

(18>/3/10)(6*  -  o*)  ^  S  ^  (18V3/10)6*  -  8xa* 


(d)  '  (e)  il) 


(d)  Equilateral  triangle,  circular  hole 

(18^3/10)6*  -  (x/2)r*  ^  (18V3/10)(6*  -  16r*) 

(e)  Circle,  square  hole 

(x/2)r*  -  2.2496a*  ^  S  ^  (x/2)r  -  2xo* 

(f)  Regular  hexagon,  similar  hole 

1.0359(6*  -  o*)  ^  S  ^  1.03596*  -  (x/2)a* 
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(g)  Square  with  four  aquare  holes. 

The  upper  bound  is  given  by  (13).  Lower  bounds  can  be  given  by  splitting 
into  a  hollow  square  and  a  cross  and  adding  lower  bounds  for  their  rigidities. 
If  6  +  d  ^  c/y/2  and  6  ^  (3  —  2y/2)  d, 

2.2496(c"  -  4b*)  ^  2.2496c*  -  16x6  d(6*  +  d*), 

which  is  good  for  both  6  and  d  small  relative  to  c.  By  using  the  lower  bound 
(c*  —  (6  +  d)*)  of  Diaz  and  Weinstein  [5]  for  the  hollow  square,  we  can  drop  the 
restriction  on  (6  +  d)  and  find 

2.2496(c*  -  46*)  ^  ^  2(c*  -  (6  +  d)*)  +  2x(d  -  6)* 

For  the  dimensions  c  1,  6  —  '5/16,  d  =  7/16  proposed  by  Courant  [1],  we  find 

1.538  ^  S  ^  1.369. 

The  torsional  rigidities  of  simply  connected  regions  used  in  finding  the  nu¬ 
merical  bounds  above  and  throughout  this  paper  were  taken  from  the  tables  in 
Polya  and  Szego  [6]. 

The  author  wishes  to  thank  L.  E.  Payne  and  E.  H.  Zarantonello  for  a  great 
deal  of  aid  and  discussion  on  the  topics  here  presented. 
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AN  ABRIDGED  BLOCK  METHOD  FOR  THE  SOLUTION  OF  THE 
DIRICHLET  PROBLEM  FOR  THE  LAPLACE 
DIFFERENCE  EQUATION 

Bt  Charles  Saltzer* 

1.  Introduction.  For  simplicity  the  method  given  in  this  note  will  be  presented 
for  the  case  of  two  dimensional  networks  with  square  meshes.  However,  the 
method  is  general  and  the  extension  to  more  general  meshes  and  to  spaces  of 
higher  dimensions  will  be  indicated.  This  method  is  based  on  the  use  of  the  for¬ 
mula  for  the  solution  of  the  Dirichlet  net  problem  for  a  rectangular  region. 
(The  corresponding  formula  for  the  three  dimensional  case  was  given  by  N, 
Wiener  and  H.  B.  Phillips  [1].  A  special  case  of  the  formula  for  two  dimensions 
was  developed  by  W.  H.  McCrea  and  F.  J.  W.  Whipple  [2]  and  the  general  for¬ 
mula  for  the  two  dimensional  case  was  given  by  M.  A.  Hyman  [3].)  (See  also  [8] 
and  [9]) 

The  advantage  of  this  method  is  that,  the  niunber  of  equations  which  arise 
in  the  usual  procedure  is,  in^^heral,  considerably  reduced,  and  in  some  cases 
the  number  becomes  so  small  that  the  system  of  equations  can  be  directly  in¬ 
verted. 

If  the  equations  which  occur  in  this  method  are  solved  by  relaxation  or  itera¬ 
tion,  the  convergence  of  these  procedures  will  be  seen  to  be  a  direct  consequence 
of  the  convergence  proofs  given  by  J.  B.  Diaz  and  R.  C.  Roberts  [4], 

In  addition,  the  formula  for  the  solution  for  a  rectangular  region,  equation 
(6),  is  given  in  a  slightly  modified  form  which  simplifies  the  application  of  the 
method,  t 

2.  Formulation  of  the  problem.  Gonsider  the  set  of  points  in  the  ary-plane 
whose  coordinates  are  {ph,  qh)  (p,  y  «  0,  ±1,  ±2,  •  •  •  )•  We  say  that  two  points 
are  adjacent  if  the  distance  between  them  is  h.  A  connected  net,  iV,  is  a  finite 
subset  of  the  above  set  which  has  the  property  that  for  any  two  iK»ints  of  the 
net  there  is  at  least  one  sequence  of  points  of  the  net  whose  initial  and  terminal 
points  are  the  given  points  and  the  distance  between  consecutive  points  of  the 
sequence  is  h.  We  shall  consider  only  connected  nets.  A  point  of  the  net  is  an 
interior  point  if  it  is  adjacent  to  four  points  of  the  net,  and,  it  is  a  boundary 
point  of  it  is  adjacent  to  at  least  one  inner  point,  but  is  not  an  inner  point.  A 
point  of  a  connected  net  which  is  neither  a  boundary  point  or  an  inner  point  will 
be  called  an  irregular  point  of  the  net.  A  rectangular  net,  R,  is  the  set  of  points 
(ph,  qk),  a^p^b,c^q^d  where  a,  b,  c,  d,  p  and  q  are  integers.  A  rectangu¬ 
lar  net  whose  four  irregular  points  have  been  deleted  will  also  be  regarded  as  a 

*  Presented  to  the  Am.  Math.  Soc.  Dec.  28,  1062. 

t  When  this  note  was  presented.  Dr.  P.  C.  Rosenbloom  informed  me  that  Mr.  Leon 
Brown  had  obtained  results  similar  to  those  of  this  note  and  is  engaged  in  the  calculation 
of  tables  to  facilitate  the  application  of  this  method.  See  also  [7]. 
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rectangular  net.  A  function  defined  on  a  net  is  lattice-harmonic  at  a  point  if  the 
value  of  the  function  at  this  point  is  the  mean  of  its  values  on  the  four  adjacent 
points. 

For  a  given  net  the  Dirichlet  problem  for  the  Laplace  difference  equation  con¬ 
sists  of  finding  a  function  which  has  prescribed  values  on  the  boundary  points 
of  the  lattice  and  is  lattice-harmonic  at  all  the  interior  points. 

3.  The  block  method.  We  consider  first  a  special  case,  as  in  figure  1,  where 
the  net,  N,  consists  of  the  sum  of  two  rectangular  nets  situated  so  that  the  right 
boundary  of  one  rectangle  L,  and  the  left  boundary  of  the  other  rectangle  R 
have  three  or  more  boundary  points  in  common.  We  also  assume  that  the  lower 
sides  of  the  rectangles  are  not  colUnear,  and  we  choose  our  coordinate  axes  so 
that  the  ^-axis  |)a88es  through  the  common  points,  and  the  x-axis  through  the 
upper  of  the  lower  sides  of  the  rectangles.  If  there  are  n  common  points 
Oi ,  Ot ,  •  •  •  On  ,  which  are  also  interior  points  of  N,  their  coordinates  are  (0,  h), 
(0,  2h),  •  •  •  ,  (0,  nh).  (The  point  (0,  0)  is  an  irregular  point  of  R).  Let  the  point 
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set  B:  bi ,  ht  br  he  those  boundary  points  of  L  which  are  not  boundary 
points  of  R;  let  the  point  set  C:  Ci  ,  Ct  ,  ■  ■  ■  c.  be  those  boundary  points  of  R 
which  are  not  boundary  points  of  L.  We  also  assume  that  the  upper  sides  are 
not  collinear.  In  this  case  the  boundary  points  of  N  are  B  -f  C.  In  addition  let 
U iph,  qh)  be  a  function  defined  on  N  which  is  harmonic  in  N  and  whose  boundary 
values  on  B  are  U  «  F*  ht  btik  =  1,  2,  •  •  •  r),  t/  =  W*  at  Ckik  =«  1,  2,  •  •  •  s); 
and  finally,  let  U  ^  Uk&i  atik  =  1,  2,  •  •  •  n).  By  section  (5),  U  can  be  repre¬ 
sented  in  L  by  • 

U(-ph,  qh)  -  (1) 

where  <r„^  {k  =  1,  2,  •  •  •  ,  n  -f-  r)  are  constants  defined  in  section  (5),  and  in  R 
by 

Uiph,  qh)  -  (2) 

where  =  L  2,  •  •  •  n  -f-  «)  are  constants  defined  in  section  (5).  If  we  write 
these  equations  for  the  points  (h,  qh)  and  (—h,qh)  (q  ->  1,  2,  •  •  •  n)  we  get 

U(h,  qh)  -  +  f,  ,  U(-h,  qh)  -  +  V, 
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where 

<*#*  “  Mlf*  f  filk  “  O’lf*  , 

(t  “  fc  I  “■  It  . 

Applying  the  condition  that  U  be  harmonic  at  ai ,  oj ,  •  •  •  a.  ,  using  the  above 
representations  for  the  values  of  U  at  the  adjacent  inner  points,  and  noting  that 
(7(0,  qh)  »  U, ,  yields 

4Uq  *  (7^1+  Uq-l  -{■  ^Jt-l(aqk  +  /3**)  f7*  +  ({,  +  Vq) 


(g-2.3,  ..-n-l),  (3) 

with  two  similar  equations  for  9  »  1  and  9  »  n.  If  the  values  of  U  are  known 
only  at  the  boundary  points  of  N  then  this  system  of  n  equations  is  a  system  of 
n  linear  simultaneous  equations  for  the  n  unknowns  Uk  ,  since  ,  /3,t ,  and 
ij,  can  be  calculated  from  F*  and  IF*  .  Further,  if  Uk{k  =  1,2,  •  •  •  n)  are  known 
then  (1)  and  (2)  permit  the  calculation  of  U  at  any  interior  point.* 


4.  General  two  dimensional  region.  The  above  procedure  can  be  applied  to  a 
net  decomposed  into  a  finite  number  of  abutting  or  overlapping  rectangles  and 
any  finite  net  can  be  decomposed  in  this  way.  In  any  event,  by  using  (1)  for 
each  of  the  rectangles  and  then  applying  the  condition  that  the  desired  function 
be  harmonic  at  each  point  which  is  both  a  boundary  point  of  a  rectangle  and  an 
inner  point  of  the  net,t  we  get  a  system  of  as  many  equations  as  unknowns. 
Once  these  are  calculated,  equation  (1)  permits  the  calculation  of  17  as  before. 
In  the  case  where  a  rectangle  has  only  one  inner  point,  equation  (3)  reduces  to 
the  condition  that  the  function  be  the  mean  of  its  values  at  the  adjacent  points. 
The  proof  of  the  existence  and  uniqueness  of  the  solution  is  an  immediate  con¬ 
sequence  of  the  classical  theorems  for  this  problem  [5]  since  F*  =*  IF*  =«  0  for 
all  k  implies  that  17*  ■=  0  for  fc  *  1,  2,  •  •  •  n. 

If  the  number  of  equations  in  the  above  system  is  not  small  enough  to  be 
solved  directly  it  may  be  noted  that  these  equations  are  in  a  form  suitable  for 
iteration  or  relaxation.  The  convergence  of  either  of  these  processes  is  assured 
by  the  theorems  of  J.  B.  Diaz  and  R.  C.  Roberts  [4]. 

6.  The  solution  for  a  rectangle  and  the  derivation  of  equations  (1)  and  (2). 
The  usual  procedure  on  calculating  the  solution  for  a  rectangle  is  to  note  that 
U  *  g*««»*+^**  jg  lattice-harmonic  at  any  point  if  cos  ah  -f  cosh  0h  «  2.  This 
condition  is  obtained  by  the  substitution  of  U  in  the  Laplace  difference  equation. 
If  the  rectangle  is  the  net  for  which 0  ^  p  ^  m,0  ^  q  ^  n,  mh  ^  a,  nh  b, 
then  the  solutions  which  are  zero  on  both  sides  and  the  top  are 

V(ph,  qh)  -  Ew.'  B.  -'>*■'>  dn  ^  (4) 

Sinn  pto  a 

where  cosh  0kh  —  2  —  C0B(xkh/a)  and  Bi,  Bf  •  ‘Bm-i  are  arbitrary  constants. 

*  This  method  is  a  finite  difference  analogue  of  the  method  given  in  [10]. 

t  For  overlapping  rectangles  a  slight  modification  involving  irregular  points  can  readily 
be  made. 
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If,  in  addition,  we  require  that  U'{ph,  0)  >■  f,  (p—1,  2,  •••!«— 1),  U  will 
satisfy  this  condition  [6]  provided  we  set 

Bk  -  fr  Skr  where  5*,  -  (2/m)  sin  {hnrh/a) 

By  substitution  in  equation  (4)  we  get 

V'(ph,qh) (5) 

where 

c;,  -  zn:/  5.  sin  (rkph/a)  sinh  /3t  (b  —  qKj/sinh  /9*  h. 

If  we  use  sinh  0kqh  instead  of  sinh  0t(b—qh)  and  if  U^iph,  nh)  ^  g,{p  1, 
2,*  •  -  m— 1)  and  17''  —  0  at  all  other  boundary  points,  then 

Viph,  nh)  -  Cl^9r 

where 

(f,^  “  <5*,  8in(irA:pVo)  sinh  /3*9A/sinh  0kb. 

Interchanging  the  roles  of  p  and  q  in  (5)  gives 
U"\ph,qh)  - 

where 

Cptt  “  sin  (rkqh/b)  sinh  ffh  (a-pA)/sinh  jS^a), 

Ttr  “  (2/n)  sin  (krrh/b),  cosh  0kh  «»  2  —  cos  (rkh/b), 

and  U'"  (0,  gA)  =  0,  (g  “  1,  2,*  •  -n— 1),  U'"  *  0  at  all  other  boundary  points. 
In  the  same  way,  if  U^''(mh,  qh)  —  (g  “  1,  2,  -  •  •  n— 1)  and  U'^  —  0  at  all 
other  boundary  points  then 

u"(ph,qh)  -  Zrri'c'A.*. 

where 

Cm,  =  Z*-i*  (^*r  sin  (wkqh/b)  sinh  ffiph/ainh  pla). 

Hence  if  C7  =  f/'  +  1/"^+  U"'  +  then 

U(pK  qh)  -  Z-i‘*(Cp  J'r  4-  Cl^r)  +  Er"-i‘  (Cm,  ^  +  C‘;„  ^,)  (6) 

is  that  lattice-harmonic  function  which  assumes  the  values  /,  on  the  lower  bound¬ 
ary  points  of  the  rectangle,  g,  on  the  upper  boundary  points,  on  the  left 
boundary  points,  and  on  the  right  boundary  points.  It  may  be  noted  that 
1/  *  0  at  the  irregular  points  of  the  net. 

To  get  eq.  (1)  we  set  *  C7*  and  Cp^  —  Vp^  {k  =  1, 2, •  •  -n—  1)  and  proceed 
around  the  boundary  identifying  the  values  of  <r  and  V  with  appropriate  values 
of  g,  ^  and  Equation  (2)  is  obtained  in  a  similar  way. 

For  the  case  of  a  rectangular  mesh  of  width  h  and  height  k,  the  formula  corre¬ 
sponding  to  equation  (6)  can  be  obtained  by  substituting  g’*'*''^**  in  the  cor¬ 
responding  Laplace  difference  equation  and  proceeding  as  above. 
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6.  Higher  dimensional  spaces.  The  procedure  described  in  section  (4)  can  be 
applied  to  nets  in  spaces  of  any  number  of  dimensions.  The  formula  for  the 
three  dimensional  case  corresponding  to  eq.  (6)  is  given  in  [1].  The  method 
used  to  obtain  this  formula  is  readily  extended  to  any  number  of  dimensions. 
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NOTE  ON  THE  FITTING  OF  POLYNOMIALS  TO  EQUALLY-SPACED 

OBSERVATIONS 

Bt  P.  G.  Guest 


In  the  fitting  of  polynomials  to  equally-spaced  observations  it  is  customary  to 
employ  orthogonal  moments  calculated  from  tables  of  orthogonal  polynomials 
[1].  However,  when  the  observations  are  not  equally-spaced  power  moments 
must  be  used,  and  two  papers  [2,  3]  have  recently  api)eared  in  which  the  con¬ 
nection  between  the  methods  of  fitting  by  power  moments  and  by  orthogonal 
moments  is  discussed.  In  the  present  note  it  will  be  shown  that  for  the  equally- 
spaced  case  the  method  using  power  moments  is  at  least  as  convenient  as  the 
method  using  tables  of  orthc^onal  poljmomials. 


TABLE  1 


Skk  “  n 

"  1 

Sii  -  n(n*  -  1)/12 

fiki  ^  0  it  j  +  k  is  odd 

Sn  -  n(»*  -  l)(n*  -  4)/180 

/»!.  -  -(n*  -  1)/12 

Sii  -  n(n*  -  l)(n*  -  4)(n*  -  9)/2800 

/Jii  -  -(3n»  -  7)/20 

Sii  -  n(n*  -  l)(n*  -  4)(n*  -  9)(n*  -  16)/44100 

fia  -  -(3n*  -  13)/14 

p4k  -  +3(n*  -  l)(n*  -  9)/560 

TABLE  2 

St  -  iS„ 

Alt  “  — aio ,  All  “  Sti/Sii 
All  ™  —an  •  An  "  Su/Sn 

Alt  — aio  ,  Alt  “  —an  ,  Att  ™  Sn/Sn  ,  Att  “  — aiiSa/Su 


Let  Mr  denote  the  power  moment  y(e)«'  and  b,j  the  estimate  of  the  co¬ 
efficient  of  in  the  fitted  polynomial  of  d^ree  p.  The  independent  variable  c  is 
chosen  so  that  its  origin  lies  at  the  centre  of  the  range  of  observations  and  the 
interval  between  successive  observations  is  unity.  The  relations  required  for 
fitting  by  power  momenlis  are  [2] 


* 


-  E  fikrMr 
r-0 

(1) 

Ok  “  Mk/Skh 

(2) 

bpi  “  PkiOk. 

(3) 

*-y 


0ki  and  Skk  are  functions  of  n,  the  number  of  observations.  The  expressions 
for  these  quantities  in  terms  of  n  are  given  in  Table  1  for  values  of  A:  up  to  4. 
A  table  giving  numerical  values  of  Pki  and  Skk  for  values  of  n  from  6  to  104  has 
been  deposited  in  the  Unpublished  Mathematical  Tables  file  of  the  periodical 
Mathematical  Tables  and  other  Aids  to  Computation  [4]. 
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Uf  -  +  (-)<».) 


8«< 

u 

V* 

»- 

4«> 

1 

1 

S 

13 

1 

27 

3 

6 

8 

9 

125 

5 

10 

6 

25 

343 

7 

8 

6 

49 

729 

9 

10 

10 

81 

1331 

11 

13 

13 

121 

2197 

13 

10 

9 

169 

3376 

15 

3 

10 

225 

4913 

17 

7 

6 

289 

6859 

19 

16 

6 

361 

9261 

21 

89 

8 

441 

12167 

23 

37 

1 

529 

15625 

25 

38 

8 

625 

19683 

27 

60 

3 

729 

29 

74 

6 

841 

29791 

31 

88 

88 

961 

35937 

33 

19 

36 

mm 

42875 

35 

44 

30 

1225 

50653 

37 

36 

80 

1369 

59319 

39 

16 

81 

1521 

68921 

41 

16 

84 

1681 

79507 

43 

18 

88 

1849 

91125 

45 

16 

46 

103823 

47 

10 

68 

117649 

49 

6 

67 

2401 

132651 

51 

4 

66 

2601 

148877 

53 

0 

48 

166375 

55 

3 

56 

185193 

57 

1 

73 

3249 

205379 

59 

3 

66 

3481 

226981 

61 

7 

67 

3721 

250047 

63 

3969 

274625 

65 

4225 

300763 

67 

4489 

328509 

69 

4761 

357911 

71 

n 

389017 

73 

5329 

421875 

75 

5625 

456533 

77 

5929 

493039 

79 

6241 

531441 

81 

6561 

Model  form  1  —  n  even 

S»»  Si 

5ii  ims.s 

8u  6,083008 
Su  063,143008 


0t»  -3t0.t6 

0n  -67606 


ay  -  M'y/Syy 

Sy* 

64038 

A/o  -  A/;  -h  1336 

atM't 

88789 

at  -h  81 .64839 

zv! 

86849 

Mx  -  M\  -  10143 

aiM'i 

6181 

a,  -  0.6108408 

z»l 

80068 

Mt  -h  673404 

OtM't 

4168 

+6ttMt  -  497864 

Zvl 

16900 

-M't-h  146660 

(».) 

at  -1-  0.08863468 

Mt  -  9086674.76 

aiM't 

8386 

■hOixMx  -h  6844903.76 

7ivl 

7614 

-M;  -  3841671 

(*•) 

11.38 

at  -  0.008686838 

a,  -  6ii  -  0.008686838 
+  1.490668 
+a,  -  0.6108408 
+  0.979881 

at  -  b„i  +  0.08863468 
ffttat  -  9.17084 
-hat  +  81.64839 
-6,0  +  18.37816 


H 
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^  +  (-)V) 

8«*  3«  i  V.  I  4<> 

571787  83 

614125  85  I 

658503  87  i 

704969  89  | 

_ _ I 

753571  91 

804357  93 

857375  95 

912673  97 

970299  99 

1030301  101 
1092727  103 

NoU  that  the  values  found  by  multiplying  the  columns  must  be  divided  by  2^  to  give 
Mi. 

The  use  of  power  moments  is  advocated  because  it  enables  a  very  simple 
Model  Form  to  be  devised  by  means  of  which  the  calculations  can  be  rapidly 
carried  out.  In  the  method  using  tables  of  orthogonal  polynomials  the  orthog¬ 
onal  moments  M'k  are  obtained  directly.  Thus  the  only  extra  calculations  to  be 
performed  in  the  method  using  power  moments  are  those  given  by  equation  (1), 
and  these  are  very  rapidly  done,  as  will  be  seen  in  the  example  worked  out  be¬ 
low.  But  the  orthogonal  polynomials  (>(c)  are  functions  of  n  as  well  as  of  «, 
while  the  powers  are  of  course  independent  of  n.  Thus  the  powers  may  be 
printed  in  a  permanent  Model  Form  which  can  be  used  for  all  values  of  n,  and 
this  greatly  simplifies  the  calculation  of  the  moments. 

Model  Form  1  shows  the  proposed  scheme  applied  to  the  example  of  Anderson 
and  Houseman  [1].  The  62  observations  are  entered  in  order  in  the  y  columns, 
starting  from  the  lower  portion  of  the  left-hand  column  and  working  up  this 
column  and  down  the  right-hand  column.  The  moments  are  then  evaluated  on 
a  calculating  machine,  and  ]C  If*  is  also  determined.  The  coefficients  are  then 
calculated  on  the  right-hand  side  of  the  Model  Form. 

The  estimated  error  of  a  single  observation  may  be  obtained  in  the  usual 
way  from  the  formula 

“  [Z«'*p/(w  -  P  -  1)1*,  (4) 

and  the  errors  of  the  coefficients  from  the  tabulated  weight-functions  [5]  p,y 
(or  directly  from  the  values  0ki  y  Sut  [2]). 

The  Model  Form  has  been  designed  to  fit  on  to  a  foolscap  page  so  that  mimeo¬ 
graphed  copies  can  be  made.  Separate  Model  Forms  are  required  for  the  cases 
in  which  n  is  odd  and  the  cases  in  which  n  is  even,  since  <  takes  integral  values 
when  n  is  odd  and  half-integral  values  when  n  is  even.  If  the  polynomial  of  the 
fourth  degree  is  to  be  calculated  (and  only  very  rarely  is  this  required),  a  sepa¬ 
rate  sheet  containing  values  of  c*  is  placed  alongside  the  column  of  values  y 
to  obtain  the  moment  M*. . 
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The  present  method  is  closely  related  to  the  method  using  power  moments 
described  by  Nielsen  and  Goldstein  [6].  Their  method  is  based  essentially  on 
coefficients  atj  (c.f.  reference  [2])  such  that 


Afi  -  M*  +  Z  akrM'r 

(!') 

r»0 

a*  “  Mk/Skk 

(2') 

bpi  “  Uy  +  i  otkjbpk- 

(3') 

*-#+1 


However,  their  notation  is  complicated  by  a  division  by  jSu  •  Table  2  shows  the 
relationships  between  the  quantities  they  tabulate  and  the  quantities  in  the 
above  equations.  An  extra  quantity  Au  is  required  in  their  method  because 
equations  (1')  and  (2')  are  combined  into  a  single  equation. 

The  advantage  of  the  present  method  lies  principally  in  the  simplicity  of  the 
notation  and  the  convenience  of  the  Model  Form.  The  standard  errors  can  also 
be  obtained  very  quickly.  The  quantities  0k j ,  by  means  of  which  the  fitting 
is  accomplished  are  of  interest  in  themselves,  0k j  bein^he  coefficient  of  in 
the  orthogonal  polynomial  ^(<)  and  Skk  being  the  sum  {*(<)•  The  use  of  the 
quantities  0k j  rather  than  the  quantities  Oki  or  Akj  enables  the  coefficients  bpj 
to  be  expressed  in  terms  of  the  coefficients  ay .  Since  the  latter  are  independent 
of  p,  this  is  a  slight  advantage  if  the  least-squares  polynomials  of  different  de¬ 
grees  are  required. 
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ON  THE  TRANSONIC  FLOW  PAST  A  FINITE  WEDGE* 

By  L.  Trilling  and  K.  Walker,  Jr. 

In  a  recent  paper  (1),  J.  D.  Cole  investigated  the  steady  plane  flow  of  a  per¬ 
fect  ideal  gas  past  a  thin  finite  wedge  parallel  to  the  free  stream  direction  at  a 
high  subsonic  velocity.  The  transonic  equations  were  assumed  to  be  valid,  and 
the  problem  was  formulated  and  solved  approximately  in  the  hodograph  plane 
where  the  coordinate  normal  to  the  free  stream  direction  (or  the  stream  func¬ 
tion)  satisfies  the  Tricomi  partial  differential  equation  (2)  with  the  velocity  per¬ 
turbations  from  sonic  velocity  parallel  to  the  free  stream  direction  as  independent 
variables. 

While  that  investigation  gave  one  of  the  earliest  solutions  to  a  specific  bound¬ 
ary  value  problem  in  transonic  flow,  and  the  drag  it  predicted  agreed  quite  well 
with  the  measurements  of  Liepmann  and  Bryson  (3,  4)  and  Griffith  (5,  6),  Cole’s 
solution  did  not  satisfy  all  the  boundary  conditions  of  the  problem.  In  particular, 
the  condition  that  the  flow  turns  the  shoulder  comer  of  the  wedge  (point  B  on 
Fig.  1)  by  a  Prandtl  Meyer  expansion  was  replaced  by  the  much  simpler  approxi¬ 
mate  condition  that  the  sonic  line  is  vertical.  In  this  way.  Cole  avoided  discuss¬ 
ing  the  structure  and  flow  pattern  of  the  local  supersonic  region,  while  satisfying 
all  the  conditions  in  the  subsonic  field,  and  constructing  the  correct  hodograph 
singularity  to  represent  the  free  stream.  He  felt  that  since  the  flow  outside  a 
stream  tube  situated  some  distance  away  from  the  wedge  is  subsonic,  and  since 
the  drag  of  the  wedge  is  defined  by  the  force  on  such  a  stream  tube,  a  good  ap¬ 
proximation  of  the  drag  could  be  obtained  if  the  flow  far  from  the  wedge  were 
well  represented,  even  though  the  approximation  was  poor  over  part  of  the  sur¬ 
face  of  the  wedge. 

It  is  the  purpose  of  the  present  paper  to  construct  a  solution  of  the  Tricomi 
equation  which  satisfies  all  the  boundary  conditions  of  the  half-wedge  problem, 
in  order  both  to  evaluate  the  accuracy  of  Cole’s  simpler  solution,  and  to  gain 
more  detailed  information  on  the  shape  and  structure  of  the  local  supersonic 
region.  Consider  the  flow  past  a  wedge  symmetric  about  the  x  axis;  with  a  semi 
wedge  angle  S  and  unit  length,  and  its  leading  edge  at  the  origin  (Fig.  1).  The 
free  stream  Mach  number  is  M. 

As  Cole  and  others  have  shown,  the  equations  of  motion  in  the  hodograph 
plane  are: 

uy,  —  X,  *  0  (la) 

I/.  -  X,  =  0  (lb) 

where  x,  y  are  the  position  coordinates,  made  dimensionless  by  division  by  the 
wedge  length,  and  the  velocity  perturbations  u,  v  are  defined  as  follows: 

«  *  1(7  +  l)/o*]u';  t;  -  [(-y  -f  l)/a*K  (2) 

*  This  paper  is  based  on  work  done  at  the  Massachusetts  Institute  of  Technology  for 
the  Wright  Air  Development  Center,  United  States  Air  Force,  under  contract  AF33(038)- 
22184  and  on  parts  of  a  thesis  submitted  in  partial  fulfillment  of  the  requirements  for  the 
degree  of  Master  of  Science  by  the  junior  author. 
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Here  a*  is  the  velocity  of  sound  at  Af  »  1,  7  the  ratio  of  specific  heats  and 
u',  v'  are  the  parallel  and  normal  velocity  perturbations  from  a*  directed  along 
the  X  axis. 

The  boundary  conditions  require  that  the  flow  far  from  the  wedge  have  free 
stream  velocity,  that  the  velocity  component  normal  to  the  wedge  surface  vanish 


SHOCK  WAVE 


SONIC  LINE' 


Fio.  1.  Wedge  problem  in  phyiieal  plane 


and  that  the  flow  turn  the  comer  at  x—  1  hy  a  Prandtl  Meyer  expansion.  In 
the  physical  plane,  this  means 

lim  ti(x,  y)  -  Af*  —  1;  lim  vix,  y)  -  0  . 


with  the  further  condition  that  the  origin  is  a  stagnation  point  so  that 
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In  the  hodograph,  boundary  conditions  (3b,  3d)  give 

y(tt,  »•)  -  0,  y(ti,  0)  -  0(u  7^  M*  —  1),  (u  <  0)  (4a) 

lim  y(tt,  »)  —  oo 

•  -•Jr*-! 

More  precisely,  basing  his  argument  on  analogy  with  incompressible  flow,  Cole 
shows  that  the  singularity  at  (u  —  1,  »  0)  is  a  doublet. 

Starting  from  a  solution  element  obtained  by  separation  of  variables: 

y  -  (5) 

where  z  “  Ci/i  is  a  linear  combination  of  Bessel  functions  of  order 

^  and  X  is  an  arbitrary  constant,  and  using  the  Fourier  Bessel  integral  theorem, 
Cole  constructs  the  solution 


y*  “  Vo  - -  •^-l/»(Xs)y_i/»(X2i)X  dx 

where  zi»=  %(1  —  M*)*'*,  and  shows  that  it  satisfies  all  the  boundary  conditions 
(4a).  It  is  also  seen  that  x(0,  v)  vanishes  (vertical  sonic  line)  while  (3c)  is  not 
satisfied.  Solutions  of  this  type  had  been  previously  derived  in  even  greater 
generality  by  A.  Weinstein  (8). 

It  is  the  purpose  of  this  investigation  to  construct  a  regular  solution  of  (1) 
which  vanishes  on  t;  =  0,  v  =»  vo ,  u  <  0,  and  which  superimposed  on  the  solu¬ 
tion  (6),  also  satisfies  the  boundary  condition  (3c).  A  solution  of  that  type  is 

^(J^  i/t  ^  /  v#  p.  ( nrz\  nw  0 


Now,  Tricomi  has  shown  that  in  order  to  have  y  »  0  along  the  characteristic 
through  (0,  i>o),  it  is  necessary  and  sufficient  to  satisfy  the  following  integral 
equation  along  the  sonic  line: 


y(0,  v) 


3*'*lr(H)y 

4t» 


(8) 


The  problem  is  therefore  to  find  the  coefficients  a.  which  will  satisfy  this  relation. 

When  the  left  hand  side  of  (8)  is  expanded  into  a  Fourier  sine  series  in  the 
half  interval  0  <  v  <  r© ,  it  becomes: 


"(f)  ‘mi 


sinh  X(w#  —  v) 


sinh  Xvo 


+  3 


3-1/1 

r(H) 


-i/i  r(W 

r(H) 

,1/1 

/Ci/i 


1  \nir 


</— i/i(Xsi)X*^*  dX 

tit 

) 

EMf 

Vo 


.  nirv 
o,sin  — 
Vo 


(9) 
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The  evaluation  of  the  Fourier  coefficient  of  y,  above  was  carried  out  with  the 
aid  of  Ref.  7,  p.  434.  Similarly 


ay 

aii 


-± 

Vo  1 


On  Bin 


nrv 

Vo 


(10) 


Vo 


Cn  - 


r*'*  sin  ne  de 


(11) 


Substitution  of  (9),  (10),  (11)  into  the  integral  equation  (8)  leads,  after  some 
manipulation  of  the  trigonometric  functions,  to  the  following  set  of  equations 
for  the  unknown  coefficients 


r»*'’  (i'Y'’  K,„  -  -  ({n-’" .+ -  Z' 

\vo/  \  Vo  /  [  in  ,.1  n*  - 

— tnCn  "f*  ( — )*'^nCvi 


i*  —  n* 


o«  (12) 


2r 


V3  (r(H)]* 


VsrCH) 


and  means  that  in  the  summation  m  n.  The  coefficients  On  depend  only 
on  the  ratio  zi/vo  >=  (%(3f*  —  1)*^V(7  +  l)a)  *  where  is  the  conven¬ 

tional  transonic  similarity  parameter.  For  given  values  of  the  similarity  param¬ 
eter,  a„  can  be  obtained  from  (12);  in  the  calculations  presented  below,  thirty- 
five  coefficients  a„  were  computed  for  three  values  of  Zi/vo .  Then, 


(13) 


Substituting  this  into  the  irrotationality  equation  (lb),  one  obtains,  making  use 
of  the  fact  that  x(0,  0)  1 


1  + 


/  nirzy 

i  nrv 

( - , 

cos - 

\  Vo  J 

Vo  _ 

-  f 


cosh  X(j^  —  v) 
sinh  Xt>o 


(14) 


</j/»(Xz)J_i/i(Xzi)X  dX 


Equations  (13),  (14)  represent  the  required  solution,  from  which  the  structure 
of  the  flow  field  must  be  obtained.  The  integrals  in  (13),  (14)  converge  when 
u  ^  0  and  v  —  %u*'*  ^  0  so  that  this  representation  is  valid  in  the  entire  r^on 
for  which  the  specified  boundary  conditions  define  a  unique  solution  (flow  up 
to  the  limiting  Mach  line).  Another  representation  of  the  integrals  in  (13),  (14) 
as  a  series  of  Legendre  functions  is  needed  beyond  the  limiting  Mach  line  v  = 
It  may  be  obtained  as  follows  from  Ref.  7,  p.  389. 
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Vo  ^  d 
T  Vzii  dv 


-  E  J^^(Xz)J^/o(\zi)\  dx  (13a) 

—0  J 

11-0  L  ■^i  J 

—  Q-*/$  ~  +  ^*1 

L  2wi  J 


and  a  similar  formula  for  x,(ti,  v). 

'^rThe  shape  of  the  sonic  line  is  obtained  by  setting  z  0  in  the  formulas  (13), 
(14)  and  carrying  out  the  necessary  limiting  processes:  thus 

x(0,  w;  zi)  -  1  +  -  ]C  —  -  cos  —) 

T  1  n  \  Vo  / 

(.a) 

Vo  \nr/  J  Vo 

From  these  equations  the  sonic  line  was  computed  for  three  values  of  the 
transonic  similarity  parameter,  and  the  results  are  shown  on  Figure  3. 

It  follows  from  the  general  transonic  similarity  theory,  and  from  the  form  of 
equations  (15),  (16)  that  x,  i/Vo'^*  are  functions  of  Zi/vo  only.  Comparisons  of 
X,  pvo^'*  with  Bryson’s  measurements  (4)  on  a  10°  wedge  were  made  at  several 
values  of  zi/vo .  It  was  found  that  when  Zi/vo  was  larger  than  0.5,  no  supersonic 
region  could  be  detected  on  the  interferograms,  either  because  of  lack  of  resolu¬ 
tion  or  because  of  the  sihoothing  out  of  the  comer  flow  by  viscous  effects.  Agree¬ 
ment  between  experiment  and  theory  was  found  to  be  fair  in  the  proper  transonic 
r^on  (see  Fig.  3).  It  is  the  same  order  of  agreement  as  between  experiment  and 
Drebinger’s  theory  for  slightly  supersonic  flow  (Ref.  4). 

The  drag  coefficient  is  found  by  integrating  the  pressure  coefficient  along  the 
wedge  sides,  which  gives: 


2S 


^  j[  (w>  ■“  w)  dx 


4S 

y  + 


(17) 
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But  on  the  surface  of  the  wedge,  where  v  ,  one  has: 

+  1  —  Zi*z*'*vo  cosech  XvoJi/t(Xz)J-inO<zi)\  dX 


a  6UDERLEY  AND  YOSHIHARA 
O  EXPERIMENTAL  10*  WEDGE 

- PRESENT  THEORY 

- COLE'S  THEORY 


Iff.'/- 


1.0  -S 

TRANSONIC  SIMILARITY  RIVRAMETER 


Fio.  4.  Reduced  drag  coeflScient  of  upper  half  wedge  as  a  function  of  free  stream  Mach 
number.  , 

The  correction  to  the  drag  formula  derived  by  Cole  is  therefore  given  by 

-  ,-fi  «)■ :  p-  5  ?  ferer  fe)  ^ 


a*'* 

(7  +  1)‘'* 


3‘'‘(r(H)l*  ^  r  N-+1 


The  corrected  drag  is  plotted  as  a  function  of  similarity  parameter  on  Figure  4. 
It  is  seen  that  the  correction  is  small  over  the  range  of  subsonic  Mach  numbers. 

In  summary,  an  accurate  solution  of  the  problem  of  high  subsonic  flow  past 
a  t.hin  wedge,  based  on  the  transonic  approximation  was  carried  out.  It  showed  a 
mixed  flow  pattern  in  good  agreement  with  interferometer  measurement,  and 
predicted  a  drag  slightly  lower  than  that  found  by  Cole’s  simplified  solution. 
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ON  A  STABILITY  CRITERION  FOR  PARTIAL 
DIFFERENCE  EQUATIONS 

By  Stephen  H.  Crandall 

In  a  recent  paper,  O’Brien,  Hyman  and  Kaplan  [1]  describe  von  Neumann’s 
stability  analysis  for  linear  partial  difference  equations  with  constant  coefficients. 
For  non-linear  equations  or  equations  with  variable  coefficients  they  suggest 
testing  the  stability  point  by  point  in  a  sequence  of  overlapping  small  regions. 
Admitting  the  heuristic  nature  of  this  procedure,  they  claim  it  has  worked  well 
in  practice.  The  purpose  of  the  present  note  is  to  show  that  in  general  it  is  not 
possible  to  make  stability  deductions  from  successive  local  investigations.  We 
give  an  example*  of  a  linear  equation  with  almost  constant  coefficients  for  which 
von  Neumann’s  stability  criterion  is  satisfied  at  every  point  but  which  has  solu¬ 
tions  which  grow  exponentially. 

Consider  the  differential  equation 

(1  -  2c  cos  20  (1) 

with  0  <  e  <K  1,  and  the  corresponding  difference  equation 

^*(1  “  2«  cos  2O(0j+i,t  —  20,.*  +  “  0i.*+x  —  20y,*  -+-  (2) 

with  r  m/Ax.  Using  the  method  described  in  [1]  it  is  easy  to  show  that  (2) 
will  satisfy  their  stability  criterion  at  every  point  if  r*  <  1/(1  -|-  2«).  Accordingly 
it  might  then  be  assumed  that  all  solutions  of  (2)  are  bounded  or,  at  worst,  grow  / 
linearly  with  t.  * 

Let  us  consider  the  solutions  of  (1)  and  (2)  for  f  >  0  with  the  initial  conditions, 
yp  =  cos  X  and  d^/dt  =  0,  on  f  *=  0.  The  values  of  the  solution  of  (1)  along  x  =  0 
will  then  satisfy  the  ordinary  differential  equation 

-H  (1  -  2«  cos  2t)4>  =  0  (3) 

with  the  initial  conditions  ^  1,  d^/dt  =  0  at  f  =  0.  Similarly  the  values  of 

the  solution  of  (2)  along  x  =  0  will  satisfy  the  ordinary  difference  equation 

0o.k+i  -  2^.*  +  ^,*-1  +  ^  (-^2nV^0  ~  ^  ^  ® 

with  the  initial  conditions,  ^,o  »  1  and  0o.i  =  0o.-i  •  The  interval  At  has  been 
set  equal  to  r/n.  We  can  show  that  for  any  r  >  0  and  n  large  enough,  will 
grow  exponentially.  This  may  be  done  directly  using  the  theory  of  difference 
equations  with  periodic  coefficients  [2].  A  less  tedious,  but  indirect  argument 
relates  the  instability  of  (4)  to  that  of  (3).  From  the  theory  of  Mathieu’s  equa¬ 
tion  [3]  we  know  that  at  <  =  mx  the  solution  of  (3)  takes  on  the  values  ^  = 
(—I)*"  cosh  nifiT  where  n  «  e/2.  The  analogous  theory  [2,  p.  205]  for  (4)  indicates 

*  This  idea  grew  out  of  a  discussion  between  Norman  Levinson  and  the  author  in  which 
Levinson  pointed  out  the  inadequacy  of  local  criteria  for  ordinary  differential  equations. 
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that  its  solution  will  grow  exponentially  if  |  |  >  1.  Now  as  n  — >  <»  the  solu¬ 

tion  of  (4)  approaches  the  solution  of  (3)  uniformly  [2,  p.  164]  in  0  ^  f  ^  r. 
Hence,  — >  —cosh  /ix  «  —(1  +  T*t/4)  and  there  exists  an  N  such  that  for 

all  n  >  N  the  solutions  of  (4)  grow  exponentially  with  t. 
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ON  THE  FLOW  OF  AN  INCOMPRESSIBLE  VISCOUS 
FLUID  PAST  A  FLAT  PLATE  AT  MODERATE 
REYNOLDS  NUMBERS* 

Y.  H.  Kuo 

1.  Introduction.  The  problem  of  two-dimensional  steady  flow  of  an  incom¬ 
pressible  viscous  fluid  past  an  obstacle  is  today  dealt  with  mostly  by  two  ap¬ 
proximate  methods.  For  extremely  small  Reynolds  number,  it  was  shown  by 
Oseen  (1)  that  the  problem  can  be  tackled  by  linearization.  For  extremely  large 
Reynolds  nmnber,  it  can  be  solved  by  simplifying  the  Navier-Stokes  equations 
by  the  concept  of  the  boundary  layer,  first  conceived  by  Prandtl  (2).  Oseen ’s 
method  of  solution,  though  linear,  is  usually  difficult  in  evaluation  of  all  the 
arbitrary  constants  involved.  Moreover,  owing  to  the  fact  that  the  form  of 
solution,  even  the  first  approximation,  is  more  often  than  not  complex,  successive 
approximations  are  usually  not  possible. 

On  the  other  hand,  the  boundary-layer  solution  is  simple  in  form  and,  most 
important,  sufficiently  accurate,  as  was  well  established  by  experiments.  It 
might  be  considered  advantageous  to  develop  the  process  of  iteration  by  taking 
boundary  layer  solution  as  the  first  approximation.  However,  as  was  shown  by 
H.  L.  Alden  (3)  in  the  case  of  semi-infinite  plate,  if  the  boundary  layer  solution 
is  taken  as  the  first  approximation,  then  all  the  higher  approximations  become 
progressively  more  singular  and,  therefore,  the  resistance  of  the  plate  cannot  be 
defined.  For  this  reason,  this  procedure,  too,  fails. 

The  difficulties  of  the  method  adopted  by  Alden  originates  from  the  facts 
that  the  flow  field  surrounding  the  plate  can  actually  be  subdivided  into  several 
domains,  not  all  of  which  meet  the  conditions  required  by  the  boimdary-layer 
theory  (cf.  for  instance.  Carrier  and  Lin’s  discussion  (4)).  As  the  boundary- 
layer  solution  is  supposed  to  be  valid  near  the  solid  surface,  in  the  neighborhood 
of  the  leading  edge  where  the  viscous  region  extends  equally  in  the  forward 
direction  about  the  edge,  the  boundary  layer  approximations — namely,  that  the 
rates  of  change  of  the  flow  properties  along  and  perpendicular  to  the  plate  differ 
by  one  order  of  magnitude — clearly  break  down.  Poor  approximation  there  in¬ 
escapably  causes  a  singularity  to  appear.  If  this  solution  is  chosen  as  the  first 
approximation  to  the  dynamical  equations,  the  higher  approximations  which 
satisfy  differential  equations  containing  highly  singular  terms  which  were  absent 
in  the  first  approximation,  must  be  necessarily  more  singular.  Thus,  as  the  order 
of  approximation  increases,  higher-order  singularities  unavoidably  appear  and, 
consequently,  the  drag  integral  must  diverge. 

This  difficulty  in  the  theory  of  perturbation  is,  of  course,  not  new  and  fre¬ 
quently  occurs  in  a  variety  of  physical  problems.  The  problem  of  rendering  the 
approximate  solutions  uniformly  valid  has  led  M.  J.  Lighthill  (5)  to  the  dis- 

*  This  study  was  carried  out  as  part  of  a  research  program  at  the  Graduate  School  of 
Aeronautical  Engineering  and  was  sponsored  by  the  Office  of  Naval  Research. 
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covery  of  a  method  which  has  become  an  effective  tool  in  solving  non-linear 
problems.  Basically,  the  idea  seems  to  be  that  if  the  solution  of  an  approximated 
equation  to  a  non-linear  total  or  (lartial  differential  equation  does  not  represent 
uniformly  a  physical  quantity  over  a  domain,  it  can  be  improved  in  the  neigh¬ 
borhood.  of  the  singularity  by  merely  straining  slightly  the  arguments  of  the 
solution.  When  this  idea  is  formulated  mathematically,  the  condition  of  uni¬ 
formity  in  the  analytic  behavior  of  all  approximations  actually  provides  a  unique 
way  of  straining  the  coordinates.  The  mathematical  structure  of  the  method  is, 
therefore,  by  itself  complete.  In  the  example  treated  below,  the  differential  equa¬ 
tion  of  the  first  approximation  is  non-linear  but  its  solution  is  singular  at  the 
leading  edge  of  the  plate.  For  this  case,  though  not  included  in  Lighthill’s  treat¬ 
ment,  it  can  be  shown  that,  without  modification,  Lighthill’s  technique  can  still 
be  successfully  applied.  From  this  point  of  view,  perhaps  it  is  not  without  in¬ 
terest. 

The  first  part  of  this  paper  (Part  I)  is  devoted  to  the  problem  of  flow  past  a 
finite  flat  plate.  From  the  character  of  the  external  potential  flow  an  expansion 
parameter  is  deduced,  which  turns  out  to  be  proportional  to  the  maximum  thick¬ 
ness  ratio  of  the  boundary  layer.  If  this  expansion  parameter  is  adopted,  then 
it  can  be  shown  that,  to  the  second  approximation,  the  problem  of  solving  a 
viscous  flow  remains  of  the  boundary-layer  type.  Namely,  from  the  first-order 
pressure  calculated  from  the  maximum  displacement  of  the  stream-lines  by 
viscosity,  along  the  plate  and  in  the  wake,  the  second-order  viscous  flow  in  the 
boundary  layer  can  be  determined. 

The  first-order  potential  flow  outside  the  boundary  layer  is  shown  to  be  very  , 
similar,  especially  near  the  leading  edge,  to  that  given  by  the  linearized  theory  , 
of  flow  over  a  thin  airfoil  with  round  leading  edge  in  an  in  viscid  fluid.  At  the 
trailing  edge  where  the  flow  suffers  a  sudden  change  of  direction,  it  produces  a 
strong  expansion  by  the  appearance  of  a  logarithmic  singularity. 

The  complete  solution  of  the  second-order  viscous  flow  leads  to  a  law  of  resist¬ 
ance  which  coincides  with  the  Blasius  law  for  Reynolds  number  over  10^.  In 
the  range  of  Reynolds  numbers  from  15  to  10*,  it  agrees  perfectly  with  the  meas¬ 
urements  of  Z.  Janour  (6). 

In  Part  II  of  the  present  work,  the  main  problem  is  the  uniformization  of  the 
anal3rtic  behavior  of  the  successive  approximations,  taking  the  boundary  layer 
solution  as  the  basic  approximation.  It  is  found  that  in  the  case  of  a  flat  plate, 
if  Lighthill’s  conditions  are  imposed  to  the  third  approximation  (as  the  second 
approximation  needs  no  modification),  there  results  a  second-order  shift  of  one 
coordinate  x,  say,  measured  along  the  plate.  According  to  this  transformation, 
the  original  constant-velocity  lines,  being  a  family  of  parabolas  with  vertices  at 
the  leading  edge,  become  a  different  family  of  parabolas  whose  vertices  are  now 
all  separated  and  located  ahead  of  the  leading  edge.  Furthermore,  the  singular 
line  which  was  formerly  normal  to  the  plate,  passing  through  the  leading  edge, 
has  now  been  completely  eliminated.  The  interesting  fact  that,  except  at  the 
leading  edge,  the  improved  Blasius  solution  will  be  nowhere  singular,  was  ex¬ 
pected  to  bring  out  the  effect  of  the  leading  edge.  This  was  investigated  and,  in- 
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deed,  was  the  case.  The  flow  in  the  immediate  neighborhood  of  the  leading  edge 
is  found  to  satisfy  Stokes  equation  of  slow  viscous  motion,  as  it  should. 

In  the  light  of  this  discussion,  two  features  of  the  boundary  layer  approxi¬ 
mations  deserve  to  be  mentioned.  First  the  dimension  of  the  viscous  region 
around  the  leading  edge  in  which  the  boundary  layer  hypotheses  are  violated  is 
actually  of  the  order  of  where  v  is  the  kinematic  viscosity  and  the 
forward  speed  and  hence  is  extremely  small,  compared  with  the  length  of  the 
plate  when  the  Reynolds  number  is  large.  If  the  detailed  information,  such  as 
velocity  distribution,  is  not  required,  the  significance  of  that  region,  for  all  prac¬ 
tical  purposes,  could  be  ignored.  Secondly,  as  the  effect  of  straining  the  co¬ 
ordinates  vanishes  on  the  plate,  the  very  existence  of  a  finite  viscous  region 
about  the  plate  does  not  affect  the  law  of  resistance  deduced  by  boundary-layer 
theory,  even  to  the  second  order  approximation  as  calculated  in  Part  I.  This 
explains  why,  with  the  effect  of  leading  edge  poorly  represented,  the  said  im¬ 
proved  boundary  layer  solution  still  yields  a  correct  law  of  resistance  for  Rey¬ 
nolds  number  greater  than  15. 


2.  Navier-Stokes  equations  and  method  of  expansion.  The  problem  of  steady 
two-dimensional  flow  of  an  incompressible  viscous  fluid  past  a  fixed  infinite  flat 
plate  of  chord  length  L  will  be  treated  here  by  expanding  the  velocity  held  in 
power  series  of  a  parameter  e.  Let  the  rectangular  Cartesian  coordinate  system 
(£,  y)  be  adopted  and  assume  that  the  plate  is  defined  by  0  ^  x  ^  L  and  y  =  0. 
Referring  to  this  system,  the  i-  and  ^-components  of  the  velocity  will  be  denoted 
by  u  and  v  respectively  and  the  pressure  byp.  If  the  density  p  and  the  kinematic 
viscosity  v  of  the  fluid  are  constant  and  if  the  non-dimensional  variables  are  in¬ 
troduced: 


w  =  u/(/«,  p  =  p  =  (p  -pj/pt/i 

X  =  f/L,  xj  =  =  Re*r,  Re  = 


where  and  p*  are,  respectively,  the  velocity  and  pressure  at  infinity,  and  Re, 
the  Reynolds  number;  then  the  velocity  and  pressure  are  determined  by  the 
system: 

=  —  P»  + 

p„  -I-  +  xpxyv)  =  —Re~%xx, 

and 

U  =  Xf/y,  p  *  —xf/. 


(2.2) 


where  is  the  non-dimensional  stream  function  and  the  subscripts  denote  partial 
differentiation  with  respect  to  the  variable  indicated. 

To  solve  this  problem  from  the  standpoint  of  perturbation,  it  is  assumed  that 
the  stream  function  xf/  and  the  pressure  p  can  be  expanded  in  the  forms: 

^  -I-  -f-  +  ••• 


(2.3) 
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If  the  boundary-layer  flow  is  taken  as  the  first  approximation  to  the  flow  in 
question,  then  satisfies 

(2.4) 

as  the  pressure  »  0  in  the  case  of  flat  plate.  As  will  subsequently  be  de¬ 
veloped,  to  the  second  approximation,  the  fundamental  boundary-layer  hypothe¬ 
sis  still  holds;  namely  that  the  viscous  effects  take  place  inside  a  narrow  region 
along  the  solid  surface,  so  that  the  flow  outside  this  layer  is  essentially  frictionless 
and  irrotational.  If  the  two  flow  fields  join  smoothly,  the  vertical  velocity  in  the 
potential  field,  which  is,  by  (2.3),  0(c)  must  equal  to  that  of  the  viscous  layer 
which  is  0{Jte~^)  by  boundary-layer  theory.  Therefore,  e  must  be  0(Re~*)  and, 
for  definiteness,  can  be  taken  as  Re~*.  The  parameter  c  as  defined  in  this  manner 
does  have  the  significance  of  a  thickness  ratio,  as  will  be  clear  later. 

By  using  this  definition  of  c,  the  eqs.  (2.2),  after  the  substitution  of  ^  and  p 
from  (2.3),  can  be  expanded  in  power  series  of  c.  On  equating  the  coeflicients  of 
e"  of  both  series  to  zero,  there  result  two  equations  for  and  p^"\  n  =•  1,  2, 
3,  ‘ .  It  is  the  purpose  of  Part  I  to  deal  with  the  second  approximation  only, 
the  equations  for  n  greater  than  or  equal  to  2  will  not  be  given.  For  n  »  1,  these 
equations  read: 


_(i)  1 ./  (1) 

—  P*  +  Vtnn 
-Py 


(2.5) 


From  the  second  of  Eq.  (2.5),  it  follows  immediately  that  p^*’  is  a  function  of  x 
and  hence  is  constant  inside  the  boundary  layer  at  any  fixed  point  x  and  joins  * 
the  external  pressure  at  the  edge  of  the  boundary  layer.  In  other  words,  to  the  » 
second  approximation  the  problem  of  viscous  flow  past  a  flat  plate  remains  within 
the  framework  of  boundary-layer  theory. 

If  I/j(x)  denotes  the  first-order  velocity  of  the  potential  field  on  the  edge  of 
boundary  layer,  then  from  Bernoulli’s  equation,  the  first-order  pressure  is 


p-  =  -Ui(x) 

Thus,  the  elimination  of  p”’  from  Eq.  (2.5)  yields  for  an  equation: 

=  uUx)  + 


(2.6) 

(2.7) 


where  the  prime  indicates  total  differentiation.  This  equation  can  now  be  in¬ 
tegrated  if  the  outside  flow  field  is  determined.  The  boundary  conditions  for  any 
order  of  approximation  can  be  expressed  as: 

=*  0,  when  p  =  0 

=  Unix),  when  p  =  « 


3.  First-order  potential  solution.  In  the  preceding  section,  it  has  been  shown 
that  to  the  second  approximation  the  flow  field  can  still  be  subdivided  into  a 
viscous  layer  and  a  potential  region.  By  choosing  the  boundary-layer  solution  as 
the  first  approximation,  the  first-order  potential  flow  can  now  be  determined. 
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As  was  shown  by  Blasius’  solution  (7),  at  the  edge  of  the  boundary  layer  the 
velocity  u  approaches  the  value  one  but  v/U^  tends  asymptotically  to  (i)j8  c  x~*, 

being  a  pure  number  (1.73  approximately).  The  fact  that  the  velocity  on  the 
edge  of  the  viscous  layer  is  variable  shows  that  the  flow  outside  it  must  be  de¬ 
flected  and  therefore  cannot  be  uniform.  This  will  be  the  basic  principle  upon 
which  the  first-order  potential  solution  shall  be  constructed. 

The  problem  can  thus  be  formulated  by  the  potential  theory  in  terms  of  the 
boundary  value  of  the  vertical  velocity  on  the  x-axis.  First  of  all,  it  is  zero  for 
X  <  0.  In  the  interval  0  ^  x  ^  1,  F  =  (i)/3  c  x~*,  according  to  boundary -layer 
theory.  On  account  of  the  wake  behind  the  plate,  however,  there  is  no  fore-and- 
aft  symmetry  and  its  effect  should  be  separately  considered. 

According  to  Goldstein’s  theoretical  study  and  Page’s  experiments  on  the 
wake  behind  a  fiat  plate  (8),  the  boundary  of  the  wake  begins  with  the  boundary 
layer  at  the  trailing  edge  of  the  plate  and  grows  rather  slowly  dow^nstream  as 
long  as  it  remains  laminar.  The  vertical  velocity  at  the  boundary  of  the  wake 
varies  as  —  (x  —  1)‘^*(9)  in  the  neighborhood  of  the  plate  and  asymptotically 
as  —  (x  —  0.48)“*^*(10)  at  large  distances  downstream.  Thus,  it  is  seen  that 
the  limiting  streamlines  change  suddenly  from  positive  to  negative  inclinations 
with  a  discontinutiy  at  the  trailing  edge  of  the  plate.  From  this  incomplete  in¬ 
formation  about  the  wake,  the  boundary  value  on  the  rest  of  the  x-axis  can  only 
be  approximately  described.  This  has  been  carried  out.  However,  owing  to  the 
fact  that  V  varies  slowly  for  x  close  to  one  and  the  coefficient  of  (x  —  0.48)“*^*  is 
small,  the  final  result  is  very  little  affected  if  the  wake  is  replaced  by  a  discon¬ 
tinuity  in  the  inclination  of  the  stream-lines  at  the  trailing  edge  and  remains 
parallel  from  there  on.  Namely,  on  the  x-axis: 


for 

X  <  0 

V  =  < 

(i)/3«x  * 

for 

0  g  X  ^  1 

(3.1) 

0 

for 

1  <  X  ^  00 

If  the  velocity  field  in  the  potential  region  can  be  expanded  in  terms  of  a 
thickness  parameter  c  like  the  function  then 


(3.2) 


M-  l  +  €t7‘“(2/L,y/L)-f... 

V  -  «F<«(i/L,y/L) 

From  the  potential  theory,  the  first-order  velocities  17^*’  and  which  vanish 
at  infinity,  are  given,  on  account  of  (3.1),  by  the  following: 

r/O)  _  »  A  /  *  ^ 

^  *  2rhHz-ty 


2r  Jo  Hz  -  t) 

-AL  4-  ^ 

2's/z  2tV2 


In 


1  +  Vz 

1  —  y/z 


(3.3) 


where  the  complex  variable  z  denotes  (x  -1-  iY). 
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From  (3.3),  the  velocity  t/”’  reduces,  on  the  plate  0  ^  x  ^  1,  to 

I7‘”(x,  0)  s  f/,(x)  I  ^ , 

vx  1  —  vx 


The  first-order  pressure  on  the  plate,  following  Eq.  (2.6),  reads: 

=  p,ix)  =  -03/ir)[l  +  x/3  -H  xV5  +  •  •  •  .]  (3.5) 

It  is  noted  that  due  to  the  displacement  of  the  stream-lines  from  the  plate  by 
the  viscous  effect,  the  resulting  potential  flow  along  the  plate  is  accelerating. 
Consequently,  the  viscous  layer,  in  turn,  is  subject  to  a  favorable  pressure 
gradient  in  the  downstream  direction.*  Moreover,  in  spite  of  the  fact  that  the 
vertical  velocity  is  singular  at  the  leading  edge,  the  horizontal  velocity  (7^“ 
and,  hence  the  pressure,  are  regular  there.  On  the  other  hand,  is  discon¬ 
tinuous  but  finite  at  the  trailing  edge,  where  has  a  logarithmic  singularity. 
The  consequence  of  these  is  that  all  the  derivatives  of  the  velocities,  such  as 
vorticity,  in  the  viscous  layer  will  be  even  more  singular  at  both  ends  of  the 
plate.  This  seems  to  be  in  agreement  with  the  solutions  obtained  by  Oseen’s 
approximation.  (11). 

4.  Solution  of  y).  After  the  velocity  at  the  edge  of  the  boundary  layer 
has  been  determined,  the  equation  (2.7)  can  be  written  as 

+  or  - 

=  (0/ir)lH  +  -hl(n-  l)/(2n  -  l)lx-*  +  •  •  •] 

By  hypothesis,  satisfies  Eq.  (2.6)  and,  according  to  Blasius,  =  x*Mn) 
and  tf  =  yly/x,  where  the  function  /o  can  be  obtained  by  integratng  the  equa¬ 
tion 

2/J"  +  /o/o  =  0  (4.2) 

These  special  forms  of  and  f7i(x)  demand  as  solutions: 


=  -\x'Si 

T 


/i(t;)  +  \x  ftiv)  + 


*  Note  that  this  pressure  gradient  vanishes  in  the  limit  of  an  infinite  plate.  This  is  be¬ 
cause  the  displacement  thickness  contour  is  then  a  parabola,  and  it  is  well  known  that  in 
the  flow  past  a  parabola,  the  pressure  on  the  surface  becomes  constant  and  equal  to  the 
mainstream  pressure  at  distances  from  the  leading  edge  compared  with  the  focal  length. 
(Also  the  pressure  continued  onto  the  axis  is  exactly  constant  to  the  right  of  the  focus.) 
In  the  assumed  flow  (resulting  from  the  finite  length  of  the  plate),  however,  the  parabola 
is  broken  off  at  the  trailing  edge  and  becomes  a  line  parallel  to  the  stream.  This  breaking 
off  is  effectively  like  a  sink  distribution  in  the  wake,  and  results  in  the  accelerated  flow 
along  the  plate  which  was  calculated  above. 


FLOW  OF  INCOMPRESSIBLE  VISCOUS  FLUID 


89 


whence 


=  2  [/; 
It  L 


+ 


2n 


»-i  -1 

—/.  +  •••] 


(4.4) 


where /n(i;)’8  are  functions  of  jj. 

The  substitution  of  from  (4.3)  in  (4.1),  after  a  simple  reduction,  gives: 

2fn'  +  foK  -  2(n  -  l)/i/,  4-  (2n  -  1)/J'/,  =  -2(n  -  1)  (4.5) 


where  n  »  1,  2,  3,  •  •  •  .  From  the  boundary  conditions  (2.8)  and  on  account  of 
(3.4),  the  functions /»  satisfy,  for  all  n  and  x  >  0: 

/-(O)  = /,(0)  =  0,  /:(«)  =  1  (4.6) 


As  the  coefficients  of  this  equation  cannot  be  expressed  analytically  by  simple 
functions  for  the  whole  range  of  ri,  an  analytical  solution  valid  for  all  i;  and  n  is 
generally  not  possible.  The  problem,  on  the  whole,  is  a  numerical  one.  It  is 
noticed,  however,  that  for  n  =  1,  the  Ek}.  (4.5)  assumes  a  particularly  simple 
form: 

2/1"  +/o/r  +/o/i  =  0  (4.7) 

For  this  equation,  it  can  be  verified  that  the  following  combination  of  />  and  /o , 
which  evidently  satisfies  (4.6),^  is  a  solution: 

/i  =  i(/o  +  vfo)  (4.8) 

The  cases  n  =■  2  and  n  =  3,  5,  9  have  been  integrated  numerically  by  Howarth 
(12)  and  Tani  (13)  respectively.  It  will  be  shown  presently  that  for  n  greater 
than  10,  say,  simple  approximate  solutions  can  be  found. 

First  of  all,  it  is  noticed  that  /o  is  a  special  solution  of  the  equation: 

2/n'  +/o/:  -  2(n  -  l)/o/»  +  (2n  -  l)/o7»  =  0 

Therefore,  the  order  of  the  Eq.  (4.5)  can  be  reduced  by  one  if  the  substitution: 

Sn=SoFM  (4.9). 

is  made.  Elimination  of/,  from  Eq.  (4.5)  by  virtue  of  (4.9)  leads  to: 

2foF':'  +  (6/o  +/o/;)F:  -  (/o/o  +  2(n  -  1)/o*)F:  =  -2(n  -  1)  (4.10) 

This  equation  can  then  be  considered  as  second  order  in  Fn  .  If  the  coefficients 
of  this  equation  are  to  be  approximated  by  taking  /o  =  (i)o(V  in  a  range  of 
V  ^  mt  where  a  is  0.332  and  ni  is  a  fixed  number  to  be  specified  later;  then  in 
the  range  0  ^  ^  ,  Eq.  (4.10)  will  be  replaced  by 

nX"  +  37,  f:  -  (n  -  HWF',.  =  ,  (4.11) 

.  a 
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The  errors  involved  in  the  first  and  third  coefficients  are  of  the  order  i;*  and 
that  of  the  second  is  of  the  order  ri*.  Therefore,  if  is  not  too  large,  this  ap¬ 
proximation  is  expected  to  be  sufficiently  accurate  for  the  answers  required. 

It  is  observed,  in  the  first  place,  that  (n  —  l)/a*(n  —  ^)ij*  is  a  particular 
solution.  Furthermore,  the  fundamental  integrals  of  the  homogeneous  equation 
resulting  from  the  cancellation  of  the  term  on  the  right-hand  side  of  Eq.  (4.11), 
are  »”'/*/»  (f)  and  The  general  solution  then  can  be  written  as 

f:  »  ^n~‘/v*(r)  +  Cin-'/CvaCf)  +  4  (4.12) 

a*(n  —  %) 

where  f 

Here  /*/.  and  Ki/t  denote  the  Bessel  functions  of  the  first  and  second  kinds  of 
imaginary  argument.  In  order  that  the  condition  at  i;  »  0  be  satisfied,  the  con¬ 
stant  Cl  should  be  determined  to  cancel  the  singularity  of  K^t  which  is 
This  condition  requires  that 

^  _  n  -  1  r(M)(n  -  ^)‘'*a''* 

‘  “  o*(n  -  H) 

Thus,  the  solution,  with  the  conditions  at  i;  ~  0  satisfied,  is  finally  of  the  form: 

I'  I.M  f  I'  [k  wr)  -  i]  fj  (4.13) 

by  putting  X,  =  r()^)(n  —  where  the  constant  A  remains  to  be 

determined.  * 

On  the  other  hand,  when  i;  is  large,  /o  is  approximately  i;  —  /3.  If  this  approxi-  * 
mation  is  introduced  in  Eq.  (4.10),  it  is  transformed  into 

+  (i,  -  /3)F:  -  2(n  -  1)F:  =  -2(n  -  1)  (4.14) 

Moreover,  it  can  be  shown  that  by  the  substitutions: 

F:  =  (n  -  +  1  (4.15) 

and 

a  =  M(n  -  |8)* 

Eq.  (4.14)  becomes  a  confluent  hypergeometric  equation  for  Gnia): 

+  (i  +  1  ~  <r)Gn  —  nGn  =  0  (4.16) 

whose  two  fundamental  solutions  are: 

iFi(n,  <r)  and  ff“‘iFi(n  -  §,  §;  «r) 

Therefore,  the  general  solution  for  large  tj,  by  (4.15),  can  be  expressed  as 
/,  *  F:  =  (i,  -  ^)e-'[CnF,(n,  a)  +  C<r\Fi{n  -  J,  i;  «r)l  +  1  (4.17) 

where  Ct  and  C  are  constants. 
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By  virtue  of  the  asymptotic  behavior  of  the  confluent  hypergeometric  func¬ 
tion,  namely  as  <r  — *  « 

iFi(a,  b;  <r)  [r(6)/r(o)]«V*^*^’o(6  -  o,  1  -  a;  O 

the  condition  at  infinity,  i.e., /^(<»)  »  1,  is  satisfied  if 
C,  -  -2lr(n)/r(n  -  i)]C 

By  eliminating  Ct  in  terms  of  C,  the  solution  for  large  then  assumes  the  final 
form: 

/•“’»  +  «~'[iFi(n  —  J,  J;  a)  (418) 

-  2(r(n)/r(n  -  <r)]  dr, 

where  B  and  C  are  constants. 

If  the  two  solutions  (4.13)  and  (4.18)  for  small  and  large  r,,  respectively, 
represent,  in  fact,  the  same  function  fn(v)f  then  /» ,  /I  and  /»  must  be  joned  in 
a  region  where  both  solutions  are  valid.  These  three  conditions  are  clearly  both 
necessary  and  suflUcient  for  the  determination  of  the  constants  A,  B  and  C. 


6.  Law  of  resistance.  It  can  be  shown  that,  up  to  the  second  approximation, 
the  local  shear  remains  pp{dil/d§).  Thus,  from  Eq.  (2.3)  and  (4.4)  the  shear 
stress  r  on  the  plate  is  given  by 

r  =  pt/i  *  [x-*/?(0)  +  ^  Z  /:(0)  +  •  •  •  ]  (5.1) 


If  the  total  force  experienced  by  one  side  of  the  plate  per  unit  width  is  con¬ 
sidered,  the  skin-friction  coefficient  C/  can  be  defined  as 

From  (5.1),  the  integration  yeilds 

Cf  -  (4a/ V^)  -f-  (ai/Rc)  -!-•••  (5.3) 

where 


_  4/3  ^  /h(0) 

“  T  Y  (2n  -  1)» 


(5.4) 


The  skin-friction  coefficient,  to  the  second  order,  consists  of  two  terms:  the 
first  is  recognized  as  the  Blasius  law  and  the  second,  which  varies  inversely  as 
the  Re3molds  number,  constitutes  the  correction.  This  shows  that,  as  the  second 
term  is  inversely  proportional  to  the  Reynolds  number,  it  becomes  extremely 
small  by  comparison  when  the  Reynolds  number  is  large  and,  consequently, 
the  resistance  follows  Blasius’  law.  However,  as  the  Reynolds  number  decreases, 
the  correction  will  gradually  become  significant.  The  point  at  which  the  re- 
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sistance  deviates  distinctly  from  the  Blasius’  law,  depends,  of  course,  on  the 
value  of  ai . 

To  evaluate  this  sum,  as  is  seen  from  (5.4),  it  requires  only  the  initial  curva¬ 
ture  of  the  functions  /•  .  Because  of  the  fact  that  the  functions  /i  to  /» are  known 
exactly,  the  first  nine  terms  can  be  accurately  calculated.  From  the  ninth  term 
on,  however,  as  the  degree  of  accuracy  in  /»(0)  will  be  less  important,  the  ap¬ 
proximate  values  will  be  substituted. 

Before  the  actual  calculation  of  ai  is  carried  out,  the  constant  A  appearing  in 
the  solution  /»  should  be  first  determined  by  joining  the  two  solutions  (4.13) 
and  (4.18).  It  is  noted  that  if  171  is  taken  to  be  3  (justified  by  the  fact  that  linear 
approximation  to  fo  differs  from  the  exact  value  by  only  about  16  per  cent)  then 
fi  ^  (%)(w  ~  %)*•  Thus,  only  for  moderate  values  of  1;  will  the  argument  of 
the  Bessel  functions  in  Ref.  (13)  be  large.  By  means  of  the  asymptotic  form  of 
the  Bessel  function,  e.g.  /i/3(f)  ^  (eVV2Tf)(l  +  0(f“‘))  and  Kt/tH;)  ^ 
■\/irc~Vv^(l  +  0(f~*))>  the  integrals  in  (4.13)  can  be  asymptotically  inte¬ 
grated.  P\irthermore,  by  the  same  asymptotic  integration,  namely  both  n  and  a 
large,  the  integrand  of  (4.18)  is  equivalent  asymptotically  to  exp  (—<rl2  —  \/n^) 

(1  +  0(1/>A)). 

After  these  simplifications,  two  algebraic  equations  between  A  and  C  give  a 
solution  for  A  which  can  be  readily  shown  to  be  of  the  order  For  n  =  4, 

say?  fi  *  9  and  A  will  be  of  the  order  10“^.  Since  the  first  term  of  /n(0)  is 
2aAI?;“*/i/j(f)]o ,  which  is  it  can  be  neglected  by  comparison  with 

the  second  term.  Hence,  for  large  n,  /«(0)  can  be  approximately  given  by 

~  r(%)  ‘  (3a)‘/*(n  - 

From  Howarth’s  and  Tani’s  solutions,  /i(0)  and  /»(0),  /»(0),  /9(0)*  are 
2.041  and  3.177,  5.010,  7.936  respectively.  The  approximate  formula  above  gives 
the  corresponding  values  to  be  respectively  1.838  and  3.022,  4.892,  7.844.  From 
Dr.  Tani’s  results,  /4  (0),  /e  (0),  /?  (0)  and  /s  (0)  were  obtained  graphically  with 
the  values,  4.083,  5.800,  6.570  and  7.290  respectively. 

Of  course,  when  n  increases,  the  accuracy  will  certainly  be  improved.  This 
seems  to  be  sufficient  to  establish  the  reliability  of  this  approximation.  This 
result,  incidentally,  also  establishes  the  convergence  of  the  sum  ai ,  because,  for 
large  n,  /«(0)  is  0(n*'*).  The  sum  then  will  converge  like  a  Zeta  function,  f  ()^). 

The  actual  summation  of  the  series  was  p>erformed,  hence,  in  three  separate 
steps:  (a)  the  first  nine  terms  were  calculated  by  means  of  Howarth’s  and 
Tani’s  solutions,  (b)  the  subsequent  five  terms  were  summed  by  substituting 
/*(0)  from  (5.5)  and  finally  (c)  from  the  fourteenth  term  on,  the  infinite  sum 
was  converted  into  a  definite  integral  by  the  Euler-MacLaurin  formula  with 
the  integrand  (n  —  l)*^V(2n  —  1)*.  Of  these  three  steps,  (b)  and  (c)  unavoidably 
involve  error.  However,  a  conservative  estimate  places  the  fourth  significant 
figure  at  most  in  doubt.  The  final  answer  is,  accordingly,  ai  =  4.12. 

*  Private  communication. 
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By  adopting  this  value  in  (5.3),  the  skin-friction  coefficient  C/  can  be  plotted 
as  a  function  of  as  shown  in  Fig.  1.  It  is  seen  that,  for  Re  greater  than  10*, 
Cf  practically  coincides  with  the  Blasius’  law.  But  in  the  range  10  <  <  10*, 

they  differ  considerably;  for  instance,  at  Re  =  100,  the  difference  amounts  to 
nearly  24  percent  of  the  total  value.  In  this  range  of  moderate  Reynolds  num¬ 
bers,  the  resistance  of  a  plate  has  been  measured  by  Janour  (6),  and,  by  com¬ 
parison,  the  theoretical  and  experimental  values  agree  surprisingly  well  provided 
the  Reynolds  number  is  not  close  to  10.  Near  Re  =*  10,  the  calculated  values 


Fig  I  Resistance  coefficient  of  o  flat  plate  in  parallel  flow . 


from  (5.3)  are  higher  than  the  measured  ones.  There  seems  to  be  better  agree¬ 
ment  between  the  results  calculated  by  S.  Sidrak  (14)  by  Oseen’s  method  of 
approximation  and  the  experimental  values  (Ref.  6)  at  Re  =  10,  hence  it  is 
reasonable  to  presume  that  the  second-order  theory  cannot  be  accurately 
applied  for  Re3rnold8  number  below  15,  say. 

One  might  postulate  that  if  the  approximation  is  pursued  one  stage  further, 
the  range  of  applicability  of  the  resistance  formula  (5.3)  could  possibly  be 
extended  into  the  low  Reynolds  number  regime  and  might  even  overlap  with 
the  solution  approached  from  the  other  end  of  the  Reynolds  number,  such  as 
Sidrak’s  solution.  If  this  were  the  case,  there  is,  at  least,  one  example  where 
solution  can  be  found  for  all  Reynolds  numbers.  This  general  question  of  higher 
approximation  will  be  discussed  in  what  follows. 
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If  the  approximations  were  carried  one  step  further,  one  would  notice  that 
the  known  function  on  the  right-hand  side  of  the  non-homogeneous  equation 
for  y)  consists  of  two  groups  of  terms,  having  as  coefficients  and  x“* 

respectively.  In  view  of  the  fact  that  the  form  of  the  solution  has  been  fixed  by 
the  choice  of  «*  y/x  Mv)}  will  automatically  take  on  a  term  like  x“V(’j) 
in  order  to  cancel  the  second  term  on  the  right-hand  side  of  the  equation  for 
Consequently,  the  order  of  singularity  at  the  leading  edge  must  become 
progressively  stronger  as  the  order  of  approximation  increases.  This  shows  that 
the  high  approximation  such  as  as  obtained  by  the  method  outlined  above, 
would  not  improve  the  accuracy  of  the  first  and  second  approximations  but,  on 
the  contrary,  would  tend  to  worsen  it  as  the  leading  edge  is  approached.  Further¬ 
more,  if  such  high-order  approximations  are  included  in  the  integral  for  resistance 
(5.2),  this  integral  obviously  diverges.  For  this  reason,  this  approach  to  the 
problem  must  be  rejected. 


6.  Li^ffiill’s  method  of  improving  bundary-layer  solution  near  the  leading 
edge.  The  source  of  the  difficulty  encountered  by  the  method  of  perturbation 
adopted  in  section  2  is  the  fact  that  the  solution  of  the  first  approximation,  i.e., 
the  boundary-layer  theory,  is  singular  in  the  whole  line  x  »  0.  It  seems  generally 
true  as  propounded  by  Lighthill  (5),  that  whenever  the  solution  of  the  first 
approximation  to  a  non-linear  differential  equation  is  singular  either  along  curves 
or  at  isolated  points,  these  singularities,  whichever  they  may  be,  will  be  passed 
on,  in  an  accentuated  form,  to  the  rest  of  the  successive  approximations.  To  over¬ 
come  such  difficulties,  as  shown  by  Lighthill,  the  expansions  (2.3)  should  be  ^ 
modified  such  that:  ^ 

p  -  €p“’(f,y)  +  «V*'(i,^)  +  ••• 


where  the  variables  2  and  ^  are  related  to  x  and  y  by  the  transformation,  yet  to 
be  determined. 


X  -  2  -f  *x"’(2,  y)  +  e*x‘*’(2,  y)  -|-  •  •  • 


(6.2) 


The  object  of  the  transformation  (6.2)  is  to  bring  into  the  problem  extra  degrees 
of  freedom  by  means  of  which  the  “parental”  singularties,  such  as  y/x,  can  be 
frozen  during  the  course  of  the  successive  approximations.  This  will  be  demon¬ 
strated  in  the  determination  of  as  follows: 

As  the  solution  of  given  in  section  4  has  an  identical  singularity  to  that 
of  no  further  change  for  Eq.  (2.7)  is  necessary.  The  first-order  function  x”’ 
of  the  transformation  (6.2)  can,  therefore,  be  taken  as  zero.  The  transformation 
then  becomes 


X  -  2  +  €*x‘®(2,  9)+ 
y9> 


(6.3) 


FLOW  OF  INCOMPRESSIBLE  VISCOUS  FLUID 


95 


According  to  this  transformation,  the  derivatives  d/dx  and  d/dj/  will  be  trans¬ 
formed,  respectively,  into  d/dx  —  «*xj”  3/di  and  3/3 j/  —  txg^  3/3x.  Thus,  the 
largest  terms  produced  by  the  transformation  of  derivatives  can  only  be  of  the 
second  order.  As  a  consequence  of  this  the  equations  for  and  in  terms 
of  the  variables  i  and  y  will  be  the  same  as  Eqs.  (2.4)  and  (2.7).  The  equations 
for  and  however,  are  changed;  viz., 

“  ~  ]  +  {—Pi^  +  (6.4) 

+  (p^”  —  2^iSp)xj”  +  ~  )xpj  —  ^I’^x^] 

and 

p^  +  -  0 

As  in  Section  4,  let  the  similarity  variable  n  *  y/y/i  be  introduced.  Then  it 
can  readily  be  shown  that  the  singularity  of  the  first  group  of  terms  is  i~‘  while 
that  of  the  second  group,  due  to  terms  like  and  ^gu ,  is  If  the  singu¬ 
larity  of  were  the  same  as  the  singularity  of  the  left-hand  side  of  the 
first  of  Eqs.  (6.4)  would  be  i~\  which  could  balance  only  the  first  group  on  the 
right-hand  side.  If  the  second  group  is  also  to  be  cancelled,  the  singularity  of 
should  have  been  f~*,  which  would  make  the  resistance  integral  diverge. 
The  role  of  the  function  x^*(i,  j))  is  just  to  provide  an  extra  condition  to  have 
this  group  of  terms  removed.  Now,  if  —  pj(i)  +  y)  where  P^”(f,  y), 

from  the  second  eq.  (6.4),  by  partial  integration 

dy  (6.5) 

and  ps(£)  should  be  determined  by  the  consideration  of  the  second-order  poten¬ 
tial  flow,  in  analogy  with  pi(2);  then  x^*^  can  be  chosen: 

^^4”  +  (Pi”  -  2^iSi)xi”  + 

-  +  3*s’)xs>  -  ♦rxffi  -  pf  ■ 

It  is  noted  that  as  x^”  is  required  to  be  regular  at  y  »  0,  both  sides  of  eq.  (6.6) 
vanish  with  p.  For  this  reason,  the  constant  of  integration  will  be  absorbed  in 
the  yet  imdetermined  function  pi(£)  which  is  also  required  to  be  regular. 

7.  Determination  of  the  transformation  fimction  By  the  assumption 
>■  y/i  /o  (if),  together  with  Eq.  (6.5),  a  straightforward  reduction  leads  to 
an  equation: 

2(/o-  vfo)ga'  +  (/*0  -  n/e/o  -  Gvfo)gt  +  [2/,(/o  -  afo)  -  6(/?  +  HUfa'M 

“  &vfo  +  ^*/#  '  +  ivfifo  —  fl 
where  ga  is  a  function  of  rj  and  is  defined  by 
,  -  g,(ii) 


s 


(7.2) 
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It  is  noted  that  this  equation  has  an  integrating  factor  /o(^)  and,  on  multiplying 
both  sides  by/o(^),  an  integration  3rields 


2/o(/o  —  vfo)gi  —  [2/o(/o  —  fifo)  +  4^/o/o  —  /*  +  vfofo]gi 


where 


=  G(v)  +  const. 


(7.3) 


Giv)  =  / 

Jo 


/o(6^/o  +  rj'fo  +  ^vfofo  —  /o  +  1  dfi 


If  gi(fi)  is  regular  at  the  origin  and  (/i(0)  =  0  (i.e.,  y  =  0  corresponsd  to  x  =  x 
and  therefore  the  plate  remains  fixed),  then  a  unique  solution  is  found  by 
quadrature  to  be  of  the  form: 


•exp 


(7.4) 


As  G(n)  is  0(ii*)  in  the  neighborhood  of  ^  0,  it  follows  from  Eq.  (7,4)  that 

—gi(v)  is  0(n*).  Therefore,  the  imposed  conditions  are  satisfied. 

The  form  of  the  solution  given  by  (7.4),  though  closed,  is  not,  however,  con¬ 
venient  for  numerical  purposes.  For  this  reason,  a  power-series  solution  will  be 
given  below  by  assuming  /o  to  be 


^  ,  -2  a*  -6  ,  11a*  -8 

fo  =  iar,  -  2751  V  +  47g ,  n 


375a*  .11  . 
8-11!’' 


First,  the  substitution  of  this  expression  under  the  integral  sign  gives  the  func¬ 
tion  G(^) : 


^  3a*  .4  3a*  -7  I  999a*  .lo 

^  “  X’'  “  140’' 

Then  by  assuming  a  proper  power  series  for  gt ,  and  re-arranging  terms  on  the 
left-hand  side  of  Eq.  (7.3),  the  identification  of  coefficients,  suppressing  the 
arbitrary  constant,  yields  a  solution 

“  [^'l  ^  ~  liTl  ^  30X!  ^  ~ 

valid  for  rj  ^  rji,  rji,  being  a  fixed  number. 

On  the  other  hand,  for  large  fj,  fo  is  again  approximated  by  ^  —  /8.  The  eq. 
(7.1)  then  reduces  to 

gt'  +  hiv  ~  ^)gt  +  ^2  =■  —hiHv  —  (7.6) 

By  the  substitutions: 

gz  =  -Hv  -  h^)  +  g'it)  and  /  »  (]/V2)(ii  -  |8)  (7.7) 
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Eq.  (7.6)  can  be  transformed  into 

jt"'  +  +  V  “  0 

This  equation  can  be  twice  integrated  with  the  result 

^  tg  =  Cit  +  Ct 

Further  int^ration  together  with  (7.7)  yields  the  solution: 

{7*  =  -  W  +  Ci  +  f  e**'*dt  (7.8) 

•'ii 

If  the  solutions  (7.5)  and  (7.8)  are  joined  at  ri  =  =  3,  an  approximate 

determination  gives  Ci ,  C*  and  Ct  the  values  —1.901,  1.264  and  0.431  respec¬ 
tively.  Furthermore,  it  is  noted  that 

e“‘*  f  e**  dt 


approaches  zero  as  t  becomes  infinite,  the  function  gt  tends  to  negative  infinity 
as  —yi(ri  —  0/2)*.  gt  so  calculated  is  shown  in  Fig.  2. 

Finally,  it  must  be  remarked  once  more  that,  by  introducing  the  transforma¬ 
tion  function  as  given  above,  the  singularity  of  if  the  solution  of  the 

equation  for  were  to  be  found,  could  be  maintained  at  \/i  and  consequently 
the  third-order  correction  to  the  resistance  could  be  calculated.  From  a  general 
standpoint,  the  problem  can  thus  be  considered  as  successfully  solved. 

*  8.  Properties  of  the  transformation.  As  was  determined  in  the  previous  sec¬ 

tions,  the  transformation  (6.3)  can  now  be  discussed.  It  will  be  recalled  first  of 
all  that  the  flow  field  of  the  Blasius  solution  is  confined  to  the  first  quadrant 
with  the  plate  coinciding  with  the  positive  f-axis.,  both  variables  x  and  y  being 
positive.  From  the  definition  of  if  f  5^  0,  y  =  0  corresponds  to  ^  =  0  and  it 
follows  that  X  ^  i  aa  pj(0)  0.  That  is,  the  positive  2-axis  is  transformed  into 

itself.  On  the  other  hand,  if  x  =  0  but  y  >  0,  x  =  —  «  by  eq.  (7.4),  but  when 
X  and  y  vanish  simultaneously,  rj  becomes  arbitrary.  If  rj  varies  from  zero  to 
infinity,  the  whole  negative  x-axis  will  be  swept  by  the  equation  x  =  tgt{^). 
Thus,  the  origin  in  the  2,  ^-plane  is  turned  into  the  whole  negative  x-axis.  For 
values  of  2  different  from  zero,  it  can  readily  be  shown  that  every  2-const,  line 
is  mapped  into  a  curve  in  the  x,  y-plane,  which  begins  at  a  point  on  the  positive 
x-axis  and  tends  to  negative  infinity  when  ^  increases  indefinitely.  Consequently, 
the  Blasius  domain  is  transformed  into  the  whole  upper-half  x,  y-plane. 

According  to  the  Blasius  solution,  the  first  order  velocity  is  a  function  of  r) 
and,  following  the  definition  of  its  constant  values  lie  on  a  family  of  parabolas 
with  vertices  at  the  origin.  Since  one  of  these  parabolas  defines  the  boundary 
layer,  it  would  be  of  interest  to  determine  this  curve  in  the  x,  y-plane.  By 
eliminating  2  from  y  =  fiy/i  by  means  of  (6.3),  ^  =  const,  then  corresponds  to 

,  y  =  riy/x  —  <*p»(n)  (8.1) 
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in  the  z,  y-planes.  This  shows  that  the  family  of  parabolas  in  the  i,  ^-plane 
remains  a  family  of  parabolas  after  transformation.  The  difference  lies  in  the 
fact  that  before  the  transformation  to  z,  y-plane  the  vertices  of  the  parabolas 
were  all  located  at  the  origin;  after  transformation  they  are  separated  and  given 
by  Zb  —  tgiiv)  for  each  Since  j;j(0)  —  0  and  this  family  of 

parabolas  will  cover  the  whole  z,  y-plane.  The  particular  parabola  which  charac¬ 
terizes  the  boundary  layer  is  conventionally  taken  to  be  ^  »  5.2.  For  this  value 
of  gtii)  ~  —6.30.  In  the  case  of  Reynolds  number  of  100,  the  graph  is  shown 
in  Fig.  3.  It  is  interesting  to  note  that  the  region  in  the  neighborhood  of  the 
leading  edge,  which  was  neglected  in  the  Blasius  solution,  is  an  area  of  the  order 
of  (linear  dimension  of  the  order  of  v/U^).  This  result  shows  that  the  influence 
of  the  plate  does  spread  ahead  of  the  leading  edge  by  diffusion  at  all  Reynolds 
numbers  and,  therefore,  is  closer  to  physical  reality  that  than  predicated  by  the 
boundary-layer  theory. 

9.  Deduced  uniformly  valid  velocity  field.  A  clear  idea  of  the  effects  rendered 
to  the  solution  by  the  transformation  (6.3)  can  best  be  demonstrated  through 
the  examination  of  the  velocity  components  in  the  z,  y-plane.  For  this  purpose, 
only  the  first  order  Blasius  solution  will  be  considered.  By  assuming  ^ 
and  by  making  use  of  (6.3),  the  velocity  components  in  the  z,  y-plane  are  as 
follows: 

u  *  /5(n)  -I-  oat  *  -  ~ 

2z  —  t'rigt 


V 


tVi 

2i  -  t*ii*gi 


(vfo  -  fo) 


Since  the  denominator  2i  —  tfjgt  in  the  expressions  for  u  and  V  vanishes 
only  at  the  leading  edge,  the  solutions  might  still  be  singular  there.  However, 
the  infinity  in  V  on  the  f/-axis  is  clearly  removed.  Indeed,  V  is  now  finite  eveiy- 
where  and  on  the  negative  z-axis  it  is  zero.  The  effect  on  u  is  represented  by  an 
extra  term  which  in  most  of  the  boundary  layer  is  of  the  second  order.  The 
essential  change  lies  in  the  fact  that,  whereas  previously  u  was  unity  on  the 
negative  z-axis  (or  on  the  y-axis),  it  now  varies  with  ij  according  to  (9.1)  for 
i  -  0. 

In  order  to  bring  out  the  exact  nature  of  singularity  at  the  leading  edge,  the 
function  gt  for  small  rj  will  be  explicitly  approximated  by  the  leading  term, 
namely  by  —  n*/4  according  to  (7.5).  With  this  form  of  gt ,  Eq.  (6.3)  jrields  a 
solution 

2i  ^  r  +  x,  r*  -  z*  +  r*  (9.2) 


on  elimination  of  ^  by  y  »  On  accoimt  of  (9.2)  the  same  equation  gives 

also 


3 


€*v‘  -  2(r  -  z) 


(9.3) 
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If  the  Blasius  solution  is  approximated  also  by  the  leading  term,  then  from  (9.2) 
and  (9.3)  the  velocity  components  valid  in  the  neighborhood  of  the  plate  are: 


u 


a  (r-x)*'* 
2*/*t  r 


V  = 


Y 

r 


(9.4) 


From  this  result,  it  can  be  deduced  that  the  stream  function  is  proportional  to 
the  real  part  of  z*'*  —  l^z  and,  therefore,  is  biharmonic.  This  shows  that  in  the 
neighborhood  of  the  leading  edge,  the  improved  solution  satisfies  the  Stokes 
equation  and  has  a  singularity  similar  to  that  predicated  by  Lin  and  Carrier 
(4).  It  is  noted  further  that  the  velocities  u  and  V,  which  were  of  different 
order  of  magnitude  in  boundary-layer  theory,  are  now  of  the  same  order.  This 
is  another  feature  of  the  improved  Blasius  solution. 

By  the  same  method,  the  behavior  of  the  solution  at  the  edge  of  boundary 
layer  can  be  investigated.  For  large  according  to  (7.8),  gi{ri)  can  be  taken  to 
be  —  ^*74.  Then  it  can  be  shown  similarly  that  for  large  5 


u 


ft  y/  r  —  X 

2*'/*  r 


€/3  Vr  +  X 
2*/*  r 


(9.5) 


At  the  edge  of  the  boundary  layer,  Y  =  0(«).  In  conformity  to  the  convention 
adopted  in  Section  3,  the  edge  of  the  boundary  layer  will  be  defined  by  ^  =  «  ^ 

or  F  =  0.  Consequently,  on  the  boundary  F  =  0,  the  velocity  components  will 
take,  as  boundary  values,  1  and  (0/2\/x,  respectively,  which  agree  with  the 
Blasius  solution.  It  should  be  pointed  out  that  as  the  edge  of  the  boundary  layer 
is  approached,  the  additional  term  in  u  and  V  become  harmonic  functions,  and 
can  be  represented  by  The  fact  that  the  boundary  layer  solution  actually 

tends  to  the  character  of  potential  flow  is,  indeed,  remarkable.  It  might  be  added 
that  the  same  conclusions  apply  also  to  the  next  approximations. 


10.  Discussion.  As  the 'results  given  in  the  preceding  sections  all  p>oint  in 
the  right  direction,  there  seems  no  doubt  that  the  proposed  scheme  is  a  way  of 
solving  this  type  of  problem.  The  only  question  that  one  may  raise  is  whether 
or  not  the  solution  so  obtained  is  unique?  For  the  function  fft(v)  may  involve 
an  arbitrary  constant.  In  section  7,  it  was  chosen  to  be  zero  by  the  condition 
that  the  plate  remains  untransformed.  If  the  constant  were  not  zero,  the  parab¬ 
olas  would  either  cut  the  plate  or  have  vertices  ahead  of  the  plate  (according 
as  whether  it  is  positive  or  negative).  Neither  case  would  conform  to  the  physi¬ 
cal  picture.  Therefore,  the  condition  (^2(0)  =  0  must  be  the  unique  choice. 

In  section  9,  there  was  a  result  that  the  velocity  components  in  the  neighbor¬ 
hood  of  the  plate  become  the  same  order  of  magnitude.  From  this,  one  might 
expect  an  increase  of  wall  shear  stress  because  both  du/dy  and  dv/dx  have  to  be 
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considered.  However,  it  is  easy  to  verify  that  all  the  extra  terms  give  no  contri¬ 
bution  at  the  wall.  As  a  result  the  wall  shear  agrees  with  that  calculated  by  the 
boundary-layer  theory.  This  is  contrary  to  the  belief  that  the  flow  near  the 
leading  edge  is  of  the  character  of  slow  motion,  and  consequently,  should  have 
higher  shear  stress  than  that  calculated  in  the  boundary-layer  theory.  In  the 
light  of  the  new  results,  it  can  be  concluded  that  the  first  order  solution,  even 
after  the  improvement  by  Lighthill’s  method,  does  not  give  additional  shear 
stress.  The  second  order  contribution  comes  solely  from  the  fact  that  the  plate 
has  a  finite  length  in  the  flow  direction.  This  seems  to  be  consistent  with  the 
consideration  by  momentum  theorem  applied  to  a  section  of  the  wake  behind 
the  plate. 

Finally,  as  pointed  out  in  Section  9,  the  value  of  the  second  approximation 
to  V  at  the  edge  of  the  boundary  layer  can  be  defined.  With  this  as  boundary 
value,  the  second-order  pressure  can  similarly  be  determined  and  the  prob¬ 
lem  of  solving  can  be,  at  least  in  principle,  carried  out. 
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DIFFRACTION  AND  REFLECTION  OF  WEAK  SHOCKS 
BY  STRUCTURES 


By  Lu  Ting 


1.  Introduction.  The  problem  of  the  reflection  of  a  weak  shock  by  a  flat  comer 
was  considered  by  Bargmann  [1].  In  the  first  approximation,  in  which  the  flow 
is  irrotational,  he  obtained  the  velocity  potential  by  employing  the  Busemann 
conical  transformation.  In  a  similar  manner,  Lighthill  obtained  the  pressure 
field  behind  a  shock  (weak  or  strong)  passing  over  a  flat  comer  or  a  nearly  vertical 
comer  [2,  3].  Since  the  governing  differential  equations  and  the  boundary  condi¬ 
tions  are  linear,  one  can  obtain  the  solution  for  a  finite  shock  hitting  a  flat  surface 
or  a  nearly  vertical  wall  of  arbitrary  shape  by  superposition  of  Lighthill’s  solu- 
ti(Hi.  In  a  different  approach,  the  pressure  field  behind  a  finite  shock  hitting  a 
flat  surface  was  expressed  in  terms  of  Possio  integrals  [4], 

As  another  extension  to  Bargmann’s  problem,  the  solution  for  the  flow  behind 
a  weak  shock  passing  over  a  corner  of  any  angle  can  again  be  obtained  by  using 
the  Busemann  conical  transformation  [5].  However,  one  cannot  solve  for  the 
problem  of  a  weak  shock  hitting  an  arbitrary  surface  by  linear  superposition  of 
such  solutions  because  the  boundaries  are  nonlinear. 

In  this  paper  the  problem  of  a  weak  shock  hitting  a  two  dimensional  rectangu¬ 
lar  barrier  (or  stmcture)  of  height  h  and  width  L  (Figs.  1  &  3)  is  studied  from  a 
new  approach.  Instead  of  finding  a  superposed  solution  for  all  times,  we  propose 
to  look  for  solutions  that  satisfy  all  boundary  conditions  at  suitably  divided 
time  intervals.  This  method  is  developed  for  stmctures  of  two  different  forms; 
that  of  a  very  thin  barrier  and  that  of  a  rectangular  barrier  of  finite  width 
(2  &  3). 

For  a  weak  shock,  the  shock  strength  e,  defined  as  (Pi  —  Po)/Po ,  can  be  used 
as  the  expansion  parameter  where  Po  and  Pi  are  the  undisturbed  pressures  in 
front  of  and  behind  the  shock  respectively.  The  disturbed  pressure  behind  the 
shock  is  Po(l  +  *p)  +  0(«*)  and  the  velocity  of  the  shock  relative  to  the  stmcture, 
or  the  air  in  front  of  the  shock,  is  Co  -I-  0(e)  where  Co  is  the  sonic  velocity  of 
the  air  in  front  of  the  shoqk. 

In  the  first  approximation,  the  flow  is  irrotational,  and  the  velocity  potential 
as  well  as  the  disturbance  pressure,  p,  obeys  the  simple  wave  equation. 


dx*  dy*  Cl  dP 


(1) 


On  the  rigid  walls  the  normal  disturbance  velocity  v,  must  vanish.  This  leads 
to  the  boundary  condition  dp/dn  —  0,  due  to  the  linearized  equation  of  motion 
Podpidn  =  —podvn/dt,  where  po(“  yPo/Co)  is  the  density  of  the  air  in  front  of 
the  shock.  The  initial  conditions  are  p  »  pi  «  0  when  t  ^  0. 

We  shall  at  first  investigate  the  limiting  case  of  L  <K.h,  i.e.,  the  stmcture  is  in 
the  form  of  a  very  thin  barrier. 
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2.  Thin  Barriers  (L  <3C  h).  For  the  linearized  theory,  the  thin  barrier  can  be 
represented  by  a  segment  OA  on  the  y-axis  with  the  ground  as  the  x-axis  (Fig. 
1).  After  hitting  the  barrier,  t  ^  0,  part  al  the  shock  BD  advances  into  still  air 
undisturbed,  while  the  other  part  EF  is  reflected.  The  pressure  behind  the  shock 
EF  is  Po(l  +  2c)  [6].  The  disturbance  due  to  the  edge  A  is  confined  inside  the 
Mach  cone, 

y,  0  =  n  -  Coi  -  Vx*  +  (y  -  h)*  -  Co<  *=  0, 

and  there  is  no  discontinuity  in  pressure  across  the  Mach  cone.  In  the  following 
we  shall  find  the  solution  for  the  first  three  time  intervals 

(0  to  VC'o ,  h/Co  to  2h/Co  and  2h/Co  to  3h/Co) 

as  three  different  problems. 


^A9./«  DURING  THC  fNTCR  VRL  0<6  < 


(a)  The  First  Problem.  Fig.  la  represents  the  shock  pattern  during  the  interval 
0  ^  f  ^  h/Co .  The  disturbance  pressure  will  be  the  same,  if  we  consider  the 
barrier  as  an  infinite  wedge  of  zero  wedge  angle,  because  the  removal  of  the  ground 
(FOX)  would  not  change  the  shock  pattern. 

Following  the  method  used  by  Keller  and  Blank  [5],  the  Busemann  conical 
transformation  1/f  =■  4-  with  z  >■  Re**,  f  “  (ri/Coi)e**,  B  =  arctan 

(y  —  k/x),  and  ri/Cdt  -=  2R/(1  +  P*),  is  introduced,  so  that  the  simple  wave 
equation  for  p  reduces  to  a  Laplace  eq. 

p**  +  (1/R)pk  +  (l/i2*)p»*  **  0 
The  boundary  conditions  are  (Fig.  2a) 

p=“0fori2*l  0  >  0  >  — §T 

p  =  1  for  i?=*l  T>fl>0 

p  *  2  for  P  *  1  >  8  >  T 

and  p,  *  0  for  0  ^  P  ^  1,  8  ^  — ix  or  %x 
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In  order  to  solve  for  p{R,  6)  we  map  the  exterior  of  the  wedge  in  the  2-plane 
into  the  upper  half  of  the  w-plane  by  the  transformation 

w  =  Be*"  =  («)*♦ 


f/6.  /S  7y/£ //^r£/i\4^L  4^ 


ih/t,<  t  < -Sh/c, 


By  the  reflection  principle  we  may  extend  p  into  the  whole  circle  and  obtain 
a  boundary  value  problem  in  the  unit  circle  (Fig.  2b)  and  the  solution  can  be 
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shown  to  be  [5]: 


p(,w) 


H —  arctan 

IT 


1  -  Q* 

1  +  n*  +  2V^  cos  w 

1  ,  1  -  Q* 

- arctan  - = - 

»•  1  +  fi*  -  2v2«  cos  « 


(2) 


The  arctan  is  taken  in  the  interval  0  and  ir.  It  is  clear  that  from  eq.  (2)  the  pres¬ 
sure  in  front  of  and  behind  the  barrier  are  different. 


Eq.  (2)  defines  p  on  and  inside  the  Mach  cone  Si  =  0.  Outside  the  Mach  cone 
p  assumes  the  constant  values  of  0,  1,  2  in  the  regions  I,  II,  III  respectively 
(Fig.  la).  The  entire  solution  thus  obtained  is  continuous  across  the  Mach  cone 
and  will  be  denoted  by  Si{x,  y,  t). 

(b)  The  Second  Problem.  When  t  ^  h/Co ,  the  Mach  cone  «i(x,  y,  0  =  0  is 
intercepted  and  reflected  by  the  ground  (x-axis).  The  solution  Si  does  not  fulfill 
the  boundary  condition  p^  ==  0  on  the  x-axis.  The  additional  disturbance  St 
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in  front  of  the  structure  (x  >  0),  due  to  the  presence  of  the  ground,  has  to  fulfill 
the  simple  wave  equation,  eq.  (1),  and  the  following  boundary  conditions. 


(-S*).  -  0 

on  the  2/-axis 

(St),  -  -(St), 

on  the  x-axis,  when  0  <  x  < 

(St)y  -  0 

on  the  x-axis,  when  x  >  y/l^  —  A' 

and 

St  -♦0 

as  "x/x*  -b  y*  -♦  « 

Since  the  boundary  conditions  for  St  are  prescribed  only  on  the  right  half  of 
X  —  t  plane,  we  may  choose  <Ss  to  be  an  even  function  or  x  extending  through 
the  entire  x  —  t  plane.  This  enables  us  to  define  <Sv  for  the  entire  x  —  t  plane: 

Sv(x,  0,  0  =  — Si,(  I  X  1 , 0,  0  when  |  x  1  <  VCJf*  —  h? 

and  <Sv(x,  0,  0  “  0  when  \  x\  >  •y/Cli?  —  h? 


The  solution  satisfying  these  two  boundary  conditions  and  the  condition  » 0 
as  ,  can  be  expressed  in  terms  of  a  Possio  integral  (see  for  example 


ref.  [9]) 


Si{x,  y,  t) 


1  ff _ gi(  I  €  I  >  y)  dr _ 

I  JJ  Vit  -  r)*  -  I(x  -  {)•  +  »■)/« 


(3) 


integrated  over  the  area  in  the  (  —  r  plane  confined  by  hyperbola 
<  —  T  «  V(x  —  {)*  +  y'/Co 

and  the  {-axis,  with 

gii^,  t)  -  0  when  1  f  |  >  -  h' 

gii^,  r)  “  0,  t)  when  |  {  1  <  -  A* 

It  can  be  shown  that  the  expression  (3)  fulfills  the  boundary  condition 

SuiO,  y,  t)  =  0. 

Since  g\{i,  t)  “  0  outside  the  hyperbola  Cot  -  +  A*,  the  integration  ex¬ 

tends  over  the  portion  of  the  upper  f  —  r  plane  bounded  between  the  two 
hjrperbolas  Cot  -  \/^  +  A*  and  t  —  t  =  y/(x  —  f)*  +  y'/Cp .  The  two  h)rper- 
bolas  are  tangent  to  each 'other  when  «j(x,  y,  t)  ^  C4  —  \/x*  -f  (y  A)*  =  0. 
Hence  St  vanishes  on  and  outside  the  Mach  cone  sj  —  0.  When  the  point 
(x  >  0,  y,  t)  lies  in  between  the  cone  «*  =  0  and 

«i(x,  y,t)  =  Cct  -  h  -  y/x'  +  y*  -  0, 

the  area  bounded  between  the  two  hyperbolas  lies  entirely  in  the  first  quad¬ 
rant  of  the  {  —  T  plane.  Hence  the  disturbance  due  to  the  comer,  0,  is  confined 
by  the  Mach  cone  sj  =  0,  (Fig.  lb). 

Similarly,  we  can  express  S't ,  the  additional  disturbance  pressure  behind  the 
barrier  (x  <  0),  as  a  Possio  integral, 


1  ff  gi(-|ll>T)df _ 

rJJ  V(t  -  r)*  -  ((x  -  {)*  -H  yVCl 


(4) 


SHOCK  DIFFRACTION  AND  REFLECTION 


107 


Si  vanishes  on  and  outside  the  Mach  cone  s*  =  0,  while  the  disturbance  due 
to  the  comer,  0,  is  confined  by  the  cone  s*  =  0,  (Fig.  lb). 

Since  Si  is  not  an  even  function  of  x,  St  and  Sj  are  in  general  different  from 
each  other.  On  the  y-axis 

y,  t)  =  Si,{0~,  y,t)  =*  0 

St{0^,  y^Col-h,t)^  SU0~,  y  h,t)  =0 

but  y  <  CU  —  h,  t)  y  <  —  h,  t). 

Thus  a  difference  in  pressure  in  front  of  and  behind  the  barrier  is  created. 

During  the  interval  h/Co  ^  t  ^  2h/Co ,  the  total  disturbance  pressure  is  repre¬ 
sented  by  (Sj  -b  <Si  for  X  >  0  and  Si  -f-  Sj  for  x  <  0,  and  there  is  no  discontinuity 
in  pressure  across  the  Mach  cones  «i  =■  0,  St  =  0,  and  Sj  =  0. 

(c)  The  Third  Problem.  When  t  ^  (2h/Co),  the  difference  in  StfO"*",  y,  t)  and 
Si(0“,  y,  t)  would  create  a  discontinuity  in  pressure,  APj  =  S*  —  St ,  along 
the  portion  of  the  y-axis  where  Cot  —  h  >  y  >  h.  The  additional  disturbance, 
which  will  be  confined  inside  the  Mach  cone, 

y,t)  ^  CtJL  -  2h  —  \/(y  —  A)*  +  X*  *  0, 

should  be  such  that  the  total  disturbance  pressure,  p,  and  the  x-  and  y-compo- 
nents  of  the  disturbance  velocity,  i.e.,  u  and  v,  are  continuous  across  the  jjortion 
of  the  y  —  t  plane  where  y  >  h  and  t  ^  2h/Co .  The  conditions  on  velocity 
components,  i.e.. 


u(0^ 

y,t)  ^ 

m(0  , 

,  y,  0 

vi0\ 

y,  0 

r(0“. 

y,  0 

imply 

y,  0  =* 

w»(0“ 

,  y,  0 

and 

Vii0\ 

y,  t)  = 

,  y,  0 

which,  in  turn,  imply  the  continuity  of  the  first  derivatives  of  p  on  account  of 
the  linearized  equations  of  motion. 

Let  St  and  represent  the  additional  disturbance  pressure  for  x  >  0  and 
X  <  0  respectively.  They  will  both  obey  the  simple  wave  equation  and  the  fol¬ 
lowing  boundary  conditions: 


'Ste(0'^,  y  <  h,t)  5u(0  ,y<h,t)=‘0 

(5a) 

SuiO^,  y>h,t)^  5;.(0-,  y>h,t) 

(5b) 

S,(0+,  y>  h,t)  -  Si(0“,  y  >  A,  0  “  -AP, 

(5c) 

and 

<Sii  »  iSi  ==  0  on  and  outside  the  Mach  cone  si  =  0 

(5d) 

This  problem  can  be  solved  by  using  the  method  developed  by  Eward 
[7, 8]  and  Ward  [9].  Due  to  the  boundary  conditions  (5),  St  and  St  can  be  written 
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in  the  form  of  Possio  int^rals 

>  0,  y,  t)  =  -St  (x  <  0,  y,  t) 


--Iff 


gtiyi,  t)  dll  dr 


(6) 


V[t-T-  (2h/Co)Y  -[x'  +  (y-h-  r,y\/Cl 


The  integration  extends  over  the  domain  in  the  first  quadrant  of  the  —  r 
plane  bounded  by  the  hyperbola  Co(t  —  t)  —  y/x*  +  (y  —  h  —  ti)'  —  2h  =  0, 
and  the  straight  line  Cor  =>  ri,  where 

gt(fi  >  0,  T  >  0)  =  5te(0,  ij  +  A,  T  -f  2h/Co)  =  Si,(0  ,  +  k,  r  +  2h/Co) 

is,  as  yet,  an  unknown  function. 

To  determine  gt ,  we  apply  the  boundary  condition  (5c)  which  gives: 

~ ;  //  -  w/ci  “ 

The  integration  is  taken  ovej  the  portion  of  the  first  quadrant  of  the  —  r 
plane  bounded  by  the  straight  lines,  Cor  =  i;  and 

Co(f  —  T  —  2h/Co)  =  ±  (y  —  ti  —  h). 

Following  Eward  and  Ward’s  method,  we  transform  the  integral  by  putting 

o  =  Co<  —  y  —  h,  0  =  Cot  +  y  —  3h 

a  =  CoT  —  n  and  =  Co  r  + 

Eq.  (7)  becomes 


(8) 


where 


and  /i(a,  /3)  =  Ap*  ^ 


-  a +  2h  /3  +  a  +  4/1^ 


with  P  >  a. 


This  equation  is  an  int^al  equation  of  Abel’s  type  [8,  9]  for  the  contents  of  the 
brackets,  and  the  solution  is 

C,(a,/80  rfta(a’,0)da 

L  VW-r)"^  =J.  Va-a'  ® 

Eq.  (9)  is  another  Abel’s  integral  equation  for  Gt  and  its  solution  is 

rO  d0'  rftaia',  ^')da' 


n(  ^  f  dp  rMa  ,  P  )  do 


(10) 


Knowing  G|(  =*  gt),  we  can  evaluate  St  and  St  from  eq.  (6).  During  the  interval 
2A/Co  ^  t  ^  Sh/Co ,  the  total  disturbance  pressiu^  in  front  of  and  behind  the 
structure  are  /Si  +  5j  +  (S*  and  Si  +  S't  +  St  respectively. 
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When  i  ^  3h/Co ,  the  disturbances,  <S|(for  x  >  0)  and  (Si(for  x  <  0),  con¬ 
fined  by  the  Mach  cone  fl|  =  0  are  reflected  by  the  ground.  The  additional  dis¬ 
turbances  due  to  reflection,  (S4(for  x  >  0)  and  Sl(for  x  <  0)  are  related  to  Sty 
and  S'iy  the  same  as  St  and  St  to  Siy  in  the  second  problem.  St  and  iSi  vanish  on 
and  outside  the  Mach  cone  S4(x,  y,  t)  =  C(^  —  2h  —  y/x^  +  (y  +  h)'  =  0  while 
the  influence  of  corner  “0”  (Fig.  1)  is  confined  by  the  Mach  cone  8t(x,  y,  1)  = 
Cot  —  3h  —  \/x*  4-  y*  =  0.  When  t  ^  Ah/Co ,  the  disturbances  <84  and  Sj  inter¬ 
fere  with  each  other  over  the  barrier  (x  =  0,  y  >  h).  This  interference  causes 
an  additional  disturbance,  Si(for  x  >  0)  and  Sj(for  x  <  0).  They  are  related  to 
Si  and  Si  the  same  as  St  and  S't  to  St  and  St  in  the  third  problem.  1S4  and  Si  will 
be  confined  by  the  Mach  cone 

St(x,  y,  t)  =  Col-  4h-  Vx*  +  {y  -  h)*  =  0. 


It  is  clear  that  after  the  instant,  t  =  (2n  —  l)h/Co ,  the  additional  disturbances 
created  during  the  preceding  interval  (2n  —  2)h/Co  ^  t  ^  (2n  —  l)h/Co ,  are 
reflected  from  the  ground.  Due  to  the  reflection  the  additional  disturbances 
S2«(for  X  >  0)  and  (S*»(for  x  <  0),  which  are  solutions  to  the  second  problem, 
interfere  with  each  other  over  the  barrier  after  the  instant  t  =  2nh/Co  and 
cause  the  additional  disturbances  Stn+i  and  Stn+i ,  which  are  solutions  to  the 
third  problem. 

Based  upon  the  preceding  reasoning,  we  can  compose  the  expression  for  the 
disturbance  pressure  for  any  instant,  t,  from  the  solutions  to  the  preceding 
three  problems  as  follows: 

(a)  During  the  interval  (2n  —  l)h/Co  ^  t  ^  2nh/Co 


P  = 


Si  -f-  Si 

Si  -b  ^*22  Sk 


for  X  >  0 
for  X  <  0 


S2»(or  is  a  solution  to  the  second  problem  and  is  related  to  (S2»-i(or  /Sin-i) 
the  same  as  52(or  St)  to  Si . 

(b)  During  the  interval  (2nA)/C'o  ^  t  ^(2n  ■+■  l)h/Co 

^  I  +  2*22 '  Sk  for  X  >  0 

I  <Si  "h  2*^*  “S*  for  X  <  0 

<S2»+i(or  is  a  solution  to  the  third  problem  and  is  related  to  52»(or  S'tn)  the 
same  as  Ss(or  S'l)  to  St{ox  St). 

Across  all  the  Mach  cones. 


Stn(x,  y,  t)  =  Cot  -  (2n  -  2)h  -  Vx*  +  {y  +  h)'  =  0, 
Sin(x,  y,  t)  =  Cot  -  (2n  -  l)h  -  Vx*  -|-  y*  =  0, 
and  52»+i(x,  y,  t)  =  Cot  —  2nh  -  Vx*  +  (y  —  /»)*  =  0, 


the  disturbance  pressure  in  the  first  approximation  is  continuous.  However, 
second  order  (c*)  shocks  may  exist  in  the  neighborhood  of  the  Mach  cones 
[10,  11,  12], 
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3.  Rectangular  Barriers  of  Finite  Width  (L/A  »  0(1)).  For  the  convenience 
in  explanation,  we  assume  2h  >  L  >  h,  but  actually  the  solution  can  also  cover 
the  case  <A  L  h  and  L  ^  2A.  As  in  the  problem  of  thin  barrier,  the  solution 
can  be  composed  from  the  solutions  to  the  following  three  problems: 

(a)  The  First  Problem.  Fig.  (3a)  represents  the  shock  pattern  during  the  inter¬ 
val  0  ^  ^  A/Co .  The  disturbance  pressure  will  be  the  same  if  we  consider  the 

barrier  as  an  infinite  wedge  of  90**  wedge  angle.  The  solution  Si  can  be  obtained 
in  a  similar  manner  as  that  for  the  thin  barrier  with  slight  modification  due  to 
the  difference  in  boundary  conditions. 


during  THE  interval 


(b)  The  Second  Problem.  When  t  >  A/Co ,  an  additional  disturbance  pressure 
iSs  is  created  behind  the  barrier.  S't  is  related  to  (Si  by  eq.  (4)  (Fig.  3b). 

(c)  The  Third  Problem.  When  t  ^  L/Co ,  the  Mach  cone 

(Si  *=  Co<  —  V^x*  -f-  (y  —  A)*  •*  0 

is  passing  over  the  comer  A*  (Fig.  3c).  The  solution  Si  is  in  general  different 
from  zero  along  the  line  y  ^  h,  although  its  derivative  Siy  vanishes  there.  A 
discontinuity  in  pressure,  Ap  *  (Si ,  would  be  created  along  the  line  A'B  (Fig. 
3c).  The  additional  disturbance  which  will  be  confined  inside  the  Mach  cone, 

stix,  y,  t)  =  Cot  -  L  -  \/(x  -  L)*  +  (y  —  A)*  =  0 

should  be  such  that  the  discontinuity  of  pressure  along  the  line  A  'B  is  removed. 

Let  St  and  S't  represent  the  additional  disturbance  pressure  in  r^ons  I  and 
II  respectively.  They  will  both  obey  the  simple  wave  equation,  eq.  (1),  and  the 
boundary  conditions  as  shown  in  Fig.  (3c). 
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and  g%{^  >  0,  t)  is  determined  by  the  following  integral  relationship 

1  /*/* _ [g»(f »  r)  +  gi(  I  ^  ! »  r)]  dg  dr  _  o  f  i 

X  JJ  Vit-T-  L/Co)*  -  (x  -  L  -  ^y/ci  ~ 


with  X  >  L. 

As  in  the  third  problem  for  thin  barriers,  we  can  arrive  at  the  following  integral 
equation  for  Gt , 


f 

Jo 


a) 


Gt(a,  /30  ,  fiaia',  /3)  da' 

y/J^'  ^  ~  Jo  Va  -  a' 


(11) 


for  all  value  of  /3  >  a,  with 


G,(a',  /3')  =  gm'  -  «'),  W  +  a')/Co] 
and  /i(«>  /3)  =  25i[i(/3  —  a  +  2L),  h,  i(/3  +  a  +  2L)ICo 


The  author  has  not  been  able  to  obtain  a  solution  of  eq.  (11)  in  a  closed  form. 

As  in  the  thin  barrier  problem,  after  the  instant  of  <  =  (mL  +  nh)/Co ,  where 
n  and  m  are  two  positive  integers*  an  addition  disturbance  will  be  produced.  It 
will  be  either  a  solution  to  the  second  problem  or  to  the  third,  depending  upon 
whether  a  Mach  cone  is  reflected  by  a  90°  concave  corner  (Fig.  3b)  or  passing 
over  a  90°  convex  comer  (Fig.  3c). 


4.  Conclusion.  An  analytic  expression  for  the  pressure  distribution  behind  a 
weak  shock  passing  over  a  structure  in  the  form  of  a  thin  barrier  is  obtained. 
For  structures  in  the  form  of  rectangular  barriers  of  finite  width,  the  problem 
is  reduced  to  that  of  solving  an  integral  equation. 
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Appendix :  The  Pressure  Distribution  and  the  Total  Forces  on  the  Thin  Bar¬ 
rier.  From  eq.  (2)  in  §2,  the  pressure  distribution  on  the  thin  barrier  for  the 
first  time  interval  (0  ^  ^  h/Co)  is 

p(x  -  0~,0  ^  y  ^  h,  (f  ^  2  —  p(x  =  0^,0  ^  y  ^  h,  t) 


T  Cot  -  2{h  -  y) 


(A-1) 


Since  the  solution  —  2  +  <Si(x  <  0,  —y,t),  which  is  a  solution  to  the  simple 
wave  equation,-  vanishes  on  the  portion  of  the  Mach  cone  sj(x,  y,  t)  =0  inside 
the  second  quadrant  of  x  —  y  plane,  and  also  fulfills  the  boundary  conditions  for 
Si  on  X  =  0,  and  y  =  0,  w'e  can  conclude  that 


and 


S'i(x  <  0,  y,  t)  >=  Si(x  <  0,  —y,  t)  —2  for  st  ^  O] 
Sj  =  0  for  Sj  ^  0  j 


(A-2) 


without  evaluating  the  Possio  integral  in  eq.  (3). 
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Based  upon  the  same  reason,  we  obtain 

<Sj(x  >  0,  y,  0  =  iSi(x  >  0,  -y,  i) 

and  also 

Stnix  >  0,  y,  t)  =  Sj,_i(x  >0,  -y,  t) 
Sin(x  <  0,  y,  t)  =  5i,_i(x  <  0,  -j/,  0 


(A-3) 


(A-4) 


where  n  =  2,  3,  4  •  •  •  . 

The  pressure  distribution  on  the  portion  of  the  thin  barrier,  Ci^  —  h  y  ^  0, 
for  the  second  time  interval  (h/Co  ^  i  ^  2h/Co)  is 

p(x  =  0~,  Cot  —  h  ^  y  ^  0,  t)  =  2  —  p(x  =  0^,  C(^  —  h  ^  y  ^  0,  t) 

f)(Cof  -  h  +  y) 

-  2(h  -  y) 

2V(h  +  y)iCot  -h-y) 


_  i .„.tan -  vWjt  -  h  +  V) 

T  Cot  —  2(h  —  y)  (A-4) 


-1-  -  arctan 

T 


Cot  -  2{h  -h  y) 


For  the  remainder  portion  of  the  barrier.  Cot  —  h  ^  y  ^  h,  eq.  (A-1)  is  still 
valid. 

For  the  third  time  interval,  2h/Co  ^  t  ^  Sh/Co ,  we  have  to  know  Sz  and  S'z 
which  are  related  to  St  and  iSi  by  eqs.  (6)  and  (10).  If  we  are  interested  only 
on  the  value  of  Sz  (and  Sz)  on  the  barrier  (x  =  0,  y  <  h)  eqs.  (6)  and  (10)  can 
•  be  replaced  by  a  direct  relation  between  Api(y  >  h,  t)  and  Sz(x  =  O'*",  y  <  h,t) 
^  as  follows  [9] : 

Sz(x  =  0^,y  ^  h,  t)  =  -Szix  =  0",  j/  ^  h,  t) 

1.  g»(«^  ^0 

“  2t  io  J.'  Via  -  a')iP  -  0') 

_ /•<»  da'  d  r'  Szia\0)  da" 

2t  Jo  V a  —  a'  da  Jo  Va  —  a  ^ 


2t  Va  —  0  Jo  V0  — '  a" 


J_  da  I  “  fija",  0)  da" 
4r  Jo  (a  —  a'Y'^  Jo  V a'  —  a" 


(A-5) 


—  _  V^^  ~~  ^  /»(“^>  0)  da'' 

2t  Jo  (a  —  a)V 0  —  a" 

=  -  ^“2^  ^  arctan  ^ 

4. «  -  ^  fyaQa,  0)  -  Ma",  0) 
2t  Jo  (a  -  a'')V0  —  a" 
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Similarly,  the  values  of  (S*,+i(“  —Stn+i)  on  the  barrier  (z  —  0,  y  <  A)  can 
be  related  directly  to 

^Piniy  >  h,  <)[“  -5i»(x  =  0~,  j/  >  h,  t)  +  Sin(,x  «  0"^,  y  >  h,  t)  -  -2Sj,l 
as  (S|(*«  —  si)  to  Apt  in  eq.  (A-5). 

Thus,  we  have  succeeded  to  show  that  the  only  difficulty  involved  in  obtaining 
the  pressure  distribution  on  the  barrier  for  any  instant  is  to  evaluate  repeatedly 
the  definite  integrals  of  the  type  in  eq.  (A-5).  This  can  always  be  done  by  numeri¬ 
cal  method  (Simpson’s  one-third  rule). 


f/G.  4  THE  DffFE/iENCE  IN  PRESiURE  IN  FRONT  OF 
AND  BEHIND  THE  7H/N  BARRIER 


The  pressure  difference  behind  and  in  front  of  the  thin  barrier, 

p(0~,  0  S  y  ^  h,t)  -  p(0,  0  ^  y  ^  h,t)  Ap(0  ^  y  ^  h,  t) 

for  the  instances,  t  =  h/{2Co),  t  •=  h/Co ,  t  *  Sh/2Co ,  t  “  2h/Co ,  t  ”  5A/(2Co) 
and  t  =  3h/Co ,  is  shown  in  Fig.  4.  The  curves  are  continuous,  but  their  slopes 
have  discontinuities  at  points  Qi ,  Qt,  and  Qt .  This  indicates  that  the  first 
derivatives  of  the  disturbance  pressure  p(x,  y,  t)  are  discontinuous  across  the 
Mach  cones  Si  ~  0,  »  0,  and  «i  >  0.  The  disturbance  pressure  behind  and  in 

front  of  the  thin  barrier  can  be  obtained  from  their  difference  by  the  following 
simple  relations. 

p(0“  O^y^h,  0  =  1+  iAp(0  ^  y  ^h,t) 
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and  p(0'^,  O^y^h,  0  »  1  -  §Ap(0  ^  y  ^  h,t) 

Fig.  5  shows  the  variation  of  the  total  force  acting  on  the  thin  barrier  for  the 
time  interval,  0  ^  ^  3h/Co . 


FI6.S  THE  TOTAL  FORCE  ACTfHG  OH 
THE  TH/N  BARRIER 
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BOUNDS  FOR  SOLUTIONS  OF  BOUNDARY  VALUE  PROBLEMS 
IN  ELASTICITY 

By  K.  Washizu 

1.  Introduction.  When  boundary  value  problems  can  be  solved  only  approxi¬ 
mately,  it  is  desirable  to  obtain  upper  and  lower  bounds  of  the  solution.  Since 
Trefftz’s  paper  on  the  lower  bound  of  the  torsional  rigidity  of  bars  was  published 
[1],  many  papers  answering  to  this  requirement  have  appeared  in  the  field  of 
elasticity  [2,  3].  Several  years  ago,  a  method  of  geometrical  representation  in 
function  space  with  positive  definite  metric  was  presented  by  W.  Prager  and 
J.  L.  Synge  [4].  This  method  enables  us  to  grasp  approximate  methods  intuitively 
and  to  estimate  the  error  in  a  mean  square. 

Formulae  for  upper  and  lower  bounds  were  obtained  by  Greenberg  for  the 
Dirichlet  problem  [5]  and  by  Diaz  and  Greenberg  for  the  first  biharmonic  bound¬ 
ary  value  problem  [6]  and  for  the  first  boundary  value  problem  of  elasticity  [7]. 
Using  a  different  method  Maple  and  Synge  obtained  also  bounds  for  the  Dirichlet 
problem  and  for  the  problems  in  elasticity  [8-11]. 

The  chief  difference  between  the  method  used  by  Diaz-Greenberg  and  that 
by  Maple-S}mge  lies  in  the  treatment  of  the  Green  functions,  which  have  not 
integrable  squares.  Diaz  and  Greenberg  succeed  in  avoiding  divergent  integrals 
by  introducing  other  subsidiary  functions  denoted  by  W,  U  and  V  in  the  present 
paper,  while  Maple  and  Synge  do  it  by  cutting  out  a  finite  circular  or  spherical 
region  at  the  point  where  the  bounds  are  sought. 

In  the  present  paper,  the  Diaz-Greenberg’s  method  is  followed,  and  unified 
formulae  for  bounds  of  solutions  in  problems  of  elasticity,  including  two-  and 
three-dimensional  problems,  bending  of  plates  and  torsion  of  bars,  are  represented 
geometrically  in  function  space.  The  Green  functions  above  mentioned  are  called 
elementary  solutions  in  this  paper,  being  denoted  by  (p.  They  have  definite  physi¬ 
cal  meanings  and  are  easily  obtainable  in  many  cases.  Several  examples  of  elas¬ 
ticity  are  taken,  but  the  same  method  will  be  applicable  to  other  similar  problems. 


2.  Definition  of  the  three  dimensional  stress  problem.  Let  the  problem  be 
defined  by  the  following  equations: 

(1)  Equations  of  equilibrium 

dajdx  -|-  dTyxIdy  ■+■  dr,aldz  ■«  0,  etc.  (1) 


where  body  forces  are  assumed  to  be  absent  for  the  sake  of  simplicity. 

(2)  Conditions  of  compatibility,  i.e.  conditions  that  strain  components  are 
derived  from  u,  v  and  w  such  that 

c,  *  duldx,  etc.  yxa  =  du/dy  -]-  dv/dx,  etc.  (2) 


(3)  Stress-strain  relations 

,  Ee,  —  <r,  —  i>(<r,  -|-  <r,),  etc. 
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rrt ,  etc. 


f. 


( 


f 


(3) 
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(4)  Boundary  conditions 

/XA  ja,  r,.  r„\  /n  ItA 

j  y,  j  3  j  <r„  r,,  j  j  m  j  -  j  ?,  j  on  Sj,  (4a) 

\z,  /  \r„  T,,  o,j\nj  I 

u  ^  u,  i>  *  to  *  IP  on  (S*  (4b) 

where  I,  m  and  n  are  the  direction  cosines  of  the  normal  drawn  outwards  on  the 
boundary,  and  Si  and  St  denote  the  parts  of  the  boundary  where  the  force  and 
displacement  are  specified,  respectively.  For  the  sake  of  brevity,  we  will  treat 
simply-connected  bodies  only. 

3.  Set  of  functions.  According  to  the  method  propounded  by  H.  J.  Greenberg 
and  W.  Prager,  let  us  consider  a  set  of  (ff« ,  ff*  ,  •  •  •  ,  as  a  vector  in 
the  function  space  and  adopt  vectorial  notations  defined  in  the  following: 

S  is  the  exact  solution  of  the  original  problem; 

5'  satisfies  the  conditions  with  respect  to  stresses  only,  namely,  (1)  and 
(4a); 

I'p  satisfies  (1)  and  homogeneous  boundary  conditions  on  ,  namely,  X,  »  0, 
y,  =  0  and  Z,  -  0,  (p  —  1,  2,  •  •  •  ,  m); 

satisfies  the  conditions  with  respect  to  displacements  only,  namely  (2) 
and  (4b); 

satisfies  (2)  and  homogeneous  boundary  conditions  on  5* ,  namely,  m  ■■  0, 
V  =  0  and  w  ■=  0,  (g  -  1,  2,  •  ■  •  ,  n); 

^  is  an  elementary  solution  with  an  isolated  singularity  at  the  point  ({,  ri,  ^), 
it  satisfies  the  field  conditions  only,  namely,  (1)  and  (2); 

W  satisfies  (1)  and  (2),  and  <p  -\-W  satisfies  homogeneous  boimdary  conditions 
of  stresses  on  /Si  and  of  displacements  on  St ,  respectively,  (it  is  the  regular 
part  of  a  certain  Green  function) ; 

U  satisfies  (1)  and  the  same  boundary  conditions  as  TT  on  /Si ; 

V  satisfies  (2)  and  the  same  boundary  conditions  as  TT  on  /Sj  ; 

It  is  assumed  that  the  relations  (3)  hold  in  every  case. 

4.  Definition  of  a  scalar  product  Let  two  arbitrary  vectors  be  denoted  by 
N  and  N',  and  their  components  of  stress  and  strain  be  represented  by 

(®» »  ,  •  •  •  .  Tji,),  (c»  t  t  ’  ’  ’  t  Y*»)  nnd  (ff» ,  (r„ ,  •  •  • ,  Tsy),  (c»  »£»>*“■»  Y*i/)* 

respectively.  The  scalar  product  of  the  two  vectors  in  the  function-space  is 
defined  by 

(N,  N')  *  (<TzCm  <ry  ey  +  a,  e',  -i-  •  •  •  -}-  Tyyy'yy)  dv,  (5) 

the  integrals  being  taken  throughout  the  body.  From  (5)  the  following  relations 
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are  obtained  immediately: 

(N,  N')  ~  (N',  N),  (N,  i\r)  *  II  iV  II  *  >  0 

I  (iV,  N')  I  ^  II  iV  II  •  II  iV^  II  Schwarz’s  inequality 

If  we  replace  N'  in  (5)  by  S",  and  denote  the  displacement  components  of 
by  (u",  v",  w"),  then  we  get 


where  the  brackets  [  ]i  and  [  Jj  denote  the  surface  integrals  on  Si  and  St ,  re¬ 
spectively.  As  in  the  above,  the  bracket  is  so  defined  that  it  is  built  with  the  dis¬ 
placement  components  of  the  first  vector  and  the  stress  components  of  second 
one.  The  operation  denoted  by  the  bracket  is  generally  non-commutative.  Writing 
5  for  the  given  surface  value,  we  find  that 

(5",  S')  -  [S^,  S]i  +  [S,  S']t ,  (5^,  /;>  -  [S, 

(/:,  S')  -  [/:,  S]i,  (/;  ,  O  -  0, 


The  last  two  relations  mean  that  Ip  and  /,  are  orthogonal  in  the  function  space. 
The  geometrical  representations  of  these  relations  are  illustrated  in  fig.  1. 


6.  Fundamental  inequalities.  Let  us  consider  the  scalar  product  of  ^  and  5 
in  two  ways,  namely, 

(¥>t  S)  =  (5,  <p\i  4-  [<S,  ^]i  +  q,  {•) 

.  “  (*5,  <fi]\  +  [5,  ip]t  +  A 


} 

i 

4 

i 


i 

I 
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(iP>  *S)  “  W,  *511  +  fcp,  5]i  +  A\i,  ij,  f) 

-  +  +  (7b) 

where  A  and  A'  are  certain  functions  depending  on  the  singularity  of  tp.  Since 
we  have 

[S,  v\i  ~  -[S,  Ul  -  -{S,  U)  +  [S,  U\,  -  -iS,  U)  +  [S,  t/],  (8a) 


k  5k  -  -[V,  5k  -  -iV,  S)  +  [V,  5]i  -  -{V,  S)  +  [V,  5k ,  (8b) 

we  get  from  (7a)  and  (7b), 

A  -  A'  ^[v+V,  5k  -  [5,^  +  C/k  +  (5,  U  -V) 

^[v+V,  5k  -  (5,,.  +  f/k  +  (S',  U-V)  +  (S-S\U  -V) 

(9a) 

-l^+V,5k-[5,v+t/k+(5',t/-y)  +  (5-5',t/-  V)  (9b) 
^[v+V,  S\x-  [S,<p+  U\t  +  (i(5'  +5^),  U-V)  + 

(5  -  i(5'  +  5^),  {/  -  V).  (9c) 
By  the  Schwarz’s  inequality  already  mentioned  we  get 

I  (S  -  5',  1/  -  V)  I  s  II  S  -  5'  II  ■  II  u  -  F  II  S  II  s'  -  s'  II  •  II  t/  -  II  ' 

I  (S  -  S',  t/  -  V)  I  s  II S  -  S'  II  •  II 1/  -  F II  s  II  S'  -  S'  II .  II  t/  -  r  II 
and 

I  (5  -  i(5'  +  5"),  c/  -  F)  I  ^  i  II  y  -  5"  II  •  II  -  F  ||. 
Consequently,  if  we  put 

A-  A' s  P, 

then  upper  and  lower  ^unds  of  th  value  of  P  are  obtainable  in  terms  of  S', 
S",  tp,  U,  and  F,  namely, 

I  P  -  Ik  +  V,  5]i  -  [5,,.  +  U]t  +  (5',  U-V)\\ 

SlIS'-S'll  .||i;-F||  (lOa) 

I  P  -  Ifc  +  F.  S],  -  lS,v  +  t/l  +  (S',  1/  -  F)|  I 

a  II  S'  -  S'  II  .  1117  -  F  II  (10b) 


P  -  1I*>  +  F,  SI,  -  [S,  y  +  C7),  +  KS'  +  S',  C7  -  F)1  I 

a4||S'-S'||.||t7-F||.  (10c) 
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The  accuracy  of  the  above  bounds  can  be  improved  by  putting 

S'  -  S'o  •+  ,  U  ~  Uo+  T.U  c^l'p  , 

ST  ~  s:  +  b,l"  ,  V  =  Vo  +  dol,  , 

where 

S'otS',  S!  tS",  Uot  U,  and  Vo  t  V, 

and  determining  the  arbitrary  constants  a,,  b,,  c,  and  d,  so  that  ||  S'  —  5^  || 
and  II  ^  —  V  II  are  reduced  as  small  as  possible. 

6.  Some  examples  of  elementary  solutions.  Some  examples  are  listed  in  the 
table  1.  The  singular  point  ((,  ti,  i*)  being  taken  at  the  origin  of  the  coordinates, 
P  is  the  value  at  the  origin. 


TABLE  1 


Displacement  components  defined  by 


'  II. 


III. 


IV. 


r» 

xz 

tr-  “  — 
*  r* 


«,-(l-4.)i+3^ 

Z  ,  , 

-ii+3-?- 


u.~  (l-2.)5+3l 


w,-  + 


u,  -  (1  -  2.)|  +  3^ 

>.,.(l-2.)f  +  3^’ 


16(1  -  p)irG-U 


16(1  -  v)irG-  P 
dx 


8(1  —  i')x'<r. 


8(1  — 


W’e  =  3-^ 
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The  expressions  I  correspond  to  the  solution  of  an  infinite  body  subjected  to  a 
concentrated  load  in  the  direction  of  the  x-axis  [12].  The  expressions  II  are  de¬ 
rived  from  I  [12].  The  former  ones  are  same  as  those  given  by  Diaz  and  Green¬ 
berg  [7]  though  based  on  the  scalar  product  (5)  defined  differently.  The  expres¬ 
sions  III  and  IV  correspond  to  the  solutions  of  an  infinite  body  with  a  concen¬ 
trated  dislocation.  The  expressions  III  are  derived  from  the  solution  of  an  in¬ 
finite  body,  which  has  a  circle  of  discontinuity  with  respect  to  the  displacement 
u  in  the  {y,  z)  plane,  by  reducing  the  radius  of  the  circle  to  zero,  keeping  the 
product  (the  dislocation  strength)  X  (the  area  of  the  circle)  constant  [13].  The 
expressions  lY  are  the  solution  of  an  infinite  body  with  a  point  of  discontinuity 
with  respect  to  the  displacement  v  in  the  (y,  z)  plane,  obtained  by  the  same  limit¬ 
ing  process  as  above. 

The  free  Green  vectors  for  stress  and  displacement  were  obtained  by  Synge — the 
so-called  Maple-Synge  method  [10] — by  using  the  property  that  the  dilatation 
or  the  sum  of  the  principal  stresses  is  a  harmonic  function  and  applying  the  mean 
theorem  of  the  potential  theory.  The  free  Green  vectors  obtained  by  the  said 
author  are  similar  in  their  forms  to  the  elementary  solutions  listed  above.  The 
latters  defined  by  the  field  conditions  (1)  and  (2)  are,  however,  more  restricted 
in  their  definition  and  more  definite  in  their  physical  meanings  than  the  formers. 

So  far,  some  elementary  solutions  of  three  dimensional  problems  have  been 
obtained.  As  the  elementary  solution  has  to  be  selected  according  to  the  problem, 
let  us  take  up  in  the  following  some  special  problems,  viz.,  two  dimensional 
stress  problems,  bending  of  thin  plates,  and  torsion  of  bars. 

0 

7.  Two  dimensional  stress  problem.  Let  the  problem  be  defined  by  the  follow-  ^ 
ing  fundamental  equations: 

(1)  Equations  of  equilibrium 

doa/dx  +  dTysfdy  ■*  0,  dta^/dx  -H  dajdy  —  0. 

(2)  Conditions  of  compatibility,  i.e.  conditions  that  strain  components  are 
derived  from  u  and  v  such  that 


e,  ■■  du/dx,  Cy  =  Bvidy,  *  duldy  +  dvjdx. 

i 

(3)  Stress-strain  relations 

ECa  “  Va  ”  ECy  *  <Xy  ,  ^"Yay  “  ^wy  • 

(4)  Boundary  conditions 


on  Si, 
on  Si . 


Some  examples  of  <p  and  P  are  listed  in  the  table  2,  in  which  x  ^  r  cob  6  and 
y  r  tan  9. 
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Airy’s  stress  function  defined  by  p 


TABLE  2 


- 

fcj 


[  *  (2)  Conditions  of  compatibility,  i.e.  conditions  that  strain  components  are 

I  t  derived  from  v>  such  that 

■  *ii  ”  —  d*t/>/dx*,  Kn  *  —d*w/dy*,  ku  “  —d'w/dxdy.  (12) 

I  (3)  Stress-strain  relations 

I  Mil  “  1>(ku  +  »'*»),  Mn  =  D{vKn  -b  »cn),  Mu  -  D(1  —  p)Kn  .  (13) 

h  (4)  Boundary  conditions 


X  log  r  - 


-logr 


As  it  can  be  easily  seen,  the  expression  I  corresponds  to  the  solution  of  an  infinite 
plane  subjected  to  a  concentrated  force  acting  at  the  origin  in  the  direction  of 
the  x-axis.  The  expressions  II  and  III  are  derived  from  the  dislocation  functions 
X  log  r  and  y  log  r,  respectively.  When  necessary,  the  table  can  be  appended 
with  the  functions  for  orthogonally  aeolotropic  plates  [14]. 


8.  Bending  of  thin  plates.  Let  the  problem  be  defined  by  the  following  equa¬ 
tions: 

(1)  Equations  of  equilibrium 


a*Mi,/dx*  -I-  2d*Mu/dxdy  -f  d'Mn/dy'  -H  p  -  0. 


geometrical  B.  C.  u>  =•  A(«),  dw/dn  *■  fc(«)  on  C* ,  (14b) 


where  d/dn  means  the  derivative  with  respect  to  the  normal  n  drawn  outwards 
on  the  boundary,  and  G  and  N  -f  dH/da  mean  the  bending  moment  and  shearing 
force  on  the  boundary,  respectively.  The  values  of  w  and  p  are  taken  positive 
when  they  are  in  the  z  direction. 

It  is  defined  that 


is  the  exact  solution; 
satisfies  (11)  and  (14a); 

satisfies  the  homogeneous  equation  of  equilibrium 
.  d*Mi,/ax*  +  2d'Mit/dxdy  +  d'Mn/dy*  - 


mechanical  B.  C.  O'  =  /(«),  N  -|-  dH/da  ■>  g(a)  on  Ci , 


(14a) 


(15) 


1 1’-'’  <(-  ■ 
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and  homogeneous  boundary  conditions  on  Ci  ; 

S"  satisfies  (12)  and  (14b); 

Iq  satisfies  (12)  and  homogeneous  boundary  conditions  on  Cs  ; 
ip  is  an  elementary  solution  and  satisfies  (12)  and  (15); 

W  satisfies  (12)  and  (15),  and  ^  +  W  satisfies  homogeneous  boundary  con¬ 
ditions  on  Cl  and  Ci  ; 

U  satisfies  (15)  and  the  same  boundary  conditions  as  IF  on  Ct  ; 

V  satisfies  (12)  and  the  same  boundary  conditions  as  IF  on  Ct . 

Let  two  arbitrary  vectors  be  denoted  by  N  and  N',  and  their  stress  and  strain 
components  be  denoted  by  (Mn  ,  Mn  ,  Ma),  (xu  ,  Kn  ,  km)  and  (Mu  ,  Mn  ,  Mu), 
(«c{i ,  Km  ,  Kit),  respectively.  The  scalar  product  is  defined  by 

(N,  N')  *  11  (Muku  +  M„kU  +  2Muku)  dx  dy. 

If  we  replace  N'  in  the  above  expression  by  S"  and  denote  the  displacement 
of  S"  by  tr",  then  we  obtain 

(S'.  JT)  -  ^  ^ 

ff  "( I  cfi'Mu  ^  d'Mn\  j  j 


G  *  Afiil*  “H  2MiJ,tn  -|-  il/jjwi*, 

H  m  (Mu-  Mu)lm  +  Mud*  -  m'), 

N  as  (BMu/dx  +  dMii/dy)l  +  (dMu/dx  +  dMn/dy)m, 

and  I  and  m  are  the  direction  cosines  of  the  normal  n;  moreover  d/dt  means  the 
derivative  with  respect  to  the  tangent  t,  which  is  so  drawn  that  n,  t  and  z  con¬ 
stitute  a  right  hand  system.  When  t  is  taken  so  as  to  coincide  with  ds,  (16)  is 
transformed  into 


(s',w)-/p(Ar  +  f)-^e]* 


K3*Afii  c^*Mu  ,  j  j 


The  relation  (17)  is  used  in  the  subsequent  formulations,  which  are  almost  the 
same  as  in  the  preceding  sections  except  some  modifications  needed  for  the  in¬ 
equalities,  namely, 

(ip,S)  =  [5,  <p]i  +  [5,  <p]j  +  A(i,ri),  (18a) 
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where  w  and  V  in  the  integrals  mean  the  displacements. 

Hence,  the  following  formulae  for  the  bounds  of  P(*  A  —  A')  are  obtained 


Some  examples  of  elementary  solutions  are  listed  in  the  table  3. 


TABLE  3 


These  functions  are  taken  from  the  theory  of  bending  of  thin  plates  [15].  Bounds 
for  the  expression  I  are  equivalent  to  those  obtained  by  Diaz  and  Greenberg  [6]. 
When  necessary,  the  table  can  be  appended  with  the  functions  for  orthogonally 
aeolotropic  plates  [16]. 


Displacement  defined  by  <p 

. 

P 

Displacement  defined  by 

P 

I.  T  log  r 

8rD-w 

III.  —  (1  +  p)  log  r  —  (1  —  ^ 

4tMu 

II.  —  (2  log  r  4-  l)x 

8,0-^ 

dx 

IV.  -(1-'’)^^ 

4TAfii 
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9.  Torsion  of  bars.  Lastly  the  torsion  problem  of  bars  is  dealt  with;  the 
problem  is  defined  as: 

(1)  Elquations  of  equilibrium 

Brm/dx  +  dr^/dy  ■■  0. 

(2)  Condition  of  compatibility,  i.e.  condition  that  strain  components  are 
derived  from  w  such  that 

—  dw/dx  —  yO,  “  dw/dy  +  xQ, 

(3)  Stress-strain  relations 

(hm  —  T„  ,  Oy„  -  Tg,  . 

(4)  Boundary  condition 

T«  f  +  T»,  m  -  0, 

where  I  and  m  are  the  direction  cosines  of  the  normal  drawn  outwardly  at  the 
boundary,  and  6  is  the  twist  angle  per  unit  length.  Alternatively  the  problem 
may  be  written  in  terms  of  the  stress-function: 

(1)'  Equation  of  equilibrium 


Tm  “  dil>/dy,  T„  -  — 

(22) 

(2)'  Condition  of  compatibility 

a V^x*  +  a Vdy*  +  2G  e  -  o. 

(23) 

(4)'  Boundary  condition 

^  «  0. 

(24) 

It  is  defined  that 


5 

y 

y 

I'' 

■*« 

V 

W 

U 

V 


is  the  exact  solution; 
satisfies  (23); 

is  a  plane  harmonic  function; 
satisfies  (24); 
satisfies  (24); 

is  an  elementary  solution  being  a  plane  harmonic  function; 

is  a  plane  harmonic  function,  and  ^  W  —  0  on  the  boundary; 

is  a  plane  harmonic  function; 

has  the  same  boundary  value  as  IT  on  the  boundary; 


Take  two  vectors  N  and  N',  of  which  the  torsion  stress  fimctions  are  denoted 
by  and  respectively.  The  scalar  product  is  defined  by 


(N,N 


im 


dx 


which  is  equivalent  to  (5)  and  can  be  transformed  into 
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n  denoting  the  direction  of  the  normal  drawn  outwardly.  Some  inequalities  can 
be  written  by  putting 

(v,,5)  -  ^({,1,),  (27) 

(^,  S)  -  k  S]  +  ff  2GQ  vdxdy  +  A'i^,  ,),  (28) 

k  S]  -  -[V,  S]  -  -(V,  S)  +  ff  2GQ’Vdxdy,  (29) 


where  ^  and  V  in  the  integrals  are  the  torsion-strees-fimctions.  Hence,  formulae 
for  bounds  of  P(*A  —  A')  are  obtained: 

P  -  -iv,s)  +  fj 2(?e(^  +  V)dxdy 

-  (S',  U  -  V)  If  20e(v  +V)dxdy  +  (S-S',U-  V)  (30a) 

-  (5*,  t;  -  7)  +  If  2Ge(v  +  V)dxdy-\-(S  -  S'',U  -  V)  (30b) 


therefore 

P  - 

|(y,  U  -V)+  j 

j2Ge(r  +  V)<b<lp\ 

(31a) 

S  II  S'  -  5*  II  •  II  t/  -  V  11 , 

and 

P  - 

|(5",  U-V)  +  j 

J  20e(r  +r)dxdy\ 

(31b) 

S||S'-S'||-||t/-F||. 

Some  examples  of  elementary  solutions  are  listed  in  the  table  4. 

TABLE  4 


Toraion-stresa-funotion  defined  by  ^ 

1  P 

I. 

-log  P 

II. 

x/r* 

I 

2ird<ltl  dx 

III. 

y/r' 

1  2rd<l>/  dy 

The  expression  I  corresponds  to  the  solution  to/9  *  real  part  of  (— t  log  z), 
where z  ^  x  iy  and  i  »  y/—!.  The  solution  has  a  constant  dislocation  with 
respect  to  the  displacement  to  around  the  origin.  The  expressions  II  and  III 
are  derived  from  I.  Bounds  for  these  expressions  are  equivalent  to  those  obtained 
previously  by  Greenberg  [5]. 
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10.  Final  remarks.  It  was  tried  in  the  present  note  to  build  a  common  road 
leading  to  the  bounds  in  search  along  the  line  already  drawn  by  the  former  authors 
whose  works  were  referred  to  in  particular  with  regard  to  the  examples  of  the 
singular  solutions  written  in  the  tables.  It  may  be  concluded  that  upper  and 
lower  bounds  of  a  certain  scalar,  vector,  or  tensor  quantity  in  the  problem  of 
elasticity  are  theoretically  obtainable  by  using  these  singular  solutions  coupled 
with  auxiliary  functions.  There  are  difficulties,  however,  in  finding  these  auxiliary 
functions,  especially  U  and  V,  so  that  the  required  conditions  are  satisfied;  more¬ 
over,  modified  methods  are  needed  when  we  seek  bounds  at  points  on  the  bound¬ 
ary.  The  treatment  of  these  difficulties  will  be  a  problem  in  the  future. 

The  author  wishes  to  express  his  sincere  thanks  to  Prof.  A.  Ono  for  his  kind 
inspection  of  this  paper.  He  ^vishes  also  to  express  his  gratitude  to  the  referee 
for  some  of  the  references  listed  following. 
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ON  A  VARIATIONAL  THEOREM  FOR  FINITE  ELASTIC 
DEFORMATIONS* 

Bt  Eric  Reissner 


1.  Introduction.  In  the  following  we  formulate  a  variational  theorem  of  the 
theory  of  finite  elastic  deformations,  which  is  characterised  by  the  fact  that  the 
Euler  equations  of  the  variational  problem  consist  of  the  differential  equations 
of  equilibrium  and  the  stress-displacement  relations  and  for  which  stress  and 
displacement  boundary  conditions  are  natural  boundary  conditions. 

A  corresponding  result  for  infinitesimal  deformations  has  been  indicated  earlier 
[1,  2, 3].  It  is  found  here  that  generalization  to  finite  deformations  is  quite  direct 
if  one  works  with  the  notion  of  stress  introduced  by  Trefftz  [4]  and  further  de¬ 
veloped  by  Kappus  [5].* 

On  the  basis  of  the  theorem  for  three-dimensional  elasticity  it  is  possible 
to  state  analogous  relations  for  beams,  plates  and  shells.  We  do  this  here  for  the 
problem  of  finite  bending  of  plates.  The  appropriate  variational  equation  is  such 
that  from  it  one  may  obtain  by  specialization  results  previously  given  by  Kirch- 
hoff  [6],  Marguerre  [7]  and  Wang  [8]. 


2.  Differential  equations  for  finite  elastic  deformations.  Let  x«  be  the  cartesian 
coordinates  of  a  point  of  a  body  before  deformation  and  let  r  be  the  correspond¬ 
ing  radius  vector,  written  in  the  form, 

’  r  =  X*  i*  (1) 

Let  r  -|-  u  be  the  radius  vector  to  the  same  material  point  after  deformation 
and  write  the  displacement  vector  u  in  the  form 

u  -  53  i»  (2) 

An  infinitesimal  rectangular  parallelepiped  with  edge  vectors  (dr/dxy)  dxj  =  i> 
dxj  in  the  undeformed  state  is  deformed  into  a  parallelepiped  which  in  general 
is  not  rectangular.  Its  edge  vectors  are  [d(r  -|-  u)/dXj]  dxj  =  [iy  +  {dn/dxj)]  dxj 
“  g;  dxj  where 

f 


Components  of  finite  strain  ejt  may  be  defined  in  terms  of  the  lattice  vectors 
gy  by  means  of  the  relations  2ey*  gj'gk  —  iy*  >  or 


^  dXy  dXk 


dtU 


du^dVU 

dXy  dXk 


(4) 


'  The  present  paper  is  a  report  on  work  done  under  the  sponsorship  of  the  Office  of 
Naval  Research  under  Contract  N5-ori -07834  with  Massachusetts  Institute  of  Technology. 

*  This  was  first  reported  in  a  colloquium  at  Brown  University  on  March  14, 1952.  The  same 
result  was  found  independently  by  B.  Frays  de  Veubeke. 
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I 


Let  8>  be  the  force,  per  unit  of  undefonned  area,  acting  on  an  element  of  area 
which  before  deformaticm  was  perpendicular  to  the  Xydirection.  Components  of 
(pseudo)  stress  are  defined,  following  Trefftz  [4],  by  writing 

«y  -  Z  8*  (5) 

Introduction  of  (5)  and  (3)  into  the  force  equilibrium  equation  ^  dty/dxy 
+  f  —  0  leads  to  the  following  three  scalar  equilibrium  equations 

2  +  (6) 

The  conditions  of  moment  equilibrium  for  the  deformed  parallelepipedon  are  of 
the  form 

«y*  “  «*y  (7) 


We  shall  assume  in  the  following  that  the  components  of  body  force  intensity 
fm  may  be  written  in  terms  of  a  function  ^(xi ,  . . .  ;  Ui ,  . . .  )  in  the  form 


/-  - 


dUm 


(8) 


The  system  of  equations  (6),  (7)  and  (8)  is  completed  by  the  stress  strain  rela¬ 
tions  which  for  the  present  purposes  are  taken  in  the  form 


dW 

*'* " 


(9) 


where  W  is  a  given  function  of  its  arguments  Smn  . 

For  the  formulation  of  boundary  conditions  we  require  a  component  repre¬ 
sentation  for  surface  forces.  Let  p«  be  the  Xn-component  of  surface  force,  per 
unit  of  undeformed  surface  area,  acting  on  an  element  of  area  which  before 
deformation  was  perpendicular  to  a  vector  v.  The  condition  of  force  equilibrium 
for  an  infinitesimal  tetrahedron  before  deformation  with  sides  perpendicular  to 
the  vectors  v  and  im  gives 

P«  ^  Z  Z  cos  (»'.  a;y)«yt^6t,H  +  (10) 


Let  be  that  part  of  the  surface  of  the  body  where  stresses  are  prescribed 
and  Si  that  part  of  the  surface  where  displacements  are  prescribed.  The  boundary 
value  problems  of  the  theory  of  elasticity  with  finite  deformation  which  we  con¬ 
sider  here  consist  of  the  differential  equations  (6)  and  (9)  tc^ether  with  the 
boundary  conditions 


on  Si :  p, 
on  Si :  u, 

where  pm  and  Hm  are  given  functions. 


(11) 
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3.  The  variatioiud  theorem.  The  following  theorem  will  be  proved.  The  state 
of  stress  and  displacement  which  satisfies  the  differential  equations  of  equilibrium 
and  the  stress  displacement  relations  in  the  interior  of  the  body,  and  the  conditions 
of  prescribed  stress  on  the  part  Si  and  of  prescribed  displacement  on  the  part  St  of 
the  surface  of  the  body,  is  determined  by  the  variational  equation 

4///  W-<l!]dV 

.  (12) 

-jj  IE  p.uj  dS  -  (w«  -  mJpJ  ds\  »  0. 

In  order  to  see  the  validity  of  (12)  it  is  noted  that  according  to  the  rules  of 
the  calculus  of  variations  and  in  view  of  the  definitions  of  the  functions  W  and 
^  the  variational  equation  (12)  is  equivalent  to, 

Iff  [r  z  (.« - -  z  ^  >u.]  iv 

-  jf^  pm  dS  -  JJ^  E  (^*»  -  HjiPm  +  Pm  dS  m,  0 
From  (4)  we  have  for  the  variations  of  the  components  of  strain  ey* , 


dSUm  ,  j  diUm  ,  d6u„  dSu,„ 

dXj  dxy  dxy  dXk  dXh  dXj 


With  (14)  we  obtain  by  suitable  integration  by  parts, 

Iff  Z  Z.,.  .  -i  ///  Z  Z  Z  {I;  [(.-  +  ^>«] 

+  i  ^  cos  (l^,  Xy) 

+  (^mj  +  COS  (y,  X*)\«ti*  dS 


Since  Sy*  >>  s^y  equation  (15)  may  also  be  written  in  the  form 

///zzz  •«««,.<«' 

--///ZZZ^,[(.-  +  ^).«]*«.<iF 


+  jj  min  coa(y,  Xy)«y* 


The  surface  integral  in  (16)  may  be  rewritten  in  terms  of  p«  according  to  (10). 
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Introduction  of  (16)  and  (13)  gives  then 

///{ez 

4-  ^  Pm)Stlm  dS  —  (“«  ~  Um)iPm  dS  =  0 

Since  in  the  interior  of  the  body  we  have  Ssn  and  5um  arbitrary,  on  the  surface 
Si  Sum  arbitrary  and  on  St  Spm  arbitrary  there  follows  that  the  variational  equa¬ 
tion  (17)  is  equivalent  to  the  differential  equations  (6)  and  (9)  and  to  the  bound¬ 
ary  conditions  (11).  This  proves  the  theorem. 

4.  Stress  strain  relations.  For  many  problems  for  which  non-linearity  due  to 
finite  deformations  must  be  considered  although  the  strains  themselves  are  very 
small,  it  is  adequate  to  assume  linear  relations  between  the  components  of  pseudo 
stress  8jk  And  the  components  of  finite  strain  ejk  •  If  in  addition  it  is  assumed 
that  the  material  is  isotropic  then  we  may  write 

Eejt  *=  (1  +  p)Sjk  —  vSik^Smm  (18) 

where  E  is  the  modulus  of  elasticity  and  v  is  Poisson’s  ratio.  For  a  material  with 
the  stress  strain  relations  (18)  the  function  W  introduced  through  equation  (9) 
is  of  the  form 

W  -  (1/2£)((1  +  (19) 

As  an  example  of  stress  strain  relations  for  finit^  strain  we  may  consider  the 
stress  strain  relations  for  an  incompressible  isotropic  material  which  has  been 
termed  neo-Hookean.  According  to  Rivlin  [9]  the  relations  between  components 
of  principal  strain  and  principal  stress  for  this  material  are  of  the  form 

2es)  +  p,  N  ~  I,  II,  III  (20) 

where  p  is  of  the  nature  o(  a  hydrostatic  pressure  the  magnitude  of  which  follows 
by  application  of  the  condition  of  incompressibility, 

(1  +  2e,)(l  +  2en)a  +  2e,„)  -  1  (21) 

The  determination  of  p  from  (20)  and  (21)  requires  the  solution  of  a  cubic 
equation. 

In  view  of  the  definition  of  the  components  of  pseudo  stress  the  relation 
between  the  component  of  principal  stress  It  and  the  component  of  principal 
pseudo  stress  S/  is  of  the  form 

ti  V(1  +  2e//)(l  +  2c//,)  -  «/Vl  +  2e„  (22) 

with  corres(>onding  relations  between  ts  and  Sh  .  For  an  incompressible  material 
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equation  (22)  may  be  written  alternately  as 

t,  =  «,(1  +  2e,)  (23) 

Therewith  the  stress  strain  relations  (20)  assume  the  form 

=  +  p/(l  +  2es)  (24) 

Combination  of  (24)  with  the  incompressibility  relation  (21)  next  gives  the 
following  explicit  expression  for  p 

V  =  -  SnXHE  -  Srn)  (25) 

and  with  this  the  stress  strain  relations  (24)  may  be  written  as 

2e,  =  -  slIT)  _  J 

yiE  —  8n 

Since  e#  =  dW/das  we  have  then  for  the  function  W 

w  -  -H-y(HE  -  s,)iHE  -  snXHE  -  «m)  -  i(«/  +  «//  +  «///)  +  hE  (27) 

In  order  to  obtain  relations  between  and  sy*  from  (27)  we  introduce  in  (27) 
the  invariants 

•fi  *  *u  +  *»  +  Sia  *  */  +  *//  "h  Sill 

li  *  «ii  ««  +  <11  <ia  4*  8a  <11  ~  <11  <11  “  <11  <11  ~  <a  <a  (28) 

•  “  </  <//  4"  </  <//  4"  <//  </// 


/i  “  <11  <a  <a 


</  <//  <m 


In  terms  of  these, 


If  (29)  is  developed  according  to  powers  of  a/E  the  result  is,  up  to  third-degree 
terms, 

HI  /*  —  3/i  57*  +  18/i/j  —  27/i  L  /’on^ 

Retention  of  only  second  degree  terms  leads  back  to  the  linear  relations  (18) 
between  «y*  and  cy* ,  with  y  having  the  value 


5.  Finite  bending  of  plates.  The  variational  equation  corresponding  to  (12) 
.for  finite  bending  of  plates  as  discussed  by  Kirchhoff  [6]  and  von  Karman  [10]  is 
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of  the  following  form, 


,  dv  .  dw 
“’"dx'*'  ^ 


dw  dw\ 
9x  dy) 


d*w 

dy* 


-2M, 


d'w 

dxdy 


-  ^  (iS^.  +  at;  -  2pN.N,  +  2(1  +  y)Nl,) 

-  (Ml  +Ml-  2vM,M,  +  2(1  +  r)Ml)  -  ^  (x,  y,  u,  v,  u»)]  dx  dy  (31) 

-  +  Kv  +  Q.w-M„^-  M„^~^ds 

~  L  +  (v  -  9)N^  +  (u>  - 

In  (31)  u,  V,  w  are  components  of  displacement  of  points  of  the  middle  surface, 
Na,  Ng,  Naa ,  Q  are  stress  resultants  and  M, ,  My ,  May  stress  couples,  f  is  the 
direction  in  Uie  plane  of  the  undeflected  middle  surface  normal  to  its  boundary, 
and 

Naw  -  COS  (f,  X)Na  +  COS  (f,  y)Nay 

(32) 

Ny,  -  COS  (f,  x)Nay  +  COS  (f,  y)Ny 


and  Ma,  and  My,  are  defined  correspondingly.  The  expression  for  Q,  is 


Q,  -  cos  (f,  x)\Va  +  N.^  +  Naa^ 
OX  ay  ^ 


+  co8(r.j,)[K,  +  iV,^  +  Ar,|2 


(33) 


and  Q,  is  a  force  in  the  direction  of  z,  while  V.  and  Vy  are  transverse  shear  stress 
resultants  in  the  direction  of  the  normal  to  the  deformed  middle  surface,  given  by 
Va  -  dMJdx  -{-  dMJdy  and  Vy  -  dMJdx  +  dMJdy.  Note  that  SQ,  -  0 
although  Q,  is  obtained  from  Q,  by  putting  bars  on  V  and  N  but  not  on  vo. 

Elimination  of  all  stress  resultants  and  couples  from  (31)  by  means  of  the 
stress  strain  relations  and  c<xnparison  of  only  such  displacements  as  satisfy  all 
prescribed  displacements  boundary  conditions,  together  with  the  assumption 
that  ♦  “  Xu  +  Fi>  +  pw  leads  to  the  minimum-potential-energy  equation  for 
finite  bending  of  plates  as  given  by  Kirchhoff  [6]. 

Introduction  in  (31)  of  an  Airy  stress  function  F  for  N,,  Ny,  Nay ,  together 
with  the  assumption  that  4^  -•  pw,  elimination  of  the  displacement  components 
u  and  V  and  comparison  of  only  such  states  as  satisfy  the  boundary  condition  for 
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N,,  ,  and  Ngy  and  w  leads  to  a  variational  equation  given  by  Marguerre  [7]. 

The  Euler  equations  of  this  variational  equation  are  the  two  simultaneous  dif¬ 
ferential  equations  for  F  and  w  given  by  von  Karman  [10]. 

Finally,  by  restricting  admissible  states  to  those  satisfying  all  equilibrium  equa¬ 
tions,  equation  (31)  may  be  reduced  to  a  recent  result  by  Wang  [8]. 

Equation  (31)  may  be  generalized  in  such  a  way  that  the  effect  of  transverse 
shear  stress  deformation  is  taken  into  account.  To  this  end  we  must  replace  in 
(31)  the  expression  —MjSt'w/dx*  —  M^'ro/dy*  —  2M^'v}/dxdy\>yMjda/dx  -1-Af, 
d0/dy  -f  Ma^(da/dy  -f  dfi/dx)  and  make  corresponding  changes  in  the  boundary 
integrals.  Furthermore  we  must  add  in  the  double  integral  the  terms 
F,(o  -b  dw/dx)  -b  V^(0  -b  dw/dy)  —  [12(1  -b  v)/bh\{V\  -b  Fj).  The  quantities 
a  and  /9  are  projections  on  the  x,  z  and  y,  z-planes,  respectively,  of  the  angle 
which  the  deformed  normal  encloses  with  the  z-axis. 
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A  MATHEMATICAL  BASIS  FOR  AN  ERROR  ANALYSIS 
OF  DIFFERENTIAL  ANALYZERS* 

By  K.  S.  Miller  and  F.  J.  Murray 

1.1.  Purpose  and  Literature.  The  purpose  of  this  paper  is  to  present  a  mathe¬ 
matical  basis  for  a  general  error  analysis  for  the  solution  of  systems  of  ordinary 
differential  equations  by  machine  methods.  Specifically,  we  shall  concern  our¬ 
selves  with  the  effect  of  errors  on  the  machine  solutions.  We  show  that  the  study 
of  these  effects  for  general  non-linear  systems  can  be  referred  to  the  solution  of 
linear  systems  of  ordinary  differential  equations,  but  we  do  this  without  “lineariz¬ 
ing”  or  simplifying  the  given  system. 

Since  we  permit  perturbations  in  the  solution  as  given  by  the  machine,  our 
discussion  is  applicable  to  both  continuous  computers  and  digital  machines  using 
step  by  step  methods.  However,  stability  discussions  for  such  a  digital  process 
are  most  conveniently  given  in  terms  of  difference  equations  rather  than  differ¬ 
ential  equations  and  are  not  given  here. 

There  is  an  extensive  literature  on  digital  solutions  dealing  with  truncation 
and  rounding  errors:  Brock  and ‘Murray  [1],  Chadaja  [7],  Duncan  [10,  11,  12], 
Forsythe  [13],  Fricke  [14],  Gill  [16],  Huskey  [18],  Kirby  [19],  Loud  [26],  Miller 
[29],  Murray  [30],  Papoulis  [32],  Rademacher  [33],  Todd  [36],  Turton  [38],  but 
an  intensive  analysis  of  this  work  is  not  appropriate  here.  One  of  our  major  ob¬ 
jectives  is  to  avoid  the  “linearization”  which  appears  in  these  and  in  this  sense 
our  results  can  be  regarded  as  supplementing  this  work. 

The  effect  of  errors  on  solutions  obtained  by  means  of  continuous  computers 
has  been  studied  in  the  case  in  which  the  given  problem  involves  a  system  of 
linear  equations  with  constant  coefficients,  notably  by  Raymond  [34]  and 
Macnee  [27,  28]. 

Our  discussion  is  based  to  a  certain  extent  on  well  known  theories  for  the 
dependence  of  systems  of  ordinary  differential  equations  on  parameters.  How¬ 
ever,  it  was  necessary  to  extend  this  theory  in  order  to  properly  consider  those 
errors  which  affect  the  order  of  the  system.  Order  variations  in  systems  of  equa¬ 
tions  have  been  considered /rom  other  points  of  view  by  Coddington  and  Levin¬ 
son  [8],  Friedrichs  and  Wasow  [15],  Gradstein  [17],  and  Levinson  [25]. 

We  have  also  listed  in  our  bibliography  certain  papers  in  Russian  of  which 
we  have  considered  only  reviews:  Bruevi^  [2],  Byhovskii  [4,  5,  6],  Tihonov  [37], 
Vasil’eva  [40,  41].  These  papers  may  contain  material  relevant  to  our  present 
discussion. 

1.2.  Objectives.  A  mathematical  theory  of  errors  should  provide  a  framework 
within  which  errors  can  be  studied  and  their  effects  evaluated.  The  study  of 
errors  of  individual  components  should  be  oriented  to  such  a  framework  so  that 
one  can  estimate  their  effects  on  the  solution.  Error  studies  for  components  are 

*  The  preparation  of  this  paper  was  assisted  by  funds  of  the  Office  of  Naval  Research. 
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highly  desirable  but  their  value  depends  upon  a  knowledge  of  how  the  solution 
will  be  affected  by  them. 

The  effect  of  component  or  other  individual  errors  on  the  solution  depends 
on  the  problem  considered.  One  can  readily  verify  that  certain  problems  are 
much  more  sensitive  to  errors  than  others.  Consequently,  it  is  very  desirable  to 
understand  and  specify  this  sensitivity.  This  can  only  be  done  by  methods  hav¬ 
ing  the  generality  of  the  present  paper.  Few  conclusions  can  be  drawn  from 
specific  examples,  even  when  a  reference  solution  of  undoubted  correctness  is 
available. 

Another  and  very  important  reason  for  such  an  error  study  is  that  it  gives  an 
insight  into  the  mathematical  or  theoretical  structure  of  the  system  of  differen¬ 
tial  equations  considered.  One  should  appreciate  the  great  technical  advance 
represented  by  the  differential  analyzer.  Without  machine  computations  one 
is  practically  limited  to  linear  systems  with  constant  coefficients.  However,  it 
is  also  true  that  the  structure  of  the  latter  is  well  known.  To  obtain  the  equiva¬ 
lent  information  for  the  general  problems  handled  on  differential  analyzers,  one 
needs  additional  theoretical  structure,  part  of  which  is  indicated  by  this  error 
analysis.  Computation  by  itself  cannot  furnish  this  structure  and  there  are 
many  problems  involving  errors  of  statistical  nature  which  are  better  considered 
by  means  of  the  theoretical  structure  given  here  than  by  mass  computation. 

U.  The  a,  ^  and  X  Errors.  We  suppose  that  the  system  to  be  solved  is  given 
to  us  in  the  form  of  a  system  of  n  lirst  order  differential  equations 

F »(Xi  ,  '  "  *  ,  in  ,  I  ’  '  "  I  ^n  I  0  **  ®  f  I  *  *  *  >  (f  *1 ) 

The  precise  conditions  on  the  F,  will  be  stated  in  §2.1  Ijelow  but  we  may  indi¬ 
cate  the  situation  assumed  as  follows.  Equations  (1.1)  are  to  be  considered  on  a 
r^on  A  in  n  -|-  1  dimensional  space  of  the  variables  xi ,  •  •  *  ,  x»  ,  <.  We  suppose 
that  R  can  be  divided  into  subregions  on  each  of  which  we  can  solve  for  the 
Xi  in  terms  of  Xi ,  ■  ■  *  ,  Xn  and  t\ 

Xi  =  fi(xi ,  •  •  •  ,  X,  ,  0,  »  =»  1,  •  •  •  ,  n  (1.2) 

where  /.•  is  analytic  in  Xi ,  •  •  •  ,  Xn  and  continuous  in  Xi ,  •  •  •  ,  x„  ,  f  for  the  sub- 
region.  A  rule  is  given  for  continuing  a  solution  from  one  subr^on  to  another 
when  a  boundary  point  is  reached. 

A  system  such  as  Eqs.  (1.1)  will  be  realized  on  the  machine  in  the  form 

(?.  -  0,  t-1,  •••,n  (1.3) 

where  the  (J.’s  differ  from  the  F<’s  due  to  our  inability  to  accurately  realize  the 
original  system  on  the  machine. 

The  variations  from  Fi  to  Gi  may  affect  the  order  of  the  S3rstem,  i.e.,  they  may 
introduce  higher  derivatives  of  the  Xj .  Errors  of  this  type  we  call  X  errors.  Varia¬ 
tions  which  do  not  affect  the  order  will  be  called  a  errors.  For  each  t3Tje  of  error 
we  introduce  parameters,  X  and  ai ,  •  •  •  ,  oj^ ,  respectively  into  the  system  of 
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Eq.  (1.3)  SO  that  if  all  the  parameters  are  zero,  Eq.  (1.3)  becomes  Eq.  (1.1) 
while  if  they  assume  certain  other  non-zero  values  we  obtain  Eq.  (1.3)  as  real¬ 
ized  on  the  machine. 

In  addition  to  a  and  X  errors  the  machine  solution  may  be  affected  by  another 
t3rpe  of  error  which  we  shall  term  errors.  /9  errors  arise  in  the  course  of  a  machine 
computation  as  the  result  of  instantaneous  disturbances  of  the  solution.  These 
are  disturbances  which  appear  in  the  solution  but  which  do  not  appear  in  the 
differential  equations  of  motion,  Eq.  (1.3),  for  the  machine.  For  example,  sup¬ 
pose  we  have  a  solution  of  the  machine  equations  and  at  a  certain  point  in  the 
solution  process  the  variable  Xi  was  arbitrarily  disturbed  and  instantaneously 
changed  by  an  amount  After  the  change,  the  machine  would  continue  on 
a  solution  of  the  original  system  of  equations,  as  it  did  before.  But  the  effect  of 
this  instantaneous  perturbation  is  to  jar  the  machine  from  one  solution  to  an¬ 
other.  We  may  also  consider  as  0  errors  the  errors  made  in  setting  up  the  initial 
conditions  of  a  given  solution.  Furthermore,  in  general,  when  a  machine  passes 
from  one  region  of  analyticity  to  another  in  the  course  of  the  solution,  it  will 
not  follow  out  precisely  the  rule  given  for  this  change.  This  discrepancy  can  be 
described  in  terms  of  a  0  error.  Still  another  example  is  given  by  integrating 
amplifier  output  noise.  Such  noise  can  be  described  in  terms  of  a  “shot”  effect, 
that  is,  in  terms  of  disturbances  of  the  above  sort  in  the  solution  which  occurs 
in  time  according  to  a  certain  probability  distribution  and  whose  magnitude  is 
governed  by  another  probability  distribution. 

1.4.  The  a,  0  Error  Theory  and  Sensitivity.  Our  plan  of  attack  on  the  general 
error  theory  involves  first  a  discussion  of  the  case  in  which  X  is  considered  fixed. 
The  results  obtained  in  this  case  are  used  to  show  that  the  general  case  in  which 
X  errors  appear  can  be  referred  to  a  problem  involving  linear  systems  with  con¬ 
stant  coefficients.  The  latter  problem  can  be  solved.  (Of.  Chap.  2,  also,  Macnee 
[28].) 

We  begin  by  considering  a  situation  in  which  we  have  only  a  and  0  errors, 
i.e.,  no  X  errors.  Suppose,  then,  that  we  have  JV  a  errors  ai,  •••  ,  a/f  and  M  0 
errors,  ^ ,  *  *  ■  ,  djr .  In  this  case  it  is  possible  to  apply  a  generalization  of  the 
usual  existence  theorems  for  systems  of  ordinary  differential  equations  which 
depend  on  parameters.  As'  a  consequence  one  can  show  that  the  functions  given 
by  the  machine 

X,  =  Xi(t,  oi ,  •  •  •  ,  ,  di ,  •  •  •  ,  /Sjr)  (1.4) 

depend  analytically  on  the  parameters  ai ,  •  •  •  ,  ,  0i ,  •  •  •  ,  0m  .  (We  suppose 

the  initial  conditions  are  fixed.  Any  error  in  realizing  them  will  he  a  0  error.) 

Equation  (1.4)  reduces  to  the  correct  solution  when  we  set  the  a’s  and  0’a 
equal  to  zero  and  corresponds  to  the  inaccurate  machine  solution  for  certain 
values  of  these  parameters.  We  can  use  the  analytic  dependence  of  our  solution 
in  this  case  to  express  the  solutions  Xy  as  power  series  in  the  a’s  and  0’a. 
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Xi(t,  0,  •  •  •  ,  0,  0,  •  •  •  ,  0)  +  Z  ^  a*  +  D 

k  aok  i  opi 

4-  ]-  r  V  « « 4-  y 

2!  ^“*1^«**  **  **  *|,I|  da*,d/3i, 


(1.5) 


z 

,.i,  dfittdfitt 


+  •••  . 


We  must,  of  course,  assume  that  the  errors  a  and  P  are  not  so  large  that  the 
series  diverges.  One  might  even  advance  the  argument  that  if  our  error  analysis 
requires  that  we  go  further  than,  say,  the  third  degree  terms  in  the  above  ex¬ 
pansion,  then  the  solution  is  so  far  ofF  as  to  be  of  little  value.  However,  theoreti¬ 
cally,  as  long  as  the  series  converges  we  may  use  the  above  expression  to  obtain 
estimates  for  the  effect  of  errors.  Thus,  we  see  that  our  error  analysis  can  be 
reduced,  in  the  case  considered,  to  a  study  of  the  partial  derivatives. 


dXj  dXj  d^Xj  d*Xj  d^Xj 


Now  if  we  let  wj  stand  for  any  of  these,  considered  as  functions  of  t  then  by 
substituting  in  Equations  (1.3)  and  taking  the  appropriate  partials  with  respect 
to  a  or  /3,  and  then  letting  a  «  0  “  we  find  that  the  for  j  =  1,  •  •  •  ,  n 
satisfy  a  system  of  differential  equations 

Z  +  Z  ’  Wk  -{■  Ti  ^  0  (1.6) 

i  oXj  k  OXk 

where  the  T,-  involve  only  partial  derivatives  of  the  x*  relative  to  a  and  jS  of 
lower  order.  Thus  the  tPy’s  can  be  obtained  by  an  inductive  process. 

For  all  orders  the  homogeneous  part  of  the  system  (1.6)  is  the  same  and  it  is 
known  that  the  solutions  of  Eqs.  (1.6)  can  be  readily  obtained  if  we  solve  the 
corresponding  homogeneous  system. 


dFj 

jdXj 


Wj  +  Z 


dXk 


u>t  =  0 


(1.7) 


Consequently,  the  question  of  sensitivity  to  error  of  our  solutions  can  be  re¬ 
ferred  back  to  the  study  of  this  system  of  linear  homogeneous  differential  equa¬ 
tions.  We  will  refer  to  Eqs.  (1.7)  as  the  sensitivity  equations.  Thus,  in  the  case 
in  which  there  are  no  X  errors,  we  have  succeeded  in  referring  our  problem  to  the 
solution  of  a  system  of  linear  differential  equations  without  any  unjustified 
linearization  of  the  given  problem. 


1.6.  The  X  Errors.  We  now  return  to  a  discussion  of  the  X  errors.  For  the 
moment  we  ignore  a  and  jS  errors.  Furthermore,  suppose  here  for  simplicity 
that  the  order  is  raised  at  most  one,  and  also  for  simplicity  in  exposition,  that  a 
rise  occurs  in  every  equation.  We  then  can  write  the  disturbed  system  of  equa- 
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lions  in  the  form 

G«(Xfi  I  "  •  •  »  »  *  *  *  I  Xn  f  Xi  f  •  •  *  I  Xn  »  0  “0.  (1*8) 


Equation  (1.8)  is  now  the  equation  of  motion  for  the  machine.  A  parameter  X 
is  introduced  as  a  multiplier  of  the  second  derivatives  so  that  one  can  make 
them  all  vanish  from  the  equations  simultaneously.  One  thinks  of  X  as  small, 
while  the  dependence  on  X£y  is  to  be  of  reasonable  size.  Let  x'l,  ,  Xn  be 
the  solution  of  Eq.  (1.1)  corresponding  to  the  given  initial  conditions  and  let 
Xi  ,Xn  he  the  machine  solution  which  satisfies  Eq.  (1.8).  Suppose  we  de¬ 
fine  uy  by  the  equations 

Xj  “  Xy  -I-  Ui  (1.9) 


and  substitute  this  into  Eq.  (1.8). 

We  then  obtain 

Oi(X£i  -f-  XtZi ,  •  •  •  ,  Xf »  -H  Xtl»  ,  Xi  +  til ,  •  •  •  ,  Xn  +  u„  ,  Xi  -h  Ml  I  *  *  •  , 

x'n  +  w, ,  /)  *  0. 

We  can  expand  this  in  powers  of  Xuy ,  tiy  and  Uj ,  J  »  1,  •  •  •  ,  n. 


Gi  =  Gi(\ii ,  ,\£n,xi, 


I  Xn  f  Xi  , 


'v‘> 


^  dGi  .  .  Y'  dGi  „ 

4-  2-  JT-  tty  +  2-  —  My  +  Ri 

i  uXj  j  vXj 


(1.10) 


(1.11) 


where  Ri ,  of  course,  depends  on  higher  powers  of  Xtiy ,  tiy ,  and  My .  The  partial 
derivatives  dGi/d{\£j),  dGi/dXf,  and  dGJdXj  now  depend  only  on  the  variable 
t  and  the  parameter  X  since  the  other  variables  £, ,  x,  and  x.  have  been  replaced 
by  the  functions  £\  ,±i,  and  Xy  of  t.  These  partials  are  supposed  to  be  continuous 
in  the  variable  t.  Consequently,  if  we  divide  our  r^on  into  small  enough  pieces 
we  can  suppose  that  on  each  piece  these  partials  are  constants.  Thus,  we  write 

Gi  “  Gi(\Xi  j  *  ’  ■  ,  Xx,, ,  Xi ,  •  •  *  ,  Xft  ,Xi,  •••  ,Xa,0  4"  Ayy  Xtty 

i 

4-  S  BijUj  4-  ^  CyyMy  4"  ^  (112) 

Now,  this  equation  differs  from  the  equation  with  constant  coeflficients  on 
the  subregions  by  small  terms.  So,  we  can  introduce  into  this  expression  a  param¬ 
eter  7J 

Gi(- ••,•••,<,»?)  =  ,  •  •  •  ,  xi' ,  •  •  •  ,  xi' ,  •  •  •  ,  0 

4-  2  AyyXtiy  4*  £  4"  2  GijUj 

i  j  j 


J 


(1.13) 
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We  now  compare  Eq.  (1,8)  with  the  system 

=  0  (1.14) 

where,  of  course,  the  An ,  Bn ,  and  C<y  vary  with  the  subdivision.  We  can  pass 
from  Eqs.  (1.14)  to  our  original  problem  Eqs.  (1.8)  by  introducing  the  parameter 
jj  as  in  Eq.  (1.13).  Consequently,  the  analytic  behavior  of  the  solution  of  Eq. 
(1.10)  must  be  the  same  as  that  of  Eq.  (1.14).  This  means,  then,  that  we  can 
use  our  a  techniques  to  reduce  the  study  of  time  delay  errors  to  the  linear  case. 
[For  n  ”  0,  Eq.  (1.13)  reduces  to  Eq.  (1.14)  and  for  ij  =  1,  Eq.  (1.13)  reduces 
toEq.  (1.11).] 

We  can  regard  Eq.  (1.14)  as  the  machine  equation  for  the  system 

+  'EiCnUj  *  0  (1.15) 

and  pass  from  Eq.  (1.14)  to  Eq.  (1.8)  by  supposing  u  to  depend  on  a  parameter 
ij  as  in  Eq.  (1.13). 

The  above  is  the  basic  principle  upon  which  the  theory  of  this  paper  rests. 
The  formulae  above  have  been  simplified  by  assuming  a  uniform  rise  in  the 
order.  This  assumption  is  not  made  in  Chapter  II. 

The  discussion  below  “proceeds  to  consider  the  effect  of  \  errors  on  the  system 
of  Eq.  (1.15).  One  can  show  that,  in  general,  the  roots  of  the  indicial  equation 
of  Eq.  (1.14),  which  would  be  a  pol3rnomial  of  degree  2n,  can  be  divided  into 
two  sets  Ml  I  •  *  •  .  M»  and  •  •  •  ,  vj\.  Both  the  mi  ,  •  •  *  ,  and  vi ,  •  •  •  , 
are,  in  general,  analytic  in  X  at  X  =  0,  The  corresponding  solutions  of  Eq.  (1.14) 
have  exponential  factors 

and 

The  Hi  terms  correspond  to  what  one  would  normally  consider  to  be  the  long 
range  effect  of  errors.  On  the  other  hand,  the  Vi/\  exponentials  are  not  analytic 
in  X  at  X  0  and  either  destroy  the  solution  completely  when  the  real  part  of 
Vi  is  positive  or  if  the  real  part  of  is  negative  they  become  very  small  in  a 
brief  t  interval.  The  total  error  u  when  X  is  present  can  be  expressed  in  two  sets 
of  terms,  one  of  which  has  the  above  mentioned  m  properties,  the  other  the  above 
mentioned  y  properties. 

In  §2.8,  the  combined  effect  of  a,  0,  and  X  errors  are  considered.  Let  us  con¬ 
sider  again  the  machine  Eq.  (1.8)  with  however  a  errors  added  and  with  /9  errors 
permitted  in  the  solution.  We  may  again  introduce  the  parameter  ti  to  yield  the 
equivalent  of  Eqs.  (1.13).  i;  is  an  a  parameter.  Thus  we  may  obtain  for  the  ma¬ 
chine  solution  an  expansion  about  the  point  where  a  —  0,  /3  =  0  in  the  form 

xit,  X,  a,  0)  -  x(t,  X,  0,  0)  -f  J^yXyit,  X,  0,  0)7  +  •  •  •  .  (1.16) 

Here,  x(t,  X,  0,  0)  is  the  solution  obtained  under  the  assumption  of  no  a  or  |3 
errors,  while  the  partials  of  x  with  respect  to  the  various  y*a  are  obtained  by  an 
argument  similar  to  that  for  the  a,  j9  error,  using  however  Eqs.  (1.14)  as  sensi¬ 
tivity  equations. 
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2.1.  The  Given  Mathematical  Problem.  The  purpose  of  the  present  section  is 
to  describe  precisely  the  types  of  problems  to  which  the  present  error  analysis 
is  applicable.  This  description  is  given  at  the  end  of  this  section. 

A  differential  analyzer  presents  the  solution  of  a  system  of  differential  equa¬ 
tions, 

Piiii »  •  •  •  ,  ,  a:, ,  •  •  •  ,  X, ,  0  “  0,  ;  -  1,  •  •  •  ,  n  (2.1) 

where  t  is  the  independent  variable,  Xi,  •  •  •  ,  Xn  are  n  unknown  functions  of  t 
and  X,  stands  for  the  derivatives  of  x,  with  respect  to  t.  In  addition  to  Eq.  (2.1), 
initial  values  for  the  n  variables  Xi ,  *  •  •  ,  x„  at  to  are  given.  It  is  always  possible 
to  express  a  differential  equation  problem  in  a  form  in  which  only  first  deriva¬ 
tives  appear  and  we  will  suppose  that  this  has  been  done. 

In  many  applications  of  interest  one  is  not  justified  in  considering  equations 
Fy  ■=  0  as  given  by  a  single  analytic  expression  defined  by  a  region  in  n  +  1 
dimensional  space  of  variables  xi ,  *  *  ■  ,  Xn  ,  t.  Instead,  it  is  frequently  necessary 
to  consider  the  region  of  interest  R  as  broken  up  into  smaller  regions  on  each 
of  which  Eq.  (2.1)  can  be  solved  for  the  x, , 

Xi  -  fi(Xi  ,  •  •  •  ,  X,  ,  t), 

where  /,-  is  analytic  on  each  subregion  in  Xi ,  •  ■  *  ,  x»  for  ^  fixed  and  is  Riemann 
integrable  in  t  when  continuous  functions  X\{t),  •  •  •  ,  x»(0  are  substituted  for 
xi ,  ■  *  •  ,  Xn .  The  boundaries  between  these  regions  are  analytic  manifolds  of 
not  more  than  n  dimensions.  We  are  justified  in  including  a  boundary  point  in 
one  of  the  subregions  if  the  functions  /.’  satisfy  the  above  mentioned  criterion  at 
such  a  boundary  point. 

We  shall  suppose  that  the  operation  of  the  machine  indicated  the  existence 
of  a  solution.  In  general  we  will  be  interested  in  solutions  which  extend  through 
one  or  more  of  the  boundary  surfaces  between  regions  of  analyticity.  If  a  point 
on  such  a  solution  is  on  the  boundary  between  two  regions  and  the  /’s  associ¬ 
ated  with  both  regions  are  analytic  at  this  boundary  point,  then  the  continua¬ 
tion  of  the  solution  through  the  boundary  point  is  determined  by  the  uniqueness 
theorem  for  ordinary  differential  equations.  Furthermore,  the  analytic  character 
of  the  dependence  of  the  solution  on  its  initial  conditions  remains  after  passing 
a  boundary  point  in  this  f^ion.  On  the  other  hand,  we  require  in  our  discussion 
below  this  anal}rtic  dependence  on  the  initial  conditions  and  we  shall  take  this 
as  our  hypothesis  rather  than  specifications  concerning  the  behavior  of  /  on 
the  boundary.  We  now  give  a  precise  statement  of  the  hypotheses  needed  in  the 
discussion  below. 

Let 

Fi(x,  X,  0  *  0,  y  »  1,  •  •  •  ,  n  (2.1) 

denote  a  system  of  n  first  order  ordinary  differential  equations  in  which  t  is  the  in¬ 
dependent  variable,  x  stands  for  n  dependent  variables  Xi ,  ■  *  ■  ,  x,  and  x  stands 
for  the  n  derivatives  Xi ,  •  •  •  ,  x„  o/  Xi ,  •  •  •  ,  x,  with  respect  to  t.  A  solution  of  this 
system  consisting  of  n  functions  Xi(t),  •  •  •  ,  Xn(0  is  desired  which  at  t  =  to  assumes 
specified  values  xi.o ,  •  •  •  ,  x,,.o ,  e.g.  x,(<o)  =  x.-.o . 
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The  Eqs.  (2.1)  are  to  he  considered  on  a  region  Rinthen  -{•  1  dimensional  space 
of  the  variablee  Xi,  •  •  •  ,  x,  ,  This  region  R  is  subdivided  into  subregions  Ri , 
Ri,  *  •  *  which  do  not  have  interior  points  in  common.  On  Rk  it  is  possible  to  solve 
Eqs.  (2.1)  for  Xi  Xn  in  terms  of  Xi  x,  ,  t, 

Xi  -  /<*(xi ,  •  •  •  ,  X,  ,  /)  (2.2) 


where: 

(A)  If  x[ ,  ‘  x'n  ,  V  is  a  point  of  Rk  then  for  f  fixed,  /i*(xi ,  •  •  •  ,  x,  ,  /')  is 

analytic  tn  xi ,  •  •  •  ,  x,  a/  xj ,  •  •  •  ,  x^,  and: 

[B)  If  Xi{t),  •  •  •  ,  x»(0  ore  n  continuous  functions  of  t  defined  for  an  interval 

a  ^  t  ^  b  and  such  that  for  every  t  in  this  interval,  the  point  Xi{t),  •  •  •  ,  xdf),  t  is 

in  Rk,  then  fi*(xi(t),  •  •  •  ,  Xn(t),  t)  is  a  Riemann  integrable  function  of  t  for  a 

a  ^  t  ^b. 

Let  Bki  denote  the  intersection  of  the  boundary  of  Rk  and  Ri .  We  suppose  that  if 
Bki  is  not  null  it  can  be  specified  by  a  finite  number  of  analytic  equations  and  in¬ 
equalities.  If  the  addition  of  Bki  to  Rk  does  not  destroy  the  properties  (A)  and  (B) 
above,  we  shall  consider  Bki  to  be  in  Rk .  Similarly  for  Ri .  Thus,  Rk  and  Ri  may 
have  boundary  points  in  common. 

Let  Xi,o ,  •  •  •  ,  x«,o ,  to  be  an  interior  point  of  a  subregion  which  we  suppose  has 
been  denoted  Ri .  Since  /'  satisfies  conditions  (A)  and  (B)  on  Ri ,  there  is  a  unique 
solution,  X\{t),  •  •  •  ,  Xn(t),  of  Eq.  (2.2)  vfhich  passes  through  Xi,o ,  •  •  •  ,  Xn  .o  ,to  . 
Suppose  that  att—*ti,to^t<t\,  Xj(t)  —*  x,i  where  Xu  ,  •  •  •  ,  Xni ,  ti  is  a  point 
of  Bii ,  but  not  of  Bij  for  j  ^  2.  A  continuation  rule  is  a  rule  which  associates  with 
every  such  solution  defined  for  to  ^  t  ^  h  a  unique  solution  of  Eq.  (2.2)  defined 
t  for  at  interval  with  lower  endpoint  ti  and  with  Xi(t),  *  •  •  ,  x,(/),  t  in  Rt  for  t  >  ti. 
We  suppose  that  such  a  continuation  rule  exists  for  every  non-null  boundary  Bjk . 

If  Ba  belongs  to  both  Ri  and  Rt  then  there  is  only  one  continuation  rule  pos¬ 
sible.  This  is  a  consequence  of  the  usual  uniqueness  theorem. 

We  shall  say  that  the  above  mentioned  solution  penetrates  the  boundary  analyti¬ 
cally,  if  we  can  find  a  S  >  0  and  a  6'  >  0  such  that  if  Xj  ^  Xy(<i  —  5),  then  there 
exists  a  neighborhood  of  x[  ,Xn  such  that: 

(1)  Each  point  Xi ,  •  •  •  ,  x,  o/  this  neighborhood  is  such  that  Xi ,  •  •  •  ,  Xn ,  h  —  6 
is  in  Ri , 

(2)  Each  point,  Xi ,  •  •  •  ,  x*  of  this  neighborhood  determines  a  solution 
Xi(t),  •  •  •  ,  Xn(0»  I  which  can  be  continued  by  the  continuation  rule  through  Ba  into 

Ri  t 

(3)  The  values  of  the  continuation  Xi{ti  -f-  i'),  •  •  •  ,  x*(<i  -|-  i')>  li  +  <*re  in 
Ri  for  every  such  point  and 

(4)  Each  such  Xj(t  -b  4')  is  an  analytic  function  of  Xi  Xn  in  the  neighbor¬ 

hood. 

Again,  it  may  be  stated  that  if  Ba  belongs  to  both  Ri  and  Ri ,  then  every  con¬ 
tinued  solution  penetrates  the  boundary  analytically  provided  the  point  of 
penetration  is  not  a  boundary  point  of  a  region  other  than  Ri  and  Rt .  If  Ba 
is  in  Ri ,  the  continuation  Xi(t),  •  •  •  ,  Xn(t),  t,  t  ^  ti  may  remain  in  Ba  • 
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2.2.  The  Machine  Realization.  The  effort  to  obtain  a  solution  of  the  system 
of  differential  equations,  Eq.  (2.1),  with  given  initial  conditions  Xi.o,***, 
z„,o  ,  U  is  beset  with  two  major  difficulties.  In  the  first  place,  the  system  of  equa¬ 
tions  Fi  =  0  cannot  be  accurately  realized  on  the  machine.  Instead,  we  actually 
realize  another  system,  Gi  =  0.  We  suppose  that  the  difference  between  the  two 
systems  can  be  described  as  follows.  The  G<’s  are  dependent  on  certain  parame- 
teis,  X,  ai ,  •  •  •  ,  ajv  such  that  X  —  0,  *  0,  the  equations  Gt  =  0  reduce  to 

the  system  =  0.  The  order  of  the  system  Gi  =  0,  may  be  higher  than  the 
original  system.  In  addition,  however,  the  process  of  solution  on  the  machine 
may  also  be  subject  to  perturbations  during  the  course  of  the  solution. 

For  simplicity  in  our  present  discussion,  we  will  assume  that  the  order  of 
the  system  Gi  =  0  has  increased  only  by  the  introduction  of  second  derivatives 
,  in,  i.e.  the  system  realized  on  the  machine  will  be  in  the  form 

Gi(\il  j  '  *  *  f  Xi»  ,  Xi  ,  *  •  •  ,  in  ,  *  ,  Xn  ,  t,  Oi  ,  "  '  '  ,  Ot//)  ™  0, 

(2.3) 

t  -  1,  •••  ,n 

or  as  we  prefer  to  write  it 

G(\i,  X,  t,  a)  “  0. 

The  parameter  X  has  been  introduced  for  the  purpose  of  convenience.  It  is  con¬ 
venient  to  think  of  X  as  small  and  that  dG/d(Xi)  is  of  normal  size.  The  assump¬ 
tion  that  the  order  only  increases  by  one  is  made  in  order  to  obtain  reasonably 
compact  formulas.  The  arguments  will  generalize  to  the  cases  in  which  higher 
derivatives  appear.  For  the  moment,  we  will  suppose  that  the  o’s  are  held  fixed  ^ 
and  for  a  time  reference  will  not  be  made  to  them.  * 

We  must  first,  however,  specify  the  extent  to  which  Eqs.  (2.3)  are  actually  of 
the  second  degree.  Suppose  the  Eqs.  (2.3)  imply  exactly  n  —  r  independent 
functional  relations 


G/xi ,  •  •  •  ,  X, ,  xi ,  •  •  •  ,  X, ,  0  “  0,  =  r  +  1,  •  •  •  ,  n  (2.4) 

which  do  not  involve  the  second  derivatives.  Now  one  can  readily  see  that  if 
Eq.  (2.3)  is  such  that  we  can  explicitly  solve  for  s  of  the  expressions  X£i ,  •  •  •  ,  \i, 
in  terms  of  Xi,+i ,  •  •  •  ,  ,  Xi ,  •  •  •  ,  x,  ,  xj ,  •  •  •  ,Xn,t,  then  when  we  substitute 

these  in  the  remaining  n  —  «  equations  of  Eq.  (2.3)  either  the  X£,.|.i ,  •  •  •  ,  Xx. 
appear  and  we  can  solve  for  another  X£  or  they  disappear  from  the  remaining 
equations  and  we  have  n  —  s  relations  of  the  type  Eq.  (2.3).  Since  there  are 
exactly  n  —  r  relations  in  Eq.  (2.4),  we  can  carry  out  the  above  elimination 
process  for  «  =  1,  •  •  •  ,  r.  Suppose  then  that  the  first  r  equations 

Gi(Xii ,  •  •  •  ,  Xx,  ,  Xi ,  •  •  •  ,  X,  ,  Xi ,  •  •  •  ,  x»  ,  0  =0,  t  “  1,  •  •  •  ,  r  (2.5) 

can  be  used  for  solving  for  X£i ,  •  •  •  ,  X£,  and  that  Eqs.  (2.5)  and  (2.4)  form  a 
sjrstem  equivalent  to  Eq.  (2.3). 

Now  suppose  the  system  of  Eq.  (2.4)  is  adequate  to  specify  ir+i ,  ■  ■  *  ,  x»  in 
terms  of  Xi ,  •  •  *  ,  Xr ,  Xi ,  ■  *  •  ,  x. ,  This  means  that  a  certain  Jacobian  is  not 
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lero.  Thus,  if  we  differentiate  £q.  (2.4)  with  respect  to  t. 


i  dXi 


+  S 
% 


dGj 

dXi 


Xi  + 


dGj 

IF 


0, 


i  -  r  +  1,  •  •  •  ,  n, 


(2.6) 


and  these  equations  can  be  used  to  eliminate  \£r+i ,  *  *  *  ,  from  Eqs.  (2.5). 
In  order  to  present  the  following  discussion  with  a  reasonable  economy  we  will 
suppose  that  this  latter  elimination  has  been  carried  out. 


Hypothesis  2.1.  The  system  of  Eq.  (2.3)  can  he  xvriUen 

G  i(\£l  >  *  *  *  >  \£t  9  >  *  *  *  >  ^1*  >  >  ’  *  *  I  X,  Ot)  1*1, 

/  .  .  .  (2.7) 

G  ,(xi ,  •  ■  •  ,  Xn  ,  Xi  j  '  ■  *  >  Xtt  f  tf  fl()  ™  0  j  =  r  !,•••,  n 

where  the  first  r  equations  can  he  used  to  solve  for  Xi  i ,  •  •  •  ,  \£r  in  terms  of 
f ,  Xi  ,•••,  x»  ,  <  and  the  remaining  equations  can  he  used  to  solve  for 
Xr+i ,  ,  x»  in  terms  o/  Xi ,  •  •  •  ,  x, ,  Xi ,  •  •  •  ,  x, .  HyptAhesis  2.1  is  to  he  under¬ 

stood  as  stating  that  certain  Jacohians  are  not  zero  plus  the  existence  of  certain  values 
satisfying  the  equations.  TFe  suppose  then  that  the  equations  of  motion  of  the  ma¬ 
chine  can  he  written  in  the  form  of  Eq.  (2.7)  and  that  (rf  X  *»  0,  o  —  0  these  hecome 
equivalent  to  Eq.  (2.1). 

In  the  following  discussion  r  will  be  considered  to  be  fixed  for  the  given  prob¬ 
lem.  This  is  purely  for  economy  in  notation.  One  can  generalize  the  discussion 
to  a  case  in  which  r  is  different  on  the  different  regions  of  analyticity  of  the 
problem. 

The  equations  (2.7)  contain  various  parameters  a  corresponding  to  errors  in 
the  machine  realization  which  do  not  raise  the  order  of  the  system.  However  in 
addition  to  the  errors  which  appear  in  the  realization  of  the  s}rstem  of  differen¬ 
tial  equations,  the  machine  solution  is  subject  to  perturbations  during  the  course 
of  the  run.  The  variables  Xi ,  ■  •  •  ,  ,  Xi ,  •  *  •  ,  x.  may  contain  discontinuities 

corresponding  to  a  jump  from  one  solution  to  another.  These  will  be  referred 
to  as  errors.  They  may  arise  accidently  or  as  errors  in  entering  the  initial  con¬ 
ditions  or  as  errors  in  realizing  the  continuation  conditions  when  a  solution  passes 
from  one  region  of  non-analyticity  to  another  or  as  output  noise. 

Hypothesis  2.2.  We  assume  that  the  motion  of  the  machine  is  described  by  n  func¬ 
tions  Xi(t),  •  •  •  ,  x,(0  of  the  time  t  which  satisfy  a  system  of  differential  equations, 
Eq.  (2.3),  dependent  onN  1  parameters  ay  and  X.  When  every  a  »  0,  and  X  *  0 
the  system  of  Eq.  (2.3)  reduces  to  a  system  of  equations  =«  0,  [Eq.  (2.1)]. 

The  Eqs.  (2.3)  are  to  he  considered  on  a  regionR  tnr-l-n  +  iV-+-l  dimensional 
space  of  the  variables  x,  x,  a,  t.  This  region  is  to  he  subdivided  into  subregions 
Ri ,  Ri,  ,  which  do  not  have  interior  points  in  common.  On  each  Rt  Hypothe¬ 
sis  2.1  may  he  applied  to  solve  Eqs.  (2.7)  /or  Xfi ,  •  •  •  ,  Xi, ,  x, ,  ±r+i ,  •  •  •  ,  x,  tn 
terms  of  the  other  variables. 

Xi«  “  gi  (Xi  X,  ,  Xi,**",  Xn  t  t,  tti  ,  •  •  •  ,  aw) 

“  gi  ix\  ,  •••  ,X,,Xi,  •••  ,  Xn  ,  /,  ai  ,  •  •  •  ,  Oif)  i 


t  -  1,  •  •  •  ,  r 
r  +  1,  •••  ,  n 


(2.8) 
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where 

(A)  If  if,  tf,  a',  i'  iaa  point  of  Rt  then  for  V  fixed,  gi  is  analytic  inxi ,  •  •  •  ,  i, , 

Xl  ,  ’  ‘  ,  Xn  ,  ®1  t  '  ‘  ’  t  ei/t  at  Xl  ,  •  •  •  ,  Xr  ,  Xl  ,  ,  X„  ,  Oi  1***1  Oly  ofid 

(B)  If  Xi{t),  •  *  •  ,  Xr(t),  Xi(f),  *  *  *  ,  Xn(t)  OTg  n  +  f  continiwus  functions  of  t 
defined  for  an  interval  a  S  t  ^  h  and  ai ,  •  ’  •  ,  ay  are  fixed  values  of  a  such  that 
for  every  t  in  the  given  interval,  ii(t),  *  •  *  ,  Xr(t),  Xi(t),  *  *  *  ,  Xn(t),  ai  ,•••,  ay ,  t 
is  in  Rt ,  then  gi^(xi(t),  *  *  •  ,  Xr(t),  xt(t),  *  *  *  ,  Xn(t),  t,  ai ,  *  *  *  ,  ay)  are  Riemann 
iniegrable  in  t  for  a  ^  t  ^  b. 

At  \  ^  0,  the  Eg.  (2.3)  can  be  solved  for  Xi,  *  *  *  ,  in,  to  yield 
ii  gii,^\  I  "  * "  » » It  >  * "  *  >  ®») 

where  the  g't  satisfy  conditions  A',  B'  analogous  to  A,  B  above  with  reference  to 
£i,  ,  Xt  omitted. 

The  boundary  Bui  between  the  regions  Rk  and  Rt  is  subject  to  a  description  similar 
to  that  for  Bki  in  the  previous  section  with  the  addition  of  reference  tothexi,  *  *  *  ,  x, 
and  for  a  fixed  set  of  values  ai  ,••■,  ay  ,  the  definition  of  a  continuation  rule  given 
in  the  previous  section  applies  here. 

Suppose  that  for  a  fixed  set  of  values,  a[  ,ay  of  the  parameters,  a  solution  of 
Eg.  (2.3)  is  given  with  initial  conditions  xij»,  *  *  ■  ,  Xr,o ,  Xi.o ,  *  *  *  ,  Xn.o ,  U>  such  that 
xi.o ,  *  *  *  ,  x,,o ,  Xi.o  ,  *  *  *  ,  x,.o ,  a[ ,  •  •  *  ,  ay  ,  tf  is  in  Ri .  Suppose  that  ast—*ti, 
to  <  ti,  Xj(t)  —*  Xji ,  x,(t)  —►  Xji  where  Xn  ,  *  *  *  ,  x,i ,  Xn  ,  *  •  *  ,  x,i  ,  ai' ,  *  *  *  , 
a'y  ,  ti  is  a  point  of  Bu  but  not  of  Bn  for  j  ^  2.  For  t  >  ti  let  x,(0  denote  the  con¬ 
tinuation  of  this  solution  into  the  region  Rt .  We  say  that  this  solution  penetrated 
the  boundary  analytically,  if  we  can  find  a  S  >  0  and  a  6'  >  0  such  that  if  Xj 
Xj{ti  —  5),  Xj  *  Xj{ti  —  b),  then  there  exists  a  neighborhood  of  x[ ,  •  •  •  ,  x'r  ,* 
x[,  -  ,Xn,a[,  ,ay  such  that: 

(1)  Each  point  of  this  neighborhood  ,  *  *  *  ,  Xr ,  Xi ,  *  *  *  ,  x,  ,  ai ,  *  *  *  ,  a#  i« 
such  that  Xl  ,Xr ,  Xl,  ,Xn ,  ai,  ,ay ,  ti  —  b  is  in  Ri, 

(2)  Each  point  Xi ,  •  *  •  ,  x, ,  Xi ,  *  *  *  ,  x,  ,  ai,  ay  determines  a  solution 
which  can  be  continued  by  the  continuation  rule  through  Ba  into  Rt , 

(3)  The  values  of  the  continuation  at  t  b'  determine  a  point  Xi(t  +  i')>  *  •  *  » 
Xrd  +  b'),  Xi(t  +  i')>  •  •  •  »  Xn(t  4-  b'),  ai ,  •  •  ‘  ,  ay  ,t  b'  which  is  in  Rtfor  every 
such  point  in  the  neighborhood  and, 

(4)  Each  such  Xj(t  -f  b')  is  analytic  in  xi,  *  *  *  ,  x, ,  Xi,  *  *  *  ,  x»  ,  oi ,  *  *  •  ,ay 
in  this  neighborhood. 

Let  the  initial  conditions  Xi,o  ,  *  *  *  ,  Xr.o  ,  x:i.o ,  *  *  •  ,  *«.o  at  U  and  ai,  ay 
be  fixed.  A  set  of  functions  Xi(t),  *  *  *  ,  x,(0  will  be  said  to  describe  a  perturbed 
motion  of  the  machine  if  a  set  of  values  ti ,  "  •  ,  ty  of  t  are  given  such  that: 

(i)  For  ti  <  t  <  <<+i ,  Xi(t),  *  *  *  ,  Xn(t)  is  a  solution  of  Egs.  (2.3)  except  possibly 
for  a  finite  number  of  values  of  t  where  this  solution  analytically  penetrates  a  bound¬ 
ary  and: 

(ii)  At  each  ti  we  have  parameters  fin ,  /9»y  such  that  Xi(tj+)  x,(f/)  +  , 

*<(^y+)  “  Xi(ti)  +  /S,y .  [The  form  of  the  last  equation  permits  us  to  assume 
that  Xi(to)  =  X..0 ,  even  when  is  a  point  of  perturbation,  h  ,  i.e.  x<(4)+)  *  Xi,o  +  . 

^ii  •] 
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It  is  convenient  mathematically  to  permit  “perturbed  motions”  in  which  all 
the  /3’s  are  zero. 

Hypothesis  2.3.  Let  a  set  of  initial  conditions  Xi,o  ,  •  •  •  ,  Xr,o  ,  iCi.o  ,  •  •  •  ,  x,.o  ,  A)  be 
given.  The  Eg.  (2.3)  and  the  value  X  are  such  that  for  a  =  0  and  for  all  =  0 

there  exists  a  perturbed  motion  perturbed  at  the  specified  values  of  t,  defined  for  a 
closed  t  interval,  with  lower  end  point  to  and  which  meets  at  most  a  finite  number  of 
boundaries  and  penetrates  them  analytically. 

Theorem  1.  Under  Hypotheses  2.1,  2.2,  and  2.3,  there  exists  a  constant  i  >  0, 
such  that  for  [  x,-  —  x,.o  1  <  i,  |  x<  —  x,-.o  |  <  6,  j  a.  |  <  5,  1  /3,y  |  <  5,  ]  |  <  5, 
there  exists  perturbed  motions  in  the  sense  of  the  above  for  the  t  interval  of  Hypothe¬ 
sis  2.3,  with  initial  conditions  Xi ,  •  •  •  ,  Xr ,  x( ,  •  •  •  ,  x*  ,  satisfying  Eqs.  (2.3)  for 
the  given  values  of  X  and  a  and  haring  the  given  values  of  ^  as  perturbations  at  the 
specified  points.  For  each  value  of  t  in  the  closed  interval,  the  functions  Xi{t)  which 
describe  the  perturbed  functions  are  analytic  functions  o/  x^ ,  •  •  •  ,  x, ,  Xi ,  •  •  •  ,  x «  , 
the  a’s  and  /3’s  on  the  neighborhood  described  above  in  terms  of  6. 

The  Hypotheses  given  above  have  been  set  up  so  that  at  each  point  Xi ,  •  *  •  , 
Xr ,  xi ,  •  •  •  ,  x„  on  the  “perturbed  motion”  of  H3rpothe8is  2.3  it  is  possible  to 
find  a  closed  t  interval,  having  the  given  point  as  an  interior  jxiint  for  which 
the  theorem  holds.  If  the  end  points  of  these  closed  intervals  are  ignored,  we 
can  apply  the  Heine-Borel  theorem  to  obtain  a  finite  number  of  open  intervals, 
which  cover  the  given  interval  of  the  theorem  in  an  overlapping  manner.  The 
analyticity  in  the  initial  conditions  permit  us  to  combine  these  functions  when 
i  overlap  is  present  so  that  the  theorem  holds  for  the  full  given  interval  of  Hy¬ 
pothesis  2.3. 

The  analyticity  in  the  initial  conditions  is  used  only  in  this  proof.  We  will 
require  only  the  analyticity  in  a  and  in  the  future.  In  the  proof  of  the  theorem, 
“analyticity  in  the  Xi ,  •  •  •  ,  x, ,  Xi ,  •  •  •  ,  x,”  is  used  to  permit  the  application 
of  standard  existence  theorems.  If  necessary,  one  may  replace  “analyticity” 
throughout  by  the  condition  “having  continuous  A:th  order  partial  derivatives, 
k  ^  1.” 

2.3.  The  Linearization.  Now  let  Xi ,  *  *  ■  ,  x|,  be  a  given  solution  of  Eq.  (2.1) 
corresponding  to  a  prescribed  set  of  initial  conditions  x'i,o ,  •  •  •  ,  x»,o .  We  shall 
write  the  solution  of  Eq.  (2.7)  obtained  when  one  tries  to  solve  Eq.  (2.1)  on 
the  machine  in  the  form 

X,  =  xj  -}-  Ui .  (2.9) 

Clearly,  the  initial  values  of  Xi ,  •  •  •  ,  x,  and  xi ,  •  •  •  ,  x,  are  determined  by 
corresponding  initial  values  of  Ui ,  •  •  •  ,Un  ,  lii ,  •  •  •  ,  li, .  We  may  consider 
Eq.  (2.7)  then  as  determining  a  system  of  equations  for  the  Ui 

Gi(y£\  +  Xfii  ,  •  •  •  ,  X'ir  +  Xtir  ,  Xi  -|-  lil  ,  •  •  •  ,  x»  -f  ,  0  =0, 

t-1,  •••,r  (2.10) 

,  •  •  •  ,  Xn  +  ,  x(  -f  Ui  ,  •  •  •  ,  x',  -1-  W,  ,  0  “  0, 

t  =  r  -H  1,  •  •  •  ,n. 


Gi{x[  -f  til 
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We  distinguish  between  X  as  a  coefficient  of  H  and  X'  as  a  coefficient  of  x'.  The 
latter  X'  can  be  conveniently  regarded  as  another  a  parameter. 

Normally  one  is  justified  in  regarding  the  initial  values  of  the  u,’s  as  small. 
This  means  that  the  x/s  have  been  entered  into  the  machine  with  approximately 
the  correct  values.  However,  we  do  not  have  any  assurance  that  the  values  of 
the  u>’s  are  small.  We  shall  give  a  discussion  which  will  clearly  have  a  t  interval 
of  validity  if  ti  is  small  and  this  will  certainly  happen  if  the  initial  value  of  u 
is  small.  On  the  other  hand,  in  general  this  discussion  will  have  an  adequate 
range  of  validity  but  this  cannot  be  presupposed  if  ti,-  is  arbitrary.  We  shall 
make  this  matter  precise  later. 

We  may  write  Eq.  (2.10)  in  the  form 


(2.11) 


G'i{x  ^  X  ,  0  +  S  Wy  -f  Ri 

)  vXy  i  OXj 


0, 


r  +  l, 


X'  as  a  coefficient  of  £'  is  to  be  regarded  as  an  a  parameter.  Consequently, 
dG'i/d{\£j),  dG'ildXj  and  dG'jdXi  are  now  functions  of  t  independent  of  X  and  u. 
Ri  contains  the  higher  powers  of  Xd,  ti  and  u. 

The  time  interval  0  ^  ^  is  now  to  be  subdivided  into  intervals  0  =* 
^  <  ^1  <  ■  *  *  <  tm  t*  and  in  each  of  these  subintervals  a  point  tk  ,  tk-\  ^ 
t!k  ^  U  is  chosen  at  which  we  evaluate  the  coefficients 


dGi/d(Xii)  *=  Aij , 

t,  J  =  1,  •  • 

•  ,»• 

(2.12) 

dGi/ dXj  =  Bij , 

t,  J  -  1,  •  • 

•  »  w 

(2.12') 

dGifdXj  “  C,y , 

i,3  -  1,  •• 

•  .w. 

(2.12") 

These  jjermit  us  to  rewrite  Eqs.  (2.11)  in  the  form 
0  =  Gi(\x',  x\  x',  0  +  +  2  BiiUj  +  53  CaUj  +  »; 

•[?(aS)  -  + 9(11  -  +  • 

i  =  1,  •  •  •  ,  r  (2.13) 

0  -=  G'iix'y  X,  0  +  S  +  H  CijUj  +  rj 

>  i 

•  [?(@  - +  9(^‘ - 

where  v  is  an  a-like  parameter  which  we  introduce.  For  17  =  1  Eq.  (2.13)  is 
equivalent  to  the  original  system,  Eqs.  (2.7),  and  for  »;  =  0,  the  system  of  Eq. 
(2.13)  is  a  system  with  piecewise  constant  coefficients. 
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Lemma  1.  If  Hypothesis  2.1  above  is  satisfied  for  the  given  problem  originally,  it 
is  also  satisfied  by  the  system  of  Eg.  (2.13)  at  tf  0. 

The  conditions  of  H}rpothe8is  2.1  are  to  be  interpreted  as  the  statement  that 
certain  Jacobians  are  not  zero  and  certain  additional  statements.  If  we  set 
ij  *  0,  the  corresponding  Jacobians  are  readily  seen  to  coincide  with  certain 
values  of  the  former  set  of  Jacobians  and  hence  are  not  zero.  Since  at  ij  =  0 
we  have  a  linear  system  in  the  u’s,  the  existence  of  solutions  at  specific  points 
is  readily  established.  This  establishes  the  Lemma. 

The  fact  that  H}rpothesis  2.1  is  satisfied  for  i;  ~  0  and  the  fact  that  Eq. 
(2.13)  for  i;  —  0  is  a  linear  system  insures  that  given  any  initial  condition 
tii.o ,  •  •  •  f  ti,.o  I  Ui,o  f  •  •  •  ,  we  can  find  a  solution  corresponding  to  i;  **  0. 

Furthermore,  since  under  these  circumstances  the  hypotheses  of  Theorem  1 
above  apply  to  this  system  and  this  solution,  the  tii ,  •  •  •  ,  iL  and  Ui ,  **  *  ,  u,. 
are  analytic  functions  of  i;,  a  and  j9  which,  for  a  given  value  of  <  t*,  are  ana¬ 

lytic  for  a  neighborhood  around  zero.  If  this  neighborhood  contains  a  r^on 
for  which  i;  —  1  we  shall  say  the  set  of  initial  conditions  tii.o ,  •  •  •  ,  tL.o ,  wi.o ,  •  •  •  i 
xinfi  is  in  case  1. 

We  suppose  now  we  are  dealing  with  a  set  of  initial  conditions  in  case  1. 

ri  and  X'  are  to  be  regarded  as  additional  a  jiarameters  and  we  know  by  The¬ 
orem  1,  that  the  Ui ,  •  •  •  ,  u.  are  analytic  in  all  a  and  /3  for  any  given  value  of  t 
in  the  specified  interval.  Thus  Ui(t,  X,  a,  /3)  can  be  expanded  in  a  power  series 
around  a,  /3  »  0  for  any  fixed  value  of  X,  i.e. 

Ui(t,  X,  a,  fi)  *  Ui(t,  X,  0,  0)  -|-  23  Wt.a®  H"  S  4*  •  •  •  (2.14) 


where  the  coefficients,  say,  tOi  are  the  partials  of  Ui  relative  to  some  combination 
of  a’s  and  jS’s.  The  Wi’a,  i  =  1,  *  •  •  ,  n  for  a  fixed  combination  of  a’s  and  0% 
say,  of  the  kth  order  satisfy  a  system  of  differential  equations 

0  *  AiiXtbj  4-  23i  BijWi  -f  CifWj  4*  ,  t  *  1,  •  •  •  ,  r 

_  _  (2.15) 

0  “  BijWj  4-  CijWi  4’  ,  t  *  r  4*  1,  •  •  •  I  n 

where  the  S/s  involve  partial  derivatives  of  the  u/s  of  order  lower  than  k.  This, 
of  course,  is  a  system  which  can  be  solved  successively  for  the  various  values  of 
k.  To  do  so  we  must  first  solve  the  homogeneous  system 


0  -  23i  4-  23y  4-  23y  CiiWj  ,  i  -  1,  •  •  •  ,  r 

0  «  2Iy  BijWj  +  ,  i  ^  r  +  1,  ,n. 


This  system  is  not  one  with  constant  coefficients  but  one  in  which  the  coeffi¬ 
cients  are  constant  over  successive  time  intervals.  Nevertheless  we  can  construct 
n  -H  r  linearly  independent  solutions  and  use  these  in  turn  to  solve  the  non- 
homogeneous  systems  of  Ekj.  (2.15). 


2.4.  The  Sensitivity  Equations.  We  first  consider  the  system  of  Eq.  (2.16) 
for  a  fixed  interval.  Since  this  is  a  system  with  constant  coefficients,  we  consider 
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the  indicia!  equation  which  can  be  written  in  detenninantai  form  as 

1  Aij\rr^  +  Bijm  +  Ca  \  **  0,  (2.17) 

(We  let  Aij  =-  0  for  t  =  r  +  1 ,  • '  •  ,  n.) 

If  we  set  X  »  0  in  the  above,  we  obtain  an  nth  order  polynomial 

I  Bum  +  Cii  I  -  0.  (2.18) 

The  matrix  B  *  ||  ||  corresponds  to  the  Jacobian  of  the  original  system  of 

Eq,  (2.1)  although  it  is  not  precisely  equal  to  it  as  long  as  X'  is  not  zero.  In  view 
of  this  though,  it  is  reasonable  to  assume  that  ||  Bu  ||  is  not  singular.  If  we 
multiply  the  determinant  of  Elq.  (2.18)  by  the  determinant  of  the  inverse  matrix 
we  have  a  characteristic  equation 

I  ml  -I-  B~'C  1  -=  0 

which  clearly  is  of  the  nth  degree  in  m.  (C  -=  ||  C.y  ||.) 

Assumption  1.  B  =  ||  B<y  ||  is  not  singular. 

Assumption  2.  Equation  (2.18)  does  not  hove  multiple  roots. 

Lemma  2.  Assumption  1  implies  that  Eq.  (2.18)  is  an  equation  of  the  nth  degree. 
Lemma  3.  There  is  a  X  neighborhood  of  \  ^  0  such  that  corresponding  to  each 
root  mo  of  Eq.  (2.18)  which  is  not  a  multiple  root  of  Eq.  (2.18)  there  exists  a  root 
/x(X)  of  Eq.  (2.17)  such  that  m(0)  ^  mo  and  n(\)  is  analytic  in  \  at  \  ^  0. 

Proof.  Consider  $ 

L(X,  m)  =«  I  AijXrri?  +  Bum  +  C,,- 1  (2.19)* 

and  consider  Eq.  (2.17),  i.e.,  L  «  0  as  an  equation  intended  to  determine  m  as 
a  function  of  X.  If  we  set  X  »  0,  mo  is  a  value  of  m  satisfying  L(0,  nto)  ~  0  and 
we  may  apply  the  usual  implicit  function  theorem  to  this  situation  and  obtain 
the  desired  result  provided  dLfdm  ^0atX  =  0,  m“7no.  But  L  reduces  to 
Eq.  (2.18)  for  X  =  0  and  the  statement  dLldm  0  is  immediately  equivalent 
to  the  statement  that  mo  is  not  a  double  root  of  Eq.  (2.18). 

Q.  E.  D. 

(Multiple  roots  mo  le^'  to  expansions  in  fractional  powers  of  X  rather  than  a 
simple  power  series.  Otherwise  the  results  are  analogous  but  it  should  be  ap¬ 
preciated  that  small  variations  in  X  yield  far  larger  variations  in  (say)  the  square 
root  of  X.  Consequently,  in  the  multiple  root  case,  the  root  m(X)  depends  much 
more  sensitively  on  X  than  in  the  analytic  case  for  small  values  of  X.) 

Under  Assumptions  1  and  2  then  we  have  n  roots  mi(X),  •  •  •  ,  Mi*(^)  of  Eq. 
(2.17)  associated  with  corresponding  roots  of  Elq.  (2.18).  [One  might  well  point 
out  here  that  in  the  case  of  no  X  errors  we  could  still  apply  the  process  of  the 
previous  section  in  order  to  obtain  a  system  of  equations  with  piecewise  con¬ 
stant  coefficients.  The  result  would  be  Eq.  (2.18).  For  these  we  would  have  the 
n  roots  mi ,  •  •  •  ,  mn  and  correspondingly  n  solutions.  The  introduction  of  the 
X  errors  has  affected  these  only  slightly  under  Assumptions  1  and  2.  We  have  n 
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analytic  functions  of  X,  ,  Mn(X)  each  of  which  reduces  to  an  m  at  X  =  0. 

The  same  holds  for  the  corresponding  solutions.] 

Thus  these  n  solutions  correspond  to  relatively  minor  variations  of  the  basic 
situation  introduced  by  the  X  error. 

However,  there  are  other  solutions  which  must  be  investigated. 

Lemma  4.  Equation  (2.17)  is  of  degree  n  +  r  tn  m. 

Proof.  Consider  first  the  determinant  of  the  first  r  rows  and  r  columns  of  the 
determinant  in  Elq.  (2.17). 

I  +  Biitn  -|-  1  i,  j  =«  1,  ■  •  •  ,  r  (2.20) 

This  determinant  is  a  polynomial  in  m  of  degree  at  most  2r.  Since  the  coefficient 
of  m''  is  precisely  the  determinant  |  An  |  X*'  and  the  last  is  not  zero  by  Hypothesis 
1,  we  see  that  this  polynomial  is  of  the  2r  degree.  Now  one  can  also  readily  show 
that  any  other  rth  row  determinant  from  the  first  r  rows  of  the  determinant  in 
Elq.  (2.17)  is  of  degree  ^2r  —  1  since  only  the  first  r  columns  are  of  the  second 
degree  in  m. 

In  the  last  n  —  r  rows  we  take  the  last  n  —  r  columns  and  consider  the  cor¬ 
responding  minor 

I  Bijm  -1-  Cii  I,  »,y  =«  n  -  r  -f  1,  •  •  •  ,  n.  (2.21) 

This  is  of  degree  —  r  with  |  Bn  1  as  the  coefficient  of  m""'.  Hypothesis  1 
states  that  this  determinant  is  not  zero  and  consequently  Eq.  (2.21)  is  of  degree 
n  —  r.  Any  other  minor  from  the  last  n  —  r  rows  is  of  degree  ^  n  —  r. 

Apply  then  the  Laplace  expansion  of  L  for  the  first  r  rows.  This  expansion 
contains  the  product  of  the  Eqs.  (2.20)  and  (2.21)  which  is  of  the  n  A-  r  degree. 
Since  the  degree  of  the  other  minors  of  the  first  r  rows  is  less  than  2r  and  the 
degree  of  the  minors  of  the  last  n  —  r  rows  does  not  exceed  n  —  r,  the  degree 
of  any  other  product  in  this  expansion  is  less  than  n  -|-  r.  Hence  L  is  of  degree 
n  +  r. 

Thus  there  are  r  solutions  of  Eq.  (2.17)  which  we  must  still  obtain.  Multiply 
Eq.  (2.17)  by  X".  This  will  permit  us  to  multiply  each  element  in  the  determinant 
by  X, 

I  A<y(Xm)*  +  fi.i(Xm)  -f  C,-,X  |  =  0.  (2.22) 

Let  V  =  Xm.  Then  Eq.  (2.22)  becomes 

I  Anr  -f  Bnv  +  C.,X  1  =  0.  (2.23) 

Equation  (2.23)  is,  of  course,  of  the  same  degree  in  v  as  Eq.  (2.17)  was  in  m, 
i.e.,  of  degree  n  -f  r.  Let  us  now  consider  Eq.  (2.23)  for  X  =  0,  obtaining 

\Any'  +  Bny\  -  0.  (2.24) 

We  can  factor  a  v  from  each  column  of  this  determinant  which  can  then  be  written 
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\AiiV  +  Bii\  ^  0  (2.26) 

is  an  equation  of  degree  r  in  v.  Suppose  vi,t ,  •  •  •  ,  Kr.o  are  the  r  roots  of  Eq. 
(2.26). 

Asaumptum  3.  Equation  (2.26)  does  not  have  multiple  roots.  ~ 

Assumption  1  implies  that  no  rk.o  is  zero. 

Leboia  5.  Under  Assumptions  1  and  Z,  there  exists  a  X  neighborhood  o/  X  »  0 
sueh  that  for  each  root  Vk,o  of  Eq.  (2.26),  there  exists  an  analytic  solution  i'(X)  of 
Eq.  (2.23). 

Proof.  The  proof  of  this  is  similar  to  that  of  Lemma  3.  If  we  retrace  the  steps 
from  Eq.  (2.23)  to  Eq.  (2.26)  in  reverse  order  we  find  that  each  of  the  solutions 
of  Eq.  (2.26)  yields  a  solution  of  Eq.  (2.23)  for  X  —  0.  Assumption  1  shows  that 
y  0  is  not  one  of  the  vk,o  and  by  Assumption  3,  the  i'*,o  are  distinct.  Conse¬ 
quently,  no  I'i.o  is  a  multiple  root  of  Eq.  (2.23)  at  X  >>  o,  and  dLfdr  0  at  each 
of  the  values  X  —  0,  v  .  The  implicit  function  theorem  can  now  be  ap¬ 

plied  to  obtain  the  result  specified. 

Corresponding  to  the  r  solutions  vfX)  of  Eq.  (2.23)  there  are  r  solutions  m  — 
r(X)/X  of  Eq.  (2.22)  and  consequently  r  solutions  of  Eq.  (2.17). 

The  situation  for  any  multiple  root  of  Eq.  (2.26)  is  analogous  to  that  for  any 
multiple  root  of  Eq.  (2.21).  We  summarize  our  results  in  the  following  theorem. 

Theorem  2.  Under  Hypothesis  2.1  above  and  Assumptions  1,  2,  and  3  above, 
for  each  interval  of  constancy  the  indicial  equation  Eq.  (2.17)  of  the  system  Eq. , 
(2.16)  possesses  n  roots  in(X),  •  •  •  ,  Unfh)  analytic  in  X  and  r  roots  vi{\)/\,  •  •  •  , 
yr(h)/X  where  i^(X),  •  •  •  ,  i'r(X)  are  analytic  in  X.  If  Assumptions  \  or  2  do  not  hold, 
the  or  the  v’s  can  be  expressed  in  fractional  powers  of  X. 

2.5.  The  Solution  for  a  Single  Interval.  To  each  solution  m>(X)  of  the  theorem 
of  the  previous  section,  we  can  find  a  solution  of  Elq.  (2.16)  in  the  form 

ti/  -  (2.27) 

on  the  interval  of  constancy.  The  Da  are  the  non-trivial  solutions  of  the  homo¬ 
geneous  system 

(AitX/x/  -1-  BikUi  d"  Cik)Dkj  =  0,  t  =  1,  •  •  •  ,  n  (2.28) 

whose  determinant  is  zero.  (A,y  *  0,  t  *  r  -|-  1,  •  •  •  ,  n.)  Similarly  for  each  of 
the  i>y(X)  we  have  solutions  in  the  form 

Vi^  -  (2.29) 

where  for  each  j 

(Aikv/  +  BikVj  +  XCik)Ekj  =  0.  (2.30) 


Notice  that  the  Eq.  (2.28)  and  (2.30)  which  determine  Dki  and  Eki  when  a 
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suitable  normalization  is  supposed,  are  well  defined  at  X  »  0  and  are  analytic  in 
X  at  X  =■  0. 

The  general  solution  of  the  system 

X)*-^**^^*  -h'^kCuUk  *  0  (2.31) 

is  a  linear  combination  with  constant  coefficients  of  Eqs.  (2.27)  and  (2.29).  In 
vector  notation 

u  *  UiU^+Z  F*v*.  (2.32) 

Here  u’  and  w*  stand  for  vectors  with  elements  given  by  Eqs.  (2.27)  and  (2.29) 
above.  Now  let  U  stand  for  the  vector  with  elements  Uj ,  V  for  that  with  ele¬ 
ments  Vj,  M  (or  the  diagonal  matrix  with  elements  M>(^)io ,  N  the  rth  order 
diagonal  matrix  with  elements  Pi(X)Sij .  Then  Eq.  (2.32)  may  be  written 

u  -  Z)(exp  Mt)U  +  ^[exp  ((Ar/X)0]F.  (2.33) 

{D  is  the  matrix  ||  Da  ||,  E  is  an  n  X  r  matrix  ||  E,y  ||.) 

Let  Z>'  and  ET  denote  the  matrix  of  the  first  r  rows  of  D  and  E  respectively. 
Then  the  initial  conditions  for  the  solution  u  can  be  written  in  vector  form  as 

=  Df/  -I-  EV,  Xti®  =  XD'MU  +  E'NV.  (2.34) 

U  and  V  as  vectors  can  also  be  considered  as  one  column  matrices.  Similarly, 
tt®  and  u  are  one  column  matrices.  Thus, 

U  -  -  D-^EV 


X(u“  -  Z)'ilfD~*M®)  =  {ETN  -  XD''MD-^E)V. 

Now  let 

T  =  E'N  -  XD'MD-^E. 

Then 

V  =  XT-\u'‘  -  D'MD-V) 

U  =  D-V  -  X2)-‘E7^‘(w®  -  D^MD-V). 
Notice  V  is  zero  and  U  =  D~’m®  provided 

ti®  -  D^MD-V. 


Lemma  6.  Equation  (2.38)  ts  the  neceesary  and  sufficient  condition  that  Eq, 
(2.33)  depend  analytically  onX  atX  ==  0. 

These,  of  course,  all  apply  to  an  interval  of  t  on  which  the  coefficients  , 
Bij ,  Cii  are  constant.  Notice,  however,  that  if  (R(i'i)  <  0  (real  part  of  nega¬ 
tive)  and  of  finite  size  while  X  is  small  the  non-anal}rtic  terms  of  Eq.  (2.33)  are 
negligible  for  non-zero  positive  values  of  t  of  finite  size. 
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Equations  (2.33),  (2.36),  and  (2.37)  can  be  combined  to  yield 
u  -  [Z)  exp(AfO/>"‘]u®  +  X[Eexp((Ar/X)0  -  D  expiM^D-^E]!^" 

.  (li®  -  D'MD-V)  (2.39) 

=  exp(Ji/0w®  +  X[Eexp((iSr/X)0  -  expiMt)E]T-\u°  -  D'D-^Mu^) 
where  M  “  DMD~^. 

2.6.  The  Continuation  of  the  Solution.  Equation  (2.39)  applies  to  each  interval 
constancy  and  relates  a  solution  of  the  homogeneous  system  Eq.  (2.16),  u, 
to  its  initial  values  u®  and  li®  for  the  interval,  u®  is  an  n-dimensional  vector,  ti® 
is  r-dimensional.  A  subscript  following  a  colon  will  indicate  the  interval,  i.e. 
Uj:k  is  the  jih  component  of  the  solution  vector  on  the  kth  interval.  Equation 
(2.39)  can  then  be  written 

M:*  *  e\p[M:i{t  -  4-l))u®:*  +  \{E:i  exp[{N .k/\){t  -  f*-l)l 

-  expIM.*(/  -  <*_,)£:*}  TUu\  -  Z>^*Z)-‘:*iif:*U®:*) 
which  implies 

ti:*  “  M:kexp[M-.k{t  -  f*_i)]tt®:*  +  {Ejfci'’’;*  exp[(iV:*/X)(f  -  tk-i)] 

-  XM:*exp[J&:*«  -  4-l)]^:*}  5r‘:»(tt®:*  “  Z)%D-‘:*M:*tt®:*). 

Let  H  denote  the  r  X  n  dimensional  matrix  whose  first  r  X  r  minor  matrix 
is  the  identity  and  the  rest  zero.  Then 

D'  -  HD  and  -  H. 

It  is  now  desirable  to  obtain  the  relation  between  u®*-!  and  ti®:*_i  — 

M®:k_i  and  M®:*  and  li®*  —  HM-.kU^:k,  (cf.  Eq.  (2.38)).  Let  A/*_i  =  f*_i  —  f*_t. 
The  given  solution  is  continuous  at  /  =  lk-\  if 

M®:*  -  exp(M:*_iA<t_i)M®:k_i  +  X{E:*_i  exp[(i\r:*_iA)^*-j] 


(2.40) 


(2.41) 


li®:* 


-  exp(M:*_,Af*_t)E:*_i}  T-‘:*_.(m%-1  -  i/M:*-lU®:*-l). 

$ 

The  derivatives  of  the  first  r  of  the  w>’s  are  continuous  if 
HM,k-i  exp(Myk_iA/*_i)u®:t_i 
+  Zf  exp[(Ar.*_i/X)Aft_il  —  XM;*_i  exp(Af;t_iA/t_j)E:*_ij 

•T":*-l(u®:*-l  -  ZfM:*_iU®:*-i). 

Now  let  »®:*  “  w®:*  —  HM:kU^:k  •  Equation  (2.42)  can  then  be  written  as 
M®;*  exp(^:*_iA<*_i)u®:*_i  +  X  exp[(iSr:*_i/X) 

—  exp(A/:t_iA/*_i)E*_i}  7^*.*_it>®:*_i 


(2.42) 


(2.43) 


(2.44) 
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+  [E-^i(N:^i  -  XM:*)  expm.^i/\)M^i)  (2.45) 


Thus,  Eqs.  (2.44)  and  (2.45)  permit  us  to  continue  a  solution  of  the  homo¬ 
geneous  solution,  through  intervals.  For  suitably  stable  matrices,  the  exponential 
matrices  should  cause  such  a  solution  to  decay. 

In  general,  the  solution  Eq.  (2.40)  consists  of  two  parts.  One  part  is  analytic 
in  X,  i.e.,  the  term  involving  exp  M(t  —  4-i).  Normally  one  would  expect  this 
to  decay  slowly.  On  the  other  hand,  the  matrix  exp  (iV(X)/X)(<  —  (fc_i),  if  it  is 
properly  stable,  should  have  very  large  negative  real  parts  for  the  characteristic 
roots  and  hence  should  decay  quickly.  This  is,  however,  non-anal3rtic  in  X.  The 
possibility  that  exp  M(t  —  <*-i)  is  unstable  must  be  considered.  (Cf.  Sec.  1.5.) 


2.7  Construction  of  the  Solution.  The  results  of  the  previous  section  can  be 
used  to  solve  the  system  of  Eq.  (2.15)  as  follows:  the  solution  desired  is  that  for 
the  non-homogeneous  system,  Eq.  (2.15),  which  At  t  ^  to  has  zero  values  for 
ui ,  •  *  ’  ,  u, ,  til ,  • "  ,  ti, .  For  the  first  interval  to  ^  t  ^  U  a  solution  y.i  will  be 
found  of  Eq.  (2.15).  This  will  have  certain  values  at  h  which  can  be  used  as  the 
initial  values  for  a  solution  of  the  homogeneous  equation  for  the  second  interval 
and  this  solution  can  be  continued  as  a  solution  of  the  homogeneous  solution 
for  the  remaining  intervals.  In  general,  let  y:k  denote  the  vector  solution 
yi:k  >  “  *  I  yn:k  which  is  zero  for. the  intervals  preceding  the  A;th,  is  a  solution  of 
*  Eq.  (2.15)  on  the  kth  interval  with  initial  values  zero  and  is  continued  continu¬ 
ously  by  the  method  of  the  previous  section  as  a  solution  of  the  homogeneous 
equation  over  the  remaining  intervals. 

Since  it  is  obvious  that  the  desired  solution  Ui ,  •  *  •  ,  is  the  sum  of  the 
yv.k ,  ,  yn:k  for  all  intervals  Ik  ,  it  remains  only  to  solve  the  problem  of  find¬ 

ing,  for  a  given  interval  h ,  the  solution  of  the  non-homogeneous  system  Eq. 
(2.15)  which  at  the  lower  endpoint  has  zero  initial  values.  Thus  again  one  needs 
to  consider  only  a  single  interval  and  it  is  not  necessary  to  make  explicit  re¬ 
ference  to  the  interval. 

It  is  desirable  to  solve  the  first  r  equations  of  Eq.  (2.15)  for  Xiy ,  the  remaining 
for  iy .  Thus, 

Xi<  ”  I  t-  !,•••,  r 

•  '  I  '  II  (2*4o) 

ti  -  Z-i-i  T<y2y  +  s< ,  t  -  r  +  1,  •  •  •  ,  n 


where  is  a  linear  combination  of  the  original  non-homogeneous  terms.  It  is 
desirable  to  use  the  last  equations  to  eliminate  Zr-t-i  >  *  *  *  i  s,  from  the  first  r 
which  will  then  become 


X2<  “  23/“!  “i”  "t"  s< ,  1  *  1,  ■  •  • ,  r 

i  “  2]y-i  yuZi  +  «< ,  t  »  r  -t-  1,  •  •  •  ,  n. 


} 
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One  may  recall  that  the  customary  method  of  finding  a  solution  of  the  non- 
homogeneous  equation  Eq.  (2.47),  is  to  consider  the  expression  Eq.  (2.32)  with 
the  constants  U j  and  F*  replaced  by  functions  ^y(0  and  ^k{i)  of  / 

f2  48) 

where  u,'  and  r,'  are  given  by  Eqs.  (2.27)  and  (2.29).  Since  Eq.  (2.47)  is  of  the 
second  order  in  z.- ,  t  »  1,  •  •  •  ,  r,  one  must  introduce  auxiliary  conditions 

EU  +  Ek-i  ikvt  «  0,  t  -  1,  .  • .  ,  r.  (2.49) 

Since  the  ti/  and  vt  are  solutions  of  the  homogeneous  system,  one  can  readily 
show  that  Eq.  (2.47)  is  equivalent  to 

/*»<*  +  Ei-i'Pi^A  “  *♦•  >  t  *  1,  •  •  •  ,  r 

EH-i  ^kVi^  +  Ei-i  “  *•  >  t  =  r  -b  1,  •  •  •  ,  n. 

Combining  these  with  Eqs.  (2.27)  and  (2.29),  one  obtains 

^t-i  I  t  =*  1,  •  •  •  ,  r 

EJk-i  “0,  t  “  1,  •  •  •  ,  r 

^*-1  Eik^l^ke^*’’'^^*  +  E'^  “  *» »  i  =»  r  +  1,  •  •  •  ,  n. 

Now,  if  one  introduces  4^*  =  4»/  =  <pk^**  Eq.  (2.51)  becomes 


(2.50) 


(2.51) 


23*-l  EikVk^k  +  Sy-1  «  8i  , 

Eik'i'k  +  El-^  “  0, 

53*->  ^n^k  +  E,l-\  0<y4*y  “  «< » 


1,  •••  ,  r 
1,  •••  , r 
r  +  l,-- 


(2.52)  * 


,n. 


This  is  a  linear  system  of  equations  with  constant  coefficients  on  the  ik  and 
4^*  as  far  as  f  is  concerned.  Furthermore,  for  X  »  0,  the  determinant  is  in  the  form 
of  the  product  of  the  determinant  of  and  D  evaluated  at  X  >>  0  (cf.  above) 
and  hence  is  not  zero.  Since  this  determinant  is  a  continuous  function  of  X,  one 
may  suppose  the  existence  of  a  range  of  X  around  X  0,  where  this  determinant 
is  not  zero.  <  ' 

Solving  for  4^*  and  expresses  these  also  as  linear  combinations  with  con¬ 
stant  coefficients  of  the  original  inhomogeneous  terms. 

4^*  -  «*•(<),  «J>y  -  «7(0-  (2.53) 

The  coefficients  depend  analytically  on  X  and  thus, 

^y  “  (2.54) 

Since  at  the  initial  point  tk-i ,  and  <pi  are  zero  one  has  for  the  desired  solution 
of  Eq.  (2.46) 

ti{t)  -  EDu^**  I*  e-'‘'^s;(r)  dr  e"'’’>'"^y(T)dr  (2.55) 

y— l  '•*-!  "tk-l 

valid  in  the  interval  /* . 
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We  conclude  therefore: 

Lemma  7.  The  aoltUion  yi-j,  defined  at  the  beginning  of  thia  section  has  the  form 
of  Eq.  (2.55)  on  the  A:th  interval.  The  qrumtitiee  and  functions  Da ,  m,  (r),  Ea , 
vj ,  s*(t)  depend  analytically  on  X  in  some  neighborhood  o/  X  —  0. 

For  each  interval  then  the  solution  tii ,  •  •  •  ,  u,  (tf  Eq.  (2.15)  is  in  the  form 
2*-!  y.i  •  For  3  <  the  ya  are  linear  combinations  of  terms  in  the  form 
and  Normally  one  would  expect  that  the  terms  «'*'*  would  decay  slowly 

and  those  in  the  form  would  decay  quickly.  The  above  lemma  shows  that 
yuk  may  also  be  divided  into  two  terms  similar  in  nature  to  these  two  types. 
Thus  it  is  clear  that  while  the  X  errors  do  introduce  errors  in  the  solution,  non- 
anal3rtic  in  X,  these  errors  decay  quickly  if  the  have  negative  real  parts. 


2.8.  Concluding  Discussion.  It  is  now  possible  to  set  up  a  general  theory  of 
the  error,  including  all  types  of  errors,  a,  d  and  X.  As  in  the  above  we  “linearize” 
the  problem  by  introducing  the  extra  a  parameters,  X'  and  n-  Now  for  X  fixed 
we  can  expand  the  error  function  u{t,  X,  a,  0)  in  terms  oX.  a  and  j9.  Thus 

u{t,  X,  a,  d)  -  u{t,  X,  0,  0)  +  Ht— 4  X,  0,  0)7  +  •  •  •  .  (2.56) 


The  above  argument  yields  the  coefficients  of  this  expansion  u>{t,  X,  0,  0)  as 
solutions  of  Eq.  (2.15). 

The  discussion  of  the  previous  sections  show  that  in  each  case  there  is  a  favor¬ 
able  situation  where  the  expression  for  the  partial 


d^u 


(2.57) 


can  be  expressed  as  a  sum  of  two  terms,  one  of  which  is  analytic  in  X,  while  the 
other  term,  based  on  i'^(X)  with  negative  real  parts,  disappears  rapidly.  Conse¬ 
quently,  we  have  a  similar  resolution  for  u{t,  X,  a,  0)  in  the  favorable  case  in 
which  the  i'^(X)  have  native  real  parts.  If  the  real  part  of  i',(X)  is  positive,  the 
Pi{\)  terms  for  X  small  will  be  dominant  and  very  large  and  normally  one  would 
expect  the  machine  solution  to  be  useless. 

The  above  discussion  is  based  on  a  number  of  assumptions.  One  of  these  is 
that  relative  to  the  parameter  i;,  the  solution  is  in  case  1.  Another  is  that  the  order 
of  the  system  increases  by  no  more  than  1,  when  introduced  into  the  machine. 
However,  this  last  assumption  was  introduced  merely  for  convenience.  One  can 
readily  indicate  a  procedure  which  is  applicable  in  the  higher  order  case.  The 
essential  part  of  this  discussion  is  the  generalization  of  the  situation  represented 
by  Hypothesis  2.1  above.  The  given  system  0  is  supposed  to  be  in  the  first 
order  case.  Let  s  denote  the  order  of  the  highest  derivative  which  appears  in 
the  machine  equations  (?,  *  0.  If  our  given  system  Cr<  =  0  implies  n  —  r,  rela¬ 
tions  between  the  derivatives  of  lower  order,  we  suppose  that  we  can  separate 
out  r,  equations  involving  the  s-order  derivatives  and  that  in  these  in  turn  we 
can  eliminate  all  but  r,  «-order  derivatives.  In  the  remaining  n  —  r,  relations, 
we  suppose  that  we  have  n  —  r,  —  rt-i  relations  of  order  less  than  a  —  1.  A 
similar  procedure  then  permits  us  to  separate  out  r<_]  relations  on  r.-i  deriva¬ 
tives  of  order  a  —  1. 
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Thus  we  can  obtain,  after  a  suitable  re-enumeration  of  the  dependent  variables, 
a  system  equivalent  to  the  original  broken  up  into  8  sets  of  equations.  The  first 
set  consists  of  r.  equations  on  the  s-order  derivatives  of  Zi ,  ’  ■  ■  ,  Xr.  and  do  not 
involve  any  further  derivatives  of  order  «.  The  next  set  consists  of  r,_i  equations 
on  the  «  —  1  derivatives  of  x,,+i ,  •  •  •  ,  Xr,+r._,  and  contains  no  higher  deriva¬ 
tives  and  no  other  derivatives  of  order  s  —  1.  A  similar  situation  holds  for  the 
remaining  sets  of  equations.  The  parameter  X  is  most  effectively  introduce  by 
writing  the  fimctions  as  depending  on  X*“‘x/*\  X*“*xy^*““,  etc. 

The  linearization  process  of  §2.3  of  this  chapter  may  now  be  applied.  Setting 
X  —  0  will  again  yield  n  values  mi.o  ,  •  •  ’  ,  Mn,o  which  determine  functions  My(X) 
analytic  in  X  at  X  —  0  (cf.  §2.4  above).  On  the  other  hand,  one  can  also  show  that 
one  has  a  total  of  r*  +  2ri  -f  •  •  •  +  («  —  l)r.  extra  y  roots  of  the  equation  equiva¬ 
lent  to  Eq.  (2.23)  of  §2.4  above.  From  this  point  on,  the  results  in  the  higher 
order  case  are  precisely  similar  to  those  in  the  case  in  which  the  order  is  raised  one. 

Returning  now  to  the  case  in  which  the  order  is  raised  one,  we  wish  to  discuss 
the  alternative  to  the  assumption  above  that  our  problem  is  in  case  1.  Normally 
one  would  want  the  A,  of  Eq.  (2.11)  of  §2.3  above  to  be  small  and  this  requires 
that  the  Ui ,  •  •  •  ,  u,  be  initially  small  since  it  is  reasonable  to  expect  that  the 
Ml ,  •  •  •  ,  M«  are  small.  However,  unless  special  precautions  are  taken,  the  lii ,  •  •  •  , 
Ur  will  not  in  general  be  small  and  their  size  can  lead  to  convergence  difficulties 
or  even  to  slow  convergence  in  case  1. 

There  is  a  process  which  permits  one  to  study  the  situation  which  arises  in 
the  case  of  large  Ui.o ,  "  *  ,  Ur.o ,  i-e.,  the  case  where  initially  the  machine  solution 
and  the  true  solution  have  different  rates  of  change. 

Consider  the  equations 

fj<(Xili ,  ' '  *  ,  XtJr ,  til  I  * " '  »  M»  ,  Ml ,  •  •  •  ,  M„  ,  f)  *■  0, 

*  * 

Giiui ,  •  •  •  ,  li* ,  Ml ,  •  •  •  ,  M,  ,  <)  *=0, 

and  let  us  change  the  independent  variable  in  m  from  f  to  a  variable 
and  let  the  dot  refer  to  differentiation  relative  to  r.  The  result  is 

G»(X  til  ,  ’  *  '  ,  X  Mr  ,  X  til  ,  •  •  •  ,  X  ti„  ,  Ml  ,  •  •  •  ,  Mn  ,  Xt)  ■*  0 

G’<(X  til ,  "  *  *  >  X^  tin  ,  Ml ,  * ' '  ,  M*  ,  Xt)  *  0. 

The  ^ect  of  the  X~‘  is  to  emphasize  those  variables  which  it  multiplies  and  in 
general  one  can  consider  this  system  equivalent  to 

fi  »(tii ,  , Mr,  til,  *"■  ,  ti»  ,  X,  Ml ,  •  •  •  ,  M„  y  Xt)  “0,  t  ™  1,  •  •  •  ,  r 

Hi{ui ,  •  •  •  ,  ti,  ,  X,  Ml ,  •  •  •  ,  M,  ,  Xt)  -  0,  t  -  r  -f  1,  •  •  •  ,  n, 

in  which  X  plays  the  role  of  a  parameter.  Thus,  if  we  set  X  —  0,  we  obtain  relations 
Hiiiii ,  •  •  •  ,  Mr ,  til ,  •  •  •  ,  ti,)  -  0,  t  -  1,  •  •  •  ,  r 

H  “(til ,  •  •  •  ,  ti,)  -  0, 


1,  •  •  ,r 

T  = 


»  -  r  +  1,  •  •  •  ,  n. 
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These  equations  can  be  considered  as  a  system  of  equations  for  tii ,  •  •  •  ,  li, . 
Now  the  favorable  phenomena  which  is  desired  is  that  the  solutions  tii ,  •  •  •  ,  tin 
of  the  above  system  should  approach  zero  a83rmptotically  as  r  — »  «>  and  that 
the  solutions  be  near  zero  after  not  too  large  a  r  interval.  Now  suppose  that  X 
is  quite  small.  For  the  original  variable  t,  this  means  that  Uj  becomes  small  after 
a  small  t  interval  and  from  then  on  one  has  a  situation  corresponding  to  small 
Ui ,  •  •  •  ,  li,  and  small  tii ,  •  •  •  ,  tir .  This  process  of  examining  the  result  of  passing 


to  the  variable  t  is  basic  in  any  discussion  of  X  errors  and  may  be  effectively 
used  in  case  1  as  well. 

In  the  above  discussion,  we  have  utilized  only  one  parameter  X.  If  we  have 
more  than  one  t)T)e  of  integrator  in  the  system,  X  will  be  associated  with  the 
type  which  has  the  greatest  time  delay  and  other  time  delays  will  be  repre¬ 
sented  by  oX  where  a  is  small. 


2.9.  The  Necessity  for  Interval  by  Interval  Analysis.  Given  the  differential 
equation 


Xy  +  a{x)y  -|-  6(x)y  =»  0 


with  X  a  parameter  and  a(x),  h(x)  analytic  in  the  neighborhood  of  x  »  0,  it  was 
hoped  that  the  general  solution  of  Eq.  (2.58)  could  be  written  in  the  form 


g(x,  X)  *  A-X(x,  X)  -H  B-Y{x,  X) 


where  X  and  Y  are  analytic  in  x  for  a  suitable  interval  and  Y (x,  X)  is  anal}^ic 
*  in  X.  Elssentially  this  amounts  to  the  requirement  that  Eq.  (2.58)  have  one  non- 
t  trivial  solution  which  is  analytic  in  X.  This,  unfortunately,  is  not  the  case  in 
general,  as  is  shown  in  the  following  example. 

Example:  Consider  the  differential  equation 

+  y  +  y/(i  +  *)  -  o.  (2.59) 


Then,  if  there  exists  a  solution  Y(x,  X)  anal}rtic  in  X, 

y(x,  X)  -  Uo(x)  +  Xmi(x)  -b  X*Ui(x)  +  •  •  •  (2.60) 

which  can  be  differentiated  with  respect  to  x,  twice,  term  by  term,  i.e.,  such  that 
l^(x,  X)  «  tio(x)  +  Xtii(x)  4-  X*Mi(x)  4-  •  •  • 

(2.61) 

Y (x,  X)  “  tio(x)  4"  Xtii(x)  4"  X*t]i*(x)  4"  •  •  • 


and  Y(0, 0)  “  1,  then  the  X  radius  of  convergence  of  Eq.  (2.60)  forx  >  0  is  zero. 
(This  is  also  true  for  x  <  0.) 

Proof.  Substituting  Eq.  (2.61)  in  Eq.  (2.59)  we  obtain  the  following  set  of 
differential  systems: 


tio  4-  tio/(l  4-  x)  «  0,  Uo(0)  -  1 


li,  4-  ti«/(l  4-  x)  -  ,  ti,(0)  -  0,  n  -  1,  2, 
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By  direct  calculation, 

.  .  1!  f  .  2!  2 

-  T+-X’  -  (TT-gs  -  TT-x 


Utix)  - 

oi 

(1  +  x)» 

(1  +  x)»  1  +  x’ 

We  shall  now  prove 

(a) 

u.(x)  « 

(n  +  1)!  ^  o*" 

(1  +  x)"+‘  a  (1+  X)* 

ib) 

Eo.*  -  (n+ 1)1 

Jc-1 

ic) 

a*"  >  0 

A:  -  1,  •  •  •  ,  n. 

The  proof  is  by  complete 

induction  on  n.  Assume  (a),  (b),  (c).  Then  substituting 

in  Eq.  (2.63); 


Un+l  + 


Assume 


Ux^lix) 


Then 


(n  +  l)(n  +  2)!  ,  ^  k(k  +  D  _  « 
(1  +  x)-+*  ^ ha  +  x)*+» “* • 


_  «+i  _  «+i 

a _ ^  o* 

(l  +  x)-«  £l(l+x)*‘ 


*»*"■"* 

(1  +  x)*+‘ 

a+l  M-^-l 

+  _ _  ±  _E* _ 

^  (1  +  x)-«  (1  +  x)*+> 

-(n  +  Da  .  ^^{k-  Da*"-"* 

“  (1  +  x)"+*  a  (1  +  x)*+‘ 

'  _  -(n  +  l)(n  +  2)!  .  ^  fc(fc  +  1)  _  « 

“  (1+  x)"+*  «  (1  +  x)*+»  *  ' 

Ek)uate  coefficients  of  1/(1  +  x)*: 

-(n  +  l)a  -  -in  +  l)(n  +  2)! 

(k  -  Do*""^*  -  (A:  -  l)W-i ,  A:  -  2,  •  •  •  ,  n  +  1 

a*"+‘- A:a^,,  A;  -  2,  3,  •  •  •  ,  n  +  1 


Uh-1  + 


1  4- 


M»+l 


_  (n  +  2)o 

/I  ' 


a  —  (n  +  2)! 

>0,  A:  -  2,  3,  •  •  •  ,  n  +  1. 

Let  oi"''’*  —  o  —  then  if  we  show  Oi"'*’*  >  0,  conditions  (a),  (b),  (c) 
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will  be  satisfied.  Now, 


<  (w  4*  l)S*!ila  <**-1  *«  (n  +  l)(S?-i  ai")  *  (n  +  l)(n  +  1)1 
>  a  -  (n  +  l)(n  +  1)1  -  (n  +  2)1  -  (n  +  l)(n  +  1)1 


=  (n  +  1)1  >  0. 

Now  suppose  X  >  0.  Then  since  o**  is  positive 

Unix)  -  (1  +  X)— *  [in  +  1)1  -  2:*-i  (1  +  x)-+‘-*o*-] 

<  (1+  x)— ‘  [in  +  1)1  -  (1+  x)i:;_i  a*"] 

-  -x(l  +  x)-*-‘(n  +  1)1. 

Thus  for  X  >  0,  m*(x)  is  more  negative  than  — x(n  +  1)!/(1  4*  x)"'*'*  and  the 
series  ^"_o  u«(x)^"  has  zero  radius  of  convergence  in  X.  (A  similar  argument 
holds  for  X  <  0.) 

This  example  indicates  that  one  cannot  hope  to  break  down  the  solutions  of 
the  linear  variational  equation  into  (say)  an  n-dimensional  set  of  solutions  analy¬ 
tic  in  X  at  X  »  0  and  an  r-dimensional  set  which  is  non-anal}rtic.  The  set  of 
analytic  solutions  may  have  dimension  less  than  n,  even  zero. 

Thus,  in  order  to  obtain  the  long  range  part  of  the  error,  which  in  the  more 
desirable  cases  contains  the  greater  part  of  the  error,  one  must  use  some  pro¬ 
cedure  in  addition  to  solving  the  variational  equations,  for  instance,  the  process 
given  above  of  breaking  the  interval  into  smaller  intervals  on  which  the  co¬ 
efficients  may  be  considered  to  be  constant.  In  addition,  the  latter  process  does 
yield  a  clear  picture  of  the  phenomena  and  even  in  the  case  when  X  errors  do  not 
occur  it  may  correspond  to  a  desirable  numerical  procedure. 
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NOTE  ON  S.  N.  LIN’S  METHOD  OF  FACTORING  POLYNOMIALS 


By  F.  B.  Hildebrand 

1.  Introduction.  An  iterative  numerical  procedure  for  obtaining  roots  of 
algebraic  equations  was  devised  in  1941  by  S.  N.  Lin  [1].  The  method  consists 
basically  in  reducing  a  polynomial  to  the  product  of  two  factors,  and  has  been 
extended  by  Luke  and  Ufford  [2]  to  the  general  case  in  which  more  than  two 
factors  may  be  obtained  in  a  single  sequence  of  iterations.  Because  of  the  sim¬ 
plicity  and  compactness  of  the  relevant  computational  program,  the  method 
has  found  considerable  favor.  However,  there  exists  no  satisfactory  criterion  for 
predicting  convergence  or  divergence  of  the  iteration  sequence. 

The  present  note  deals  with  the  special  case  in  which  a  single  quadratic  factor 
is  to  be  extracted,  and  obtains  a  precise  criterion  for  asymptotic  lability  of  the 
iteration.  In  the  case  of  a  quartic,  the  result  is  capable  of  a  very  simple  geometric 
interpretation.  Whereas  conditions  for  actual  convergence  are  not  established, 
the  results  obtained  serve  to  display  certain  curious  features  of  the  method. 


2.  The  iterative  process.  If  a  polynomial  /(z),  of  degree  n,  is  divided  by  a 
quadratic  z*  -f  pz  +  q,  the  result  can  be  written  in  the  form 

/(z)  *  z*  -b  aiz"”*  •  •  •  +0, 

=  (z*  -|-  pz  -+•  9)(2"  *  +  ti*"  *  +  •••  +  &»-*)  +  foZ  +  Tj  ,  (1) 

where  the  recurrence  formula 

6,  +  pbr-i  +  “  0,  (r  =  1,  2,  •  •  •  ,  n) 

6—1  “0,  6o  ■■  1 

defines  the  coefficients  of  the  quotient  as  functions  of  p  and  9  for  0  ^  r  ^  n  —  2. 
Also,  the  coefficients  of  the  remainder  are  given  by 


fo  “  a»_i  —  pbn-i  —  “  611-1 


(3a) 


and 

rl  On  —  qb^i  -6,-1-  p6*_i .  (3b) 

Lin’s  iteration  defines  the  coefficients  of  the  modified  quadratic  z*  -|-  p'z  -1-  q' 
by  the  equations 


On 

6-t’ 


dn-l  —  qbn 
bn-t 


(4a,  b) 


and  hence  consists  in  solving  the  equations  ro(p,  9)  *  0  and  ri(p,  9)  *  0  by 
successive  substitutiwis.  For  present  purposes,  it  is  more  convenient  to  write 
these  equations  in  the  equivalent  form 
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The  explicit  solution  of  (2)  is  obtained  in  the  form 
p  —  a  «-o 

where  a  and  /3  are  the  zeros  of  z*  -{•  pz  +  q,80  that 


(6) 


p  -  —(a  +  /3),  5  -  0/3. 

In  particular,  there  follows 


(7) 


ro  3*  bn-i  -  -  l/(j8)  -  /(o)], 

P  -  a 

ri  *  +  p6,_i  =  — i —  \^ia)  -  o^ip)], 

P  —  a 

so  that  equations  (5a,  b)  take  the  form 

P'  -  P  ^  f(P)  -  fja)  q'  -  q  _  /3/(a)  -  afip) 
q'  0,03  —  o)  ’  q'  an(P  —  a) 

where  a  and  P  satisfy  (7). 


(8a) 

(8b) 

(9a,  b) 


3.  Asymptotic  stability.  It  is  now  assumed  that,  for  (p,  q)  sufficiently  near  to 
(P,  Q),  where  P  and  Q  are  the  true  coefficients  of  the  quadratic  factor  relevant 
to  the  roots  Zi  and  Zj , 


P  »  —(zt  +  zi),  Q  “  ZiZj,  (10) 

it  is  permissible  to  linearize  equations  (9a,  b)  in  the  errors  (p  —  P)  and  (q  —  Q). 

From  equations  (7)  and  (8)  it  follows,  after  a  simple  calculation,  that  when 
(p>  q)  “  (^i  Q)>  aiid  hence  (a,  p)  —  (zi ,  zt),  one  has 

dro  _  Zif'(zt)  +  Ztf'(za)  dro  _  f'(zi)  +  /'(z,) 

dp  ~  (zt-zi)*  dq  ~  (z,  -  Zi)* 

dri  f'jzi)  +  f'(zt)  dri  Ztf'(zi)  +  Zif'(zt)  ^  ^ 

dp  (zj  —  Zi)*  ‘  ’  dq  (zj  —  Zi)* 

Thus  the  result  of  linearizing  (9a,  b)  can  be  written  in  the  form 

M*+l  “  +  7(CiiM*  +  CijVt),  Vt+I  ^  Vk  +  7(CjiM*  +  CnVt),  (12) 

with  the  abbreviation 


7  -  Zl^t/On  (13) 

where  w*  and  v*  represent  the  errors  p  —  P  and  q  —  Q,  respectively,  in  the  kth 
iteration. 

The  errors  Ut  and  Vk  are  accordingly  linear  combinations  of  Xi*  and  Xt,  where 
X]  and  X]  are  the  latent  roots  of  the  matrix 


1  +  ycii  ycu 
ycn  1  +  yctt_  ’ 


(14) 
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and  are  obtainable  in  the  form 


Xi 


ti  —  Zi  /(O)  ’ 


Zi  -  zi  /(O) 


(15) 


It  follows  that  Ltn’s  iteration  ie  aeymptoticaUy  stable  near  the  root  pair  (zt ,  zt)  if 
and  only  t/  |  Xi  |  <  1  and  |  X*  |  <  1,  or  if 


where  Zt,  *  *  *  ,Zn  are  the  remaining  roots  of  the  equation  f(z)  >■  0. 

This  result  complements  one  obtained  by  Friedman  [3],  in  the  case  when  Lin’s 
iteration  is  applied  to  the  extraction  of  a  linear  factor,  the  condition  for  as}rmp- 
totic  stability  near  a  single  root  zi  being  of  the  form 


1 


+  Zl 


f'izQ 

/(O) 


<  1 


(17) 


or,  equivalently, 

4.  Specialization  to  the  quartic.  If  /(z)  is  of  degree  four,  the  conditions  (16) 
take  the  form 

I  z.- 1  I  Zi  -  (Zi  +  Z4)  1  <  I  ZiZi  I  (t  -  1,  2),  (19) 

and  are  subject  to  an  interesting  geometric  interpretation. 

In  the  complex  plane,  the  locus 

1  z  1 1  z  —  2a  1  *  c*,  (20) 

where  c  is  real,  is  a  so-called  Cassinian  (that  is,  the  locus  of  points  such  that 
the  product  of  their  distances  from  two  fixed  foci,  at  z  »  0  and  at  z  >  2a,  is 
constantly  c*).  If  e  s  |  a  |/c,  the  locus  comprises  two  ovals  when  e  >  1,  a  lem- 
niscate  when  e  —  1,  a  doubly  indented  oval  when  ^y/2  <  e  <  1,  a  simple  (un¬ 
indented)  oval  when  0  <  iy/2,  and  a  circle  when  e  —  0. 

Hence,  if  the  Cassinian  of  the  root  pair  (z* ,  Z4)  is  defined  as  the  locus  of  points 
such  that  the  product  of  the  distances  from  the  origin  and  from  the  point  z  » 
Z|  -f  Z4  is  equal  to  |  ZtZ4 1,  it  follows  from  (19)  that  the  Lin  iteration  is  asymptotically 
stable  near  a  root  pair  (zi ,  Zt)  if  and  only  if  that  root  pair  lies  inside  the  Cassinian 
of  the  complementary  pair  (zi ,  Z4). 

The  Cassinian  of  (zt ,  Z4)  passes  through  the  points  z  ^  z%  and  z  »  Z4 ,  with  its 
center  at  z  *  |(z»  -|-  Z4)  and  foci  at  the  origin  and  at  z  =  Z|  -f  Z4 ,  and  the  “ec¬ 
centricity”  is  given  by 

I  o  I  I  z,  -H  Z4 1 

""  c  ‘2V[^r 

In  particular,  when  Zs  and  Z4  are  real  and  of  common  sign,  they  lie  at  the 
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iwMT  intercepts  of  a  pair  of  ovals  (Fig.  1:  open  points)  or  at  the  center  a 
lemniscate  (Fig.  2)  when  they  coincide.  When  z*  and  u  are  real  and  of  opposite 
sign,  four  cases  exist.  If  Zs  is  nearest  the  origin,  the  points  lie  at  the  outer  inter¬ 
cepts  of  a  pair  of  ovals  (Fig.  1 :  solid  points)  when  |  Z|  |/|  Z4 1  <  3  —  2\/2,  at  the 
extremities  of  a  lemniscate  (Fig.  2)  when  |  zt  |  »  (3  —  2V^)  |  Z4 1 ,  at  the  ex¬ 
tremities  of  an  indented  oval  (Fig.  3:  solid  points)  when  (3  —  2\/2)  < 

I  Zt  I/I  Z4 1  <  }(3  —  \/5)>  and  at  the  extremities  of  a  simple  oval  (Fig.  4:  solid 
points)  otherwise. 


Figures  1  to  4.  Typical  Stable  Root-Pair  Areas  in  Lin  Iteration  for  Quartic  Equations. 


If  Zt  and  Zt  are  conjugate  complex,  they  lie  at  the  ends  of  the  central  trans¬ 
versal  of  an  oval  which  is  indented  when  |  Re(zt)  |  >  |  |  and  simple 

otherwise  (Figs.  3  and  4:  open  points).  The  axial  span  is  then  2{[i2e(zt)]*  + 

I  Zt  I*}*,  the  transversal  at  the  center  2  |  /m(zt)  |.  When  the  oval  is  indented, 
the  maximum  transversal  is  of  length  |  z%  |V|  I ,  axial  distance 
{4(/ie(zt)]^  —  1  Zt  TIVP  I  Reizt)  |]  from  the  center.  If  Zt.t  =»  the  inscribed 
circle  wth  center  at  the  origin  is  of  radius  fi(y/l  -f  cos*  ^  —  |  cos  ^  |). 

It  is  seen  that,  for  a  quartic,  the  smaller  pair  of  roots  is  not  necessarily  stable; 
nor  is  the  larger  pair  necessarily  unstable.  If  there  are  two  pairs  of  conjugate 
complex  roots  zi,*  —  and  Zt,4  “  the  preceding  result  shows  that  a 

sufficient  (but  quite  conservative)  condition  for  stability  of  (zi ,  Zt)  is  the  re¬ 
quirement  r/p  <  V2  —  1  *  0.41. 

Since  the  asymptotic  expressions  for  the  errors  in  p  and  q  in  the  Mh  cycle  are 
each  of  the  form  Ci\i  -4-  c^t,  where  Ci  and  Cj  are  independent  of  k,  it  follows 
that,  when  the  iteration  converges,  the  limiting  error  damping  factors  are  |  Xj  | 
and  I  Xs  I ,  where 


X.-  =  l(z,  +  Z4)  -  zj 

Z}Z4 


(■-S('-f) 


_1_ 

Z1Z4 


{ZlZi  —  l(zi  +  Zt) 


(zt  +  Zi)]Zi] 


a  -  1,  2).  (21) 
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The  sequence  of  successive  approximations  to  p  and  q  is  eventually  nonoscilla- 
toiy  if  Xi  and  \t  are  real  and  non-negative.  If  (zi ,  zt)  are  conjugate  complex 
and  the  coefficients  of  the  polynomial  are  real,  the  asymptotic  expressions  for 
the  errors  in  p  and  q  are  each  of  the  form  A  |  Xi  |*  sin  (uk  -f  B),  where  A  and  B 
are  real  constants,  and  where 


cos  M 


Re(\0 

T^‘ 


(22) 


In  this  case,  the  p-  and  ^-sequences  are  eventually  oscillatory,  with  approxi¬ 
mately  t/(i>  iterations  corresponding  to  a  half-wave  in  the  error  curves,  when 
the  iteration  converges. 


6.  A  numerical  example.  As  a  verification  of  these  results,  Lin’s  technique  is 
applied  to  the  equation 

z*  -  19z*  +  133z*  -  403z  -|-  444  *  (z*  -  7z  -1-  12)(z*  -  12z  -|-  37)  =  0, 

the  roots  of  which  are  3,  4,  and  6  db  t,  in  an  attempt  to  obtain  convergent  p- 
and  ^-sequences  relevant  to  the  larger  root  pair.  The  situation  is  similar  to  that 
represented  by  Figure  1,  in  which  the  chosen  root  pair  lies  inside  the  right-hand 
oval.  The  process  is  started  with  po  *  — 12,  90  36,  corresponding  to  the  root 

approximations  zi^*^  —  Zi^®’  —  6. 

The  successive  approximations  to  p  and  q,  and  to  the  roots  Zi  and  zt ,  are  listed 
in  Table  1.  Whereas  the  convergence  is  not  rapid,  it  is  indeed  present.  Equations 
(21)  and  (22)  predict  a  damping  factor  |  Xu  |  »  y/Ti/\2  0.72  in  the  ampli¬ 

tudes  of  the  errors  in  p  and  q,  and  an  oscillation  with  half-wave  corresponding 
to  x/w  »  T/tan~^  ^  ^  3  iterations  (near  the  end  of  the  sequence  of  calculations). 
The  tabulated  results  are  in  accordance  with  these  predictions,  the  relatively 
slow  rate  of  convergence  corresponding  to  the  relative  nearness  of  |  X  |  to  unity. 

In  spite  of  the  oscillation  of  the  p-  and  ^-sequences,  it  may  be  verified  that, 
in  this  case,  the  actual  distance  between  a  true  root  and  its  kth  approximation 
decreases  steadily  as  k  increases,  the  points  representing  successive  approxima¬ 
tions  describing  a  spiral  path  about  the  true  root  in  the  complex  plane. 

6.  Monotonic  root  convergence.  The  eventual  steady  approach  of  root-pair 
approximations  to  roots,  noted  in  the  preceding  example,  exists,  indeed,  for 
any  algebraic  equation,  when  the  Lin  iteration  converges.  In  fact,  if  equations 
(9a,  b)  are  linearized  in  the  errors  a  —  Zi  and  —  Zi ,  the  results  are  found 
to  be  equivalent  to  the  equations 

a*+i  —  Zi  s*  \i(ak  —  Zi),  /9*+i  —  Zj  =*  ~  2i), 

from  which  it  follows  that,  asymptotically, 

a*  “  *  AXi*,  jS*  —  ^  BXj*,  (23a,  b) 

where  A  and  B  are  independent  of  k.  Hence  |  a*  —  Zi  |  and  |  /?»  —  z*  |  eventually 
decrease  steadily  in  cases  of  convergence. 
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Equations  (23a,  b)  can  be  used  in  an  obvious  way  to  obtain  a  more  accurate 
determination  of  zi  and  zt  from  the  results  of  three  successive  convei^nt  itera¬ 
tions,  if  sufficiently  many  significant  figures  are  retained  in  the  calculations. 

The  absence  of  coupling  between  (23a)  and  (23b)  suggests  that,  if  only  one 
member  of  a  root  pair,  say  zi ,  is  stable,  whereas  the  other  root  zt  is  unstable 
(so  that  I  Xi  I  <  1  and  |  Xi  |  >  1),  and  if  a*  and  0k  are  the  zeros  of  z*  -|-  pkZ  +  Qk , 
then  Ok  may  tend  to  Zi  even  though  the  /9-,  p-,  and  ^-sequences  diverge.  This 
conjecture  was  tested  empirically  in  the  case  of  the  equation  z*  —  4z*  -f  7z*  — 
16z  -f  12  -•  0,  with  the  roots  Zi  «=  1,  zj  »  3,  and  Zt,t  *  ±2t,  the  iteration  being 

TABLE  1 

Approximatiotu  to  qtiadratic  factor  z*  -|-  pz  9  and  its  zeros  softer  k  Lin  iterations 


ik 

Pk 

0 

-12.000 

36.000 

6.000  ±  O.OOOi 

1 

-11.615 

34.164 

5.808  ±  0.661t 

2 

-11.636 

33.968 

5.768  ±  0.836i 

3 

-11.662 

34.346 

5.781  ±  0.963t 

4 

-11.668 

35.086 

5.829  zk  1.054t 

6 

-11.801 

36.038 

5.901  ±  l.llli 

6 

-11.967 

36.979 

5.978  ±  1.119Z 

7 

-12.073 

37.605 

6.037  ±  1.077* 

8 

-12.112 

37.731 

6.056  3b  1.028* 

9 

-12.086 

37.600 

6.043  db  0.991* 

10 

-12.040 

37.193 

6.020  ±  0.977* 

11 

-12.003 

36.978 

6.002  ±  0.979* 

12 

-11.984 

36.880 

5.992  ±  0.987* 

13 

-11.980 

36.872 

5.990  ±  0.995* 

14 

-11.9W 

36.910 

5.992  zk  1.002* 

00 

-12.000 

37.000 

6.000  ±  1.000* 

started  with  po  =  9o  *  0.  Here  Xi  *  X*  —  and  |  Xz.4  ]  *  ^“n/s,  so  that 
while  Zi  is  stable,  no  stable  root  pairs  exist.  It  was  found  that,  whereas  the  p- 
and  g-sequences  appear  to  diverge,  one  zero  of  z*  -f  p*z  -f  g*  does  indeed  tend 
rapidly  to  unity. 

7.  Remarks.  In  his  original  paper  [1],  Lin  also  suggested  a  modified  procedure 
in  which  q  is  replaced  by  ^  in  (4b).  Whereas  stability  of  this  procedure  has  not 
been  investigated  completely,*  numerical  calculation  indicates  that  the  modified 
procedure  does  not  converge  to  the  coefficients  oi  the  quadratic  relevant  to 
the  chosen  root  pair  in  the  case  of  the  present  example  (Section  5),  but  that  it 
converges  instead  to  the  coefficients  corresponding  to  the  pair  (3,  4). 

Another  method,  due  to  Friedman  [3],  is  somewhat  similar  to  Lin’s  method, 
but  it  involves  about  twice  as  much  calculation  per  iteration.  In  the  special 
case  of  the  determination  of  the  smallest  zero  of  a  polynomial  with  only  real 

*  In  the  case  when  (z  —  Z|)  (z  —  zt)  is  to  be  extracted  from  a  cubic,  the  stability  condi¬ 
tion  can  be  shown  to  be  1 1  —  (1  —  {i)(l  —  {*)  I  <  1  where  -•  z</zt(t  “  1,  2),  whereas  (16) 
reduces  to  the  two  conditions  |  (<  |  <  1  (t  «  1,  2). 
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zeroe  of  common  sign,  both  methods  are  stable,  but  Friedman’s  method  has 
been  shown  to  have  a  faster  asymptotic  rate  of  error  decay.  In  other  cases, 
either  may  be  stable  while  the  other  is  not.  Limited  information  is  available  [3] 
concerning  the  stability  of  Friedman’s  method  when  a  quadratic  factor  is  to  be 
extracted.  It  appears  to  yield  a  divergent  sequence  in  the  present  example. 

There  exists  also  a  method  due  to  Bairstow  [4],  rediscovered  by  Hitchcock 
[5]  and  also  systematized  by  Milne  [6],  which  differs  from  Lin’s  method  in  that 
the  equations  ro(p,  q)  ri(p,  ?)  —  0  are  treated  by  Newton-Raphson  iteration. 
The  calculations  are  similar  to  those  of  the  Lin  technique,  but  each  iteration 
again  involves  about  twice  as  much  labor.  In  the  present  example,  it  gives  a 
more  rapidly  convergent  sequence  of  approximations  (leading  to  the  quadratic 
factor  associated  with  the  larger  root-pair)  than  does  the  Lin  method.  Since, 
in  a  convergent  Newton-Raphson  sequence,  the  errors  in  the  (k  -b  l)th  iteration 
generally  are  asymptotically  linear  combinations  of  the  squared  errors  in  the 
kth  iteration,  a  similarly  favorable  comparison  with  the  methods  of  Lin  and 
Friedman  may  be  expected,  more  generally,  whenever  the  Bairstow  sequence  is 
convergent. 

It  may  be  remarked,  in  conclusion,  that  the  stability  criterion  obtained  in  this 
note  is  clearly  of  limited  practical  significance  unless  it  is  feasible  to  obtain  fair 
approximations  to  the  roots  by  other  methods  before  the  iteration  is  initiated. 
Moreover,  the  problem  of  determining  those  regions  in  the  complex  plane  inside 
which  the  zeroe  of  the  initially  assumed  quadratic  must  lie,  in  order  that  the 
iteration  converge  to  a  stable  pair  of  zeroe  of  /(z),  remains  to  be  studied.  In  any 
case,  the  results  obtained  may  serve  to  emphasize  the  fact  that  “practical  rules” 
which  are  stated  in  terms  of  the  magnitudes  relevant  to  the  degree  of  “root 
separation,”  and  which  disregard  its  vectorial  nature,  are  either  highly  conserva¬ 
tive  or  undependable,  when  applied  to  the  Lin  iteration. 
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A  NEW  INTEGRATION  PROCEDURE 
Bt  M.  Lotkin 

1.  Introduction.  In  a  recently  published  article  [1]  there  was  described  a  highly 
accurate  procedure  for  the  integration  of  ordinary  differential  equations.  This 
procedure,  being  of  the  Euler-Maclaurin  type,  necessitates  the  knowledge  of 
first  and  second  order  derivatives  at  the  endpoints  of  the  interval  of  integration.' 

Now  in  practice  it  is  a  frequent  occurrence  that  the  functions  whose  deriva¬ 
tives  must  be  computed  are  known  only  at  certain  prescribed,  equidistant  argu¬ 
ments,  so  that  the  derivatives,  if  they  exist  at  all,  are  not  immediately  available. 
It  is  thus  of  interest  to  extend  the  range  of  applicability  of  the  above  mentioned 
process  to  functions  given  in  tabular  form. 

This  extension  has  been  carried  out,  and  is  described  in  detail  in  the  following 
sections.  Several  new  integration  formulas  are  obtained,  their  accuracy  is  stated 
and  illustrated  by  means  of  appropriate  examples.  The  suitability  of  these 
formulas  for  high  speed  computing  machinery  is  obvious. 

The  new  formulas  derived  differ  essentially  from  other  quadrature  formulas 
in  two  important  respects.  First,  the  new  formulas  apply  to  the  basic  interval 
of  length  h,  thus  permitting  quadratures  over  ranges  of  arbitrary  length  to  be 
obtained  quite  simply.  Second,  they  differ  from  open-type  formulas,  which  em¬ 
ploy  interior  points  only,  and  closed-type  formulas,  which  employ  interior  as 
well  as  terminal  points,  in  that  they  make  use  also  of  exterior  points,  thus  tend¬ 
ing  to  produce  frequently  smoother  and  more  accurate  results. 

A  generalization  of  the  method  described  in  [1]  to  the  solution  of  differential 
equations  will  be  dealt  with  subsequently. 


2.  The  quadrature  formulas.  The  basic  formula  of  reference  [1]  is 


/,  a  f  fix)  dx 

(2.1) 

=  MK/o  +  /i)  +  Ko^(/«  ~  /i)  "I"  K2o^*(/o  +  fi)]  +  Rt 
with  h  -  Xi  -  Xo,fi^  fixi),  -  idtf/dx^),^,f  ,  j  -  0,  1,  A:  *=  1,  2,  and 

R  -  -ihym,m)f'  iO,  xo<^<xx. 

Let  us  assume  now  that  the  /.■  =  fix,)  are  known  for  a  succession  of  equi¬ 
distant  arguments  x, ,  t  *  0,  ±1,  ±2,  •  ••  Then  the  derivatives  fi  in  (2.1) 
may  be  computed  by  means  of  central  differences  [2]  as  follows: 


hfi  ^  fiSfi  —  6*fi  -H  Ho/*  —  M40/*  +  •  •  • 

h*fi  >=  S*fi  —  }i2^*fi  +  Ho^Vf  ~  Heo^fi  +  ••• 


‘  It  has  come  to  my  attention  recently  that  the  procedure  employed  in  [1]  was  previously 
described  by  W.  E.  Milne,  in  [6]. 
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These  differences  means  ,  are  defined  thus: 

~  *(«*/.+»  +  «*/»-*), 

for  ib  —  0,  1,  2,  •  •  •  ,  with  ^  f  ••  f. 

A  short  calculation  shows  that 

^[(fi+l^—  fi-l-k)  —2k(fi+k—fi-k)]  +^‘‘r^i  —  iy  Ckrifi+l+k-r—fi-l-i+r) 

with 

In  stopping  in  the  series  (2.2)  after  a  certain  term  there  will  be  introduced  into 
(2.1)  a  new  truncation  error  whose  magnitude  will  depend  on  the  first  term  neg¬ 
lected.  Thus,  taking  one,  two,* or  three  terms  in  (2.2)  results  in  new  formulas 
denoted  as  ‘‘three-,  five,-  or  seven-point”  quadrature  rules.  These  turn  out  to 
be  quite  useful  for  practical  purposes,  and  will  now  be  discussed  separately.  It 
will  be  seen  that  the  extension  of  these  quadratures  formulas  to  regions  com¬ 
prising  several  successive  intervals  leads  to  certain  general  combinations  of  the 
functional  entries  /<  of  the  form 

-f  2  +  E.-:)/.-  •  ^2.3) 

Thus,  e.g., 

Fo.t  *  /o  +  2E*-»/<  +  /• 

F-i.*+i  =“  (/-i  +  /o  +  /i)  +  2  E»  */<  +  if*-!  +  /*  +  fi+i)t  etc. 

A.  The  Three-Point  Formula.  From  (2.2)  we  have 
hfi 

h*fi  ”  ({<)»  Xi-i  <  €<  >  f <  <  *•■+!  • 

Consequently, 

Ix  -  hmo  +  fx)  +  Hoh(fo  -  f'x)  4-  K2oA*(/o"  +  /D]  +  R 
“  M4^[13(/i  +  /o)  —  (ft  +  f-x)]  +  Rt  , 

«,  -  Hoh*[r(i'x)  -  rno)]  -  K44o^‘i/'’’tto)  +r(fx)]  +  r. 

We  may  then  conclude  that 

Ix  -  K4fc[13(/i  +  /o)  -  (ft  +  f-x)]  +  Rt  , 

Rt  -  C,(hV5!)/'’  (ii),  x_i  <  {,  <  X,. 


(2.4) 
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For  functions  /  that  are  of  the  polynomial  type  of  degree  not  exceeding  four, 
Cl  is  11/6.  This  formula  is  thus  exact  for  polynomials  f(x)  of  third  or  lower 
degree.  As  the  remainder  term  indicates  the  accuracy  of  (2.4)  is  approximately 
that  of  Simpson’s  Rule 

U  -  4/,  +/,]  - 

Formula  (2.4)  is  readily  extended  to  r^ons  comprising  several  successive 
intervals: 


I.  *  (“fix)  dx  -  ^4/»[13Fo..  -  F_,.h.i1 

J*tk 


+  Cl  (h*/5l)  2  /  *(i3»),  <  {*»  < 


with  Fo.$,  defined  in  (2.3). 

The  fact  that 

Rl  **  ^H20^*/^*(6)»  X_i  <  {*  <  Xj  , 

has  a  sign  generally  opposite  to  that  of 

R,  -  -)^o*‘/'’(f)i  X,  <  f  <  xj 

may  be  used  to  derive  a  formula  of  slightly  higher  accuracy  than  either  (2.4) 
or  Simpson’s  rule,  as  follows: 

Putting 

(fi  “  H4M13(/.-  +  fi-i)  —  (fi-i  +  /<-*)] 

Si  -  H4h[S2fi  +  8(/,+,  -f  fi-i)] 

we  have,  on  one  hand, 

h  ^  Gi  Gt  -{■  Rn  +  Rn  , 

and,  on  the  other, 

•f*  5i  +  Rn  • 


i(^l  +  +  'Si)  +  M20^*/^*(J)»  <  I  <  X|. 

In  terms  of  functional  entries,  then, 

/,  «  M4A[29/i  +  10(/,  +  /o)  -  i(/.  +  Ui)]- 

B,  The  Five-Point  Formula.  In  this  case  we  find  that 

hfi  ^  It  if i  —  +  Ho^V*(i<) 

Avr  -  i%  -  +  HoA‘/’'(iT). 
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with  x»_j  <  f  { i  <  x,+* .  It  turns  out  that 

A  “  M44oM802(/i  -j-  /o)  —  93(/j  +  /_i)  +  ll(/i  +  /-*)]  +  R$ , 

T  ./  (2.6) 

R,  »  C,(/iV7!)/’'tt,). 

Here  C»  *•  — 191/12  for  functions  /  that  are  polynomials  of  degree  not  exceeding 
six. 

Applying  (2.6)  to  s  successive  intervals  we  obtain 

/.  -  K440AI8O2F0..  -  93F_i..+i  +  11F_,..+,]  +  C,(^77!)ZJ-i /•'(&.)  (2.7) 

For*  “  6,  then,  the  truncation  error  is  approximately  6(7»(A V7 !)/*'  (€i),  which 
is  of  the  same  order  of  magnitude  as  the  remainder  in  Weddle’s  rule: 

7*  *  MoA[(/o  +  ft)  +  6(/i  +  ft)  +  (ft  +  ft)  +  6/1]  +  R„  , 

-  -H4ohT  (€). 

C.  The  Seven-Point  Formula.  Taking  three  terms  in  the  series  (2.2)  we  get 
the  remainders  R'  -  —  H4oAV’'^(€<)»  R"  "  “ with  the 
located  in  (x<-« ,  X{+().  The  total  truncation  error  in  the  quadrature  formula 
(2.1)  is  now  of  the  form  +  C(h*/l^)f'”'(^),  with  R  - 

“(Hoo.soo^V*  (^)>  ^  <  xi,  denoting  the  remainder  term  of  (2.1).  In  this 

case,  then,  the  accuracy  of  (2.1)  is  preserved  if  A  is  taken  sufficiently  small. 

In  replacing /i,/r  by  means  of  (2.2)  it  is  found  that 
h/i  -  Kol45(/<+,  -  /^,)  -  9(/,.^,  -  f^t)  +  (/.+,  -  f^)\  +  R'  , 

hYi  -  K8o1270(/.+i  +  /*_i)  -  27(/<+,  +  /.-,)  +  2(/.+,  +  f^)  -  490/.]  +  R\  * 
It  follows  that 


h  »  Mi.60oM12,200  (/,  +/o)  -  1701(/,  +/_,) 

(2.8) 

+  335(/,  +/_,)  -  34(/4  +/_,)]  +  «7 

For  s  successive  intervals,  then, 

/.  -  Hi.60oM12,200Fo..  -  1701F_,..+i 

'  .  .r-,  (2.9) 

+  335F_i,,+i  —  34F -»..+*]  +  R’’* 

For  sufficiently  small  h,  Rt  R,  and  then  6  |  At  |  /  |  |  ^  K20>  ^  f^hat 

(2.9)  may  be  more  accurate  than  Weddle’s  rule  by  as  many  as  two  decimals. 

G.  Blanch  and  I.  Rhodes  [3]  have  compounded  similar  quadrature  formulas 
based  on  seven-point  Lagrangian  polynomials.  Their  formula  (8)  is: 

!•  *  H20.960^Z}*-«  ^i(fi  +  /t-^-l)  +  h^^ifi  +  Rl  , 

Ai  -  36799,  176648,  54851,  177984,  89437,  130936,  119585,  |  A/,  |  < 

2  X  I0~'8  h*  X  I /’"'($)  I  ,  «  ^  14. 
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In  those  cases  which  (2.8)  is  at  least  as  accurate  as  this  formula  (8) — and  such 
cases  are  readily  constructed — (2.8)  would  seem  to  be  preferable,  due  to  its 
fewer  and  smaller  coefficients. 

3.  Generalization.  The  basic  formula  (2.1)  can  be  extended  to  higher  orders 
of  h,  either  directly,  or  through  the  application  of  Hummel-Seebeck’s  generaliza¬ 
tion  of  Taylor’s  expansion  [4.]* 

It  turns  out  that 


with 


/i  -  (-l)*/“~“(afj)lA‘  +  Rn 

n  —  k 


(3.1) 


D 


n.H-l 


(2n  —  k){k  +  1) 


Dnk  f  Dnl  =  §, 


Rn  -  (-1") 


(n!)* 


(2n)!  (2n  -|-  1)! 

In  (2.1),  n  —  3.  For  n  »■  2  formula  (3.1)  becomes 


'(i). 


-  ifc(/«+  finHih'ifo  -fi)  +  hY^(^)/720,  (3.2) 

which  is  identical  with  Euler-Maclaurin’s  formula,  terminated  after  the  first 
derivatives. 

For  n  -  4  the  coefficients  D^k  are,  respectively,  §,  %8»  H4>  ^‘nd  Hesoi  and 
=.  hY"\^)/25,  401,  600. 


It  is,  then,  theoretically  possible  to  obtain  other  sets  of  multiple-p>oint  formu¬ 
las  by  replacing  the  derivatives  occurring  in  (3.1)  by  central-difference  expres¬ 
sions  of  the  t3rpe  (2.2). 


4.  Applications.  It  has  been  stated  many  times  [5]  that  in  choosing  a  particular 
quadrature  formula  for  the  evaluation  of  an  integral,  or  in  alleging  the  superiority 
of  one  method  over  another,  a  certain  amount  of  caution  should  be  observed. 
The  inherent  accuracy  of  all  methods  based  on  pol}momial  approximation  de¬ 
pends  essentially  on  how  closely  the  integrand  can  be  approximated  in  this  man¬ 
ner.  It  is  clear,  then,  that  poor  or  even  absurd  values  may  be  obtained  if  low 
order  polynomials  are  chosen  for  integrands  that,  in  or  near  the  interval  of  in¬ 
tegration,  are  periodic,  or  asymptotically  approach  a  finite  constant,  or  have 
diverging  differences,  or  have  an  infinite  slope,  etc. 

Thus  the  attainment  of  sufficient  accuracy  may  necessitate  a  brief  study  of 
the  behavior  of  the  integrand,  and,  if  advisable,  the  partitioning  of  the  total 
range  of  integration  into  suitable  subintervals. 

The  examples  described  below,  illustrating  the  three  formulas  previously 
derived,  are,  however,  sufficiently  simple  and  may  be  treated  in  a  straightfor¬ 
ward  manner. 


*  I  am  indebted  to  W.  M .  Stone  of  Oregon  State  College  for  pointing  out  this  connection. 
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Example  1.  Here  the  three-point  formula  (2.4)  was  used  to  evaluate 

fWit 

I  dx/(l  —  J  sin*  x)* 

Jo 

with  h  “  ir/12,  carrying  ten  decimals. 

The  computed  value  is  shown  in  the  second  column  of  Table  1 ;  it  differs  from 
the  exact  value  1.85407  46773  by  an  error  shown  in  the  third  column.  The 
estimated  error,  computed  by  means  of  is  exhibited  in  the 

last  column. 

'  It  is  sufficiently  close  to  the  actual  error  to  be  of  practical  utility. 


TABLE  1 

Application  of  quadrature  formulae 


Method 

Value 

Error 

E>Tor  Ext. 

Ex.  1 

Eq.  (2.4) 

Eq.  (2.6a) 
Simpson 

1.86407  48777 
1.86407  10984 
1.86406  76191 

XXX 

•o 

2  X  10-» 

1  X  io-< 

Ex.  2 

Eq.  (2.6) 

Weddle 

Steffenaen 

16.70393  8616 
16.70393  8484 
16.70393  7660 

6.3  X 

2.2  X  10-* 

8.0  X  10"^ 

7.1  X  10-* 

2.7  X  10-* 

Ex.  3 

Eq.  (2.9) 
Lagrange 

0.27272  72723 
0.27272  72761 

1 

4  X  10-‘* 

2  X  10-* 

8  X  10-* 

2  X  10-» 

The  value  of  the  integral  computed  by  Simpson’s  rule  happens  to  be  much 
less  accurate  than  that  obtained  by  the  three-point  formula.  The  use  of  formula 
(2.5a)  also  results,  as  anticipated,  in  a  better  value. 

Example  2.  Next  we  apply  the  five-point  formula  (2.6)  to  the  evaluation  of 

-a.. 

/  (sin  X  -H  c*  —  log  x)  dx  *  15.70393  8463,  with  h  0.1. 

Jz.0 

The  result  is  given  in  Table  1;  it  is  too  high  by  5.3.10~*.  Weddle’s  rule,  on  the 
other  hand,  is  too  high  by  2.2.10~*,  and  is  thus  only  slightly  better  than  the 
five-point  formula.  For  comparison,  the  value  obtained  by  Steffensen’s  five  ix>int 
formula  is  also  listed. 

.4.4 

Example  3.  The  evaluation  of  /  di/x*,  h  —  0.1,  results  in  the  value  of 

Js.O 

0.27272  72723,  while  the  exact  value  is  0.27272  72727.  The  same  integral,  com¬ 
puted  in  [3]  led  to  0.27272  72751.  The  respective  errors  and  estimated  errors  are 
again  listed  in  Table  1. 

5.  Program  for  Computing  Machines.  The  formulas  derived  above  are  clearly 
well  suited  for  use  on  modem  high-speed  computing  machinery,  such  as  ORD- 
VAC,  SEAC,  etc. 
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For  illustrative  purposes  the  prc^ramming  of  formula  J  hjt+i  with 
/(x)  dx  computed  by  (2.8)  will  be  discussed  briefly.  If  we  are  deal- 

*k 

ing  with  a  machine  having  a  fixed  fractional  (i.e.  decimal,  binary)  point  some 
preliminary  scaling  is  necessary.  Let  it  be  supposed  that  the  machine  can  handle 
only  numbers  of  absolute  value  not  exceeding  unity. 

If,  then,  I  / 1  <  Af  in  an  interval  containing  the  total  range  of  integration, 
we  define 

/  -  f/2M,  a.  -  o./21,600 

Ski  “  /*+i  +  ,  Tkji+i  “  ^iSki  i2Mh)  ^Ih jt+i> 

Clearly 

1/1  <2-\\ai  \  <  1, 1^*.|  <  1, 

and  since  |  /*.*+!  1  <  hM,  also  [  7*^+i  |  <  2“‘. 

The  build-up  of  Ikjk+i  is  most  simply  accomplished  by  first  forming  the 
Pki  *  diSki ,  then  Qt.  -  p*.  +  Q*+.+i  for  t  -  4,  3,  2,  1,  with  Qu  -  0.  Then 
Qkl  **  /*,*+!  • 

For  an  efficient  accumulation  of  the  Ik.k+i  into  7.  the  “sliding  scaling”  scheme 
may  be  used,  as  follows:  Let 

Hh+l  “  Thji+l  2  “*  +  /* 

/3*+i  *  0,  1  depending  on  whether  |  Hk+i  \  <  2~‘  or  ^  2~‘  (5.1) 

Jk+i  “  2~^*‘*’‘/ft+i ,  o/k+i  *  o*  -f-  j8*+i 

for  fc  *=  0,  1,  •  •  •  ,  s  —  1  with  Jo  *  0,  a*  —  1. 

It  is  an  easy  matter  to  realize  that 

Hk+x  -  7k+i  2-*.  y*+i  -  Ik+x  2-“^‘ .  (5.2) 

For  fc  =  0,  namely,  Jo  *  0  by  definition;  thus  ft  —  0,  ai  =*  1,  and  Ji  =»  7i2~"'’ 
If  we  assume,  inductively,  that  for  arbitrary  A:  <  s  —  1,  J*  =  7*2”“*,  then 
by  (5.1)  clearly  Hk+i  *  7t+i2~“*,  whence  (5.2)  follows  immediately. 

Further,  a*  =■  Oo  -f  ^  a*  ^  fc  for  all  A:  >  0.  Now  for 

A:  *  0, 1  obviously  |  J*  |  <  2“*.  From  |  J*  |  <  2“‘,  in  general,  it  may  be  inferred 
from  the  equation  for  Hk+i  in  (5.1)  that  always  j  Hk+i  |  <  1.  Therefore, 

1  Jk+x  I  =  2-^***  I  Hk+x  I  <  2-‘. 

After  8  integrating  steps  there  is  obtained  J,  ^  1,  2““* ,  so  that 

I,  7^  J,hM2’“*\  a.  -  oo  +  Z*-i  Pi  •  (5.3) 

A  rounding  error  ij  in  J,  is  thus  translated  into  a  rounding  error  AAfij2“*'*’‘ 
in  . 
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In  order  to  keep  the  rounding  error  R  in  I,  less  than  its  truncation  error  it  is 
sufficient,  then,  to  insure  ij  <  |  ft  | 

The  application  of  the  scaling  procedure  is  demonstrated  below.  Suppose  it 
is  desired  to  compute  the  integral  of  example  2  in  section  4,  again  &t  h  ~  0.1, 
by  means  of  the  seven-point  formula  (2.8). 

TABLE  2 


Sealed  integration 


X 

r 

; 

0*4-1 

Jm 

2.7 

.15099  008461 

2.8 

.16613  940405 

2.9 

.18300  299537 

3.0 

.20177  262281 

3.1 

.22265  959740 

.21203  030931 

0 

.10601  515466 

3.2 

.24589  667980 

.23407  199320 

0 

.22305  11526 

3.3 

.27174  019788 

.25858  989065 

0 

.35234  609658 

3.4 

30 

.30047  239992 

.28585  308311 

0 

.49527  263813 

3.5 

33 

.33240  406922 

.31615  785690 

1 

.32667  578329 

3.6 

37 

.38787  742780 

.34983  045992 

0 

.41413  339827 

3.7 

41 

.40726  936075 

3.8 

45 

.45099  499510 

3.9 

49 

.49951  167080 

In  order  to  estimate  the  accuracy  obtainable  it  is  necessary  to  compute  bounds 
for  the  sixth  derivative  which  is,  in  this  case,  approximately  e‘. 

These  approximate  values  are  listed  in  column  2  of  Table  2.  They  show  that 

ftr.e  ■“  “HoO.SOO^^S* ^  ~2  X  10 

Further,  |  f{x)  j  <  47.4  »  Af  in  the  interval  2.7  ^  x  ^  3.9. 

A  prehminary  inspection  of  the  Jk  reveals  them  to  be  sufficiently  small  to 
permit  setting  jS*  “  0  for  all  k,  except  for  j9» .  Thus  oe  ■*  2,  and  hM2“*'^^  40. 

The  rounding  error  ft  in  It  then  will  not  exceed  the  truncation  error  if  the  round¬ 
ing  error  ij  in  J*  is  kept  below  5  X  10“‘*.  The  use  of  eleven  to  twelve  decimals 
throughout  the  computalson  is  thus  indicated. 

The  values  of  /  «  //2Af  are  listed  in  the  third  column  of  Table  2,  to  eleven 
decimals.  Also, 


at  -  .56481  481481 

dj  - 

-.07875  000000 

<1,  -  .01550  925926 

Ot  - 

-.00157  407407. 

It  is  seen  that  Jt  «  .41413  339827,  and,  consequently, 
/.  -  15.70393  8462, 
which  is  in  error  by  only  1  X  10“*. 
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THE  VECTOR  METHOD  OF  SOLVING  SIMULTANEOUS 
LINEAR  EQUATIONS 

By  Everett  W.  Purcell 

This  paper  is  written  to  present  a  new  method  of  solving  simultaneous  linear 
equations  which  has  some  advantages  over  other  methods  when  equipment 
such  as  the  IBM  Card  Programmed  Calculator  is  available. 

It  will  be  convenient  for  us  to  write  our  equations  as  follows: 

<*11351  +  <*u35j  +  •••  +  <*i»a5,  +  <*i,»+if  *  0 

<**lXi  +  OnXt  +  •••  +  OftnXn  +  <l<,ii+lt  “  0 


<»«lXl  +  <*.*351  +  •••  +  On.nXn  +  0*.,+lf  -  0 

where  we  have  introduced  the  parameter  t  to  make  the  equations  homogeneous. 
(Later  on  we  shall  arrange  to  have  <  —  1.) 

Let  A  denote  the  n  X  (n  +  1)  matrix  of  coefficients  and  let  Vi  denote  the  tth 
row  of  A. 

Vi 

V, 

Then  A  «■ 

V, 

Also  let  Vi  denote  the  ith  vector  which  is  orthogonal  to  the  first  j  vectors  of 
matrix  A;  i.e.,  the  coordinates  of  will  satisfy  the  first  j  of  our  equations 
I  and  it  is  the  tth  set  of  such  coordinates.  It  is  now  clear  that  any  linear  com¬ 
bination  of  the  Vi  will  also  be  a  solution  of  the  first  j  equations  and  linear  com¬ 
binations  exist  which  will  satisfy  otber  equations  in  I. 

We  shall  now  outline  one  method  of  finding  linear  combinations  and  ulti¬ 
mately  a  solution  for  our  equations  which  is  simple  and  convenient.  First  we  shall 
define  Vt  to  be  an  n  -H  1  dimensional  row  vector  with  all  coordinates  equal  to 
zero  except  the  tth  which  is  1. 

First  we  shall  find  C\  such  that  V\  —  C<  V?  -|-  Vi+<  will  be  orthogonal  to  Vi ;  i.e., 

therefore 

(1)  C\  -  -(Vi-V?+i/Vi*F?)  -  -(ai.iW<*n)  *  -  1,2,  •••  ,n 

Next  we  define  V]  -  Cf\V\  +  Vl+,  and  similarly  determine  such  that  Vi 
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are  orthogonal  to  Vt .  This  gives 

(2)  Cj  “  —  ■*  —  (otiCl^.)-  +  (h,2+d/ifhiCi  +  an) 


»  =*  1,  2,  •  •  •  ,  n  -  1 

We  now  have  n  —  1  vectors  V]  all  of  which  are  orthogonal  to  Vi  and  V» . 
We  proceed  in  this  manner  at  each  stage  defining  Vi'*’*  =■  Ci^'W  +  Vf+i  and 
computing  Cl  from 

(3)  a  -  -  (VrVi^]/VrVr') 

We  ultimately  end  up  with  one  vector  which  is  orthogonal  to  all  the  Vi . 
Thus  we  have  a  solution  to  our  system  of  equations.  The  above  procedure  is 
such  that  we  end  up  with  t  »  1,  but  other  procedures  exist  for  which  we  will 
have  to  normalize  our  last  vector  making  the  t  coordinate  equal  to  one  before 
we  have  the  desired  solution. 

It  can  be  shown  that  the  number  of  multiplications  needed  to  solve  an  n  X 
n  system  by  the  vector  method  is  given  by 


H  (n  -  l)(n)(2n  +  5). 


This  is  the  same  as  that  needed  when  Grout’s  Method  is  used.  It  is  easy  to  see 
that  the  number  of  additions  and  divisions  is  the  same  for  both  methods. 

Although  the  amount  of  arithmetic  is  the  same  for  both  methods,  the  number 
of  storage  cells  required  is  less  for  the  Vector  Method  than  for  the  Grout  Method. 
It  can  be  shown  that  the  number  of  storage  cells  given  by  the  greatest  integer  in 


nK  +  n  +  2 


is  sufficient  to  stove  computed  results  in  the  programming  of  a  solution  on  the 
CPG  when  using  the  Vector  Method. 

We  shall  now  show  a  method  of  evaluating  determinants.  First  let  us  observe 
that  if  we  let 


Ci  -  +Ni/Dj, 


we  can  now  write 


R 

1 

+ 

V 

1 

D,  - 

1 

-Cl 

1  Oil 

On 

On 

-Cl 

1 

-Cl+i 

1 

0 

-CUi 

,  0, 

2)nd  coordinate 

is  1.  Similarly 

1  -cl 

-Cl, 

1 

-Cl 

-Cl 

0  1 

-d+i 

D,  - 

0 

1 

-d 

Uji  an 

Oi.t+i 

asi 

an 

an 
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-cl 

-cl 

-cl+, 

1 

-cl 

-Cl+y 

1 

-d 

-cl+. 

f 

0 

-cl 

— Ci+< 

0 

1 

-c? 

0 

1 

-cl 

1 

-cl 

— cl+« 

0 

1 

1 

+ 

0,  ...,1 

0 

0 

-cl 

where  the  (i  +  3)rd  coordinate  is  1.  We  can  now  deduce  the  rule  for  the  forma¬ 
tion  of  the  scalar  multipliers  C/  and  the  vectors  Vi . 

It  can  be  proved  by  induction  that 

1  -Cl  -Cl  •••  -Cj-i 

0  1  -C  •••  -Cj-, 

-  0  0  1  -d-,  -  Vj-Vf' 


I  0>1  0>j  0>»  •  •  •  Oji  I 

and  that  Ni  can  be  gotten  from  Dfhy  adding  t  to  the  subscripts  in  the  last 
column.  Also 

”  (1  I » I  fly+i.*  I  >  •  •  •  » I  oy+i.y  1 1  0,  •  •  •  1,  •  •  •  }  * 

$ 

where  the  {j  -f  t)th  coordinate  is  1.  By  |  oy+i.,- 1  we  mean  the  minor  of  ay+i.<  in 
the  determinant  which  we  may  denote  by  »=  Vj+t-Vi .  It  is  now  easy  to  see 
that 


On 

Oil  • 

•  Oi» 

1 

-cl 

-Cl  • 

•  -CUi 

D  = 

Oil 

On  • 

*  <hn 

-  Di 

Oil 

On 

On  •• 

Oi. 

a.i 

OlMI 

• 

0.1 

a.t 

0.1 

o.. 

1  '  -Cl  -Cl 
0  1  -C? 


-Cl-i 

-d_. 


Theorem:  Let  D  be  a  determinant  of  order  n;  then 

D  -  n.-. ».  -  n.-.  v<-yr' 
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Example 

■  M+  X  y  2-1-0 
2tt+  x  +  2i/+  2-1-0 
2u  +  2x-  J/  +  22-5-0 
M  +  2a:  +  3j/ +  32-3-0 

First  we  get 

V\  -  (-1,  1,  0,  0,  0),  V\  -  (-1,  0,  1,  0,  0),  V\  -  (-1,  0,  0,  1,  0),  V\  - 

(1, 0,  0,  0,  1) 

These  four  vectors  are  orthogonal  to  Fi  -  (1,  1,  1,  1,  -1).  Next,  using  F,  - 
(2, 1,  2,  1,  -1),  we  get 

Cj  -  0;Cl - l;Cl  -  1 


giving 

V\  -  (-1, 0, 1, 0, 0),  V\  -  (0,  -1, 0, 1, 0),  Vl  -  (0, 1, 0, 0, 1) 
Then  C\  -  0;  C\  -  -1 

V\  -  (0,  -1,  0,  1,  0),  V\  -  (1,  1,  -1,  0,  1) 

Now  C\  =»  3,  giving  Vt  -  (1,  -2,  -1, 3, 1) 


M  —  1,  X  -  —  1,  y  -  -1,2-3 
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ON  THE  SOLUTION  OF  THE  DIFFERENTIAL  EQUATION  OCCURRING 
IN  THE  PROBLEM  OF  HEAT  CONVECTION  IN 
LAMINAR  FLOW  THROUGH  A  TUBE* 


By  Milton  Adramowitz 

1.  Introduction.  The  problem  of  forced  heat  convection  in  laminar  flow  through 
a  circular  tube  or  duct  assuming  the  velocity  distribution  of  the  fluid  to  be  the 
Poiseuille  flow  requires  the  solution  of  the  ordinary  differential  equation  [1,  2]. 

(1.1)  d*y/dr*  +  (1/r)  dy/dr  +  /3*(1  -  r*)y  -  0 
subject  to  the  end  conditions 

(1.2)  j/(0)  -  1 

(1.3)  yH)  «  0. 

The  condition  (1.2)  arises  from  the  physical  condition  that  the  temperature 
shall  be  constant  at  the  mouth  of  the  tube,  while  (1.3)  results  from  the  fact 
that  there  shall  be  no  heat  transfer  at  the  surface  of  the  tube. 

A  particular  integral  of  (1.1)  satisfying  (1.2)  is 


(1.4) 

y(r,  0)  - 

where 

(1.5) 

Bo  =  1,  45,  +  -  0 

4n*Btn  +  “  B,,_i]  =  0 

0 

In  order  to  satisfy  (1.3)  the  parameter  d  must  take  on  an  infinite  number  of» 
discrete  values  0, .  One  of  the  procedures  employed  in  determining  the  proper 
values  of  ^  is  to  tabulate  the  function  y(r,  0)  with  the  aid  of  (1.4)  for  a  sequence 
of  values  of  0  in  the  neighborhood  of  0,  and  then  determine  0,  from  that  value 
of  0  for  which  y(l,  0,)  »  0.  This  technique  has  certain  disadvantages  computa¬ 
tionally.  It  is  evident  from  (1.5)  that  the  individual  terms  of  (1.4)  increase  as 
0*  increases.  The  diflSculty  in  determining  0,  from  the  condition  y(l,  0.)  0  is 

that  this  equation  is  satisfied  to  a  high  degree  of  accuracy  even  when  0,  is  not 
known  very  precisely.  Thus,  if  we  take  0o  *  2.7,  j/(l,  2.7)  =  .00219.  Therefore, 
the  determination  of  precise  values  of  0,  requires  calculations  of  2/(1,  0.)  to  a 
large  number  of  decimal  places.  It  is  the  purpose  of  the  present  article  to  obtain 
a  solution  of  (1.1)  in  terms  of  Bessel  functions  which  shall  be  more  convenient 
for  the  determination  of  the  values  of  0, . 

2.  Solution  of  (1.1)»  in  terms  of  Bessel  functions.  In  order  to  determine  a 
solution  of  the  differential  equation  (1.1)  as  a  series  of  Bessel  functions  let  us 
formally  assume  the  possibility  of  an  expression  in  the  form 

(2.1)  y{r,0)  ~T.n^An(0)iln{0r) 

where 

*  The  preparation  of  this  paper  was  sponsored  in  part  by  the  Flight  Research  Labora¬ 
tory,  Wright  Air  Development  Center,  U8AF. 
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(2.2)  fi,(i8r)  =  m'JniM 

The  functions  0ii(/3r)  satisfy  the  following  recurrence  relations  [3]  where  the 
differentiation  is  with  respect  to  the  argument  0r. 

(2.3)  (l/r)n:  - 

(2.4)  »  (2n  +  2)0,+!  - 

(2.5)  qI  =  (2n  -  l)Q,_i  -  fi. 

The  fin  were  chosen  to  represent  the  solution  of  (1.1)  since  they  are  even  func¬ 
tions  of  r  and  the  recurrence  relation  (2.4)  has  the  property  that  it  expresses 
Ain  as  a  linear  combination  of  functions  of  different  orders.  Thus,  substitut¬ 
ing  (2.1)  into  (1.1)  we  obtain 

(2.6)  Z*-o^-(|8){|8*nI(/9r)  +  (/8/r)fi'«03r)  -|-  |8*fin(/3r)  -  /3*r‘fin09r) }  =  0 
With  the  aid  of  (2.3)-(2.5)  this  last  relation  becomes 

Z--0  ^-03) {(2n  -  l)|8*fi,_,  -  0\ln  +  0Aln-i  +  dU 

(2.7) 

-  (2»  +  2)fi»+i  -H  fi,+,}  -  0 

which  becomes 

(2.8)  E  An(0){2n0^n-i  -  (2n  -|-  2)fin+i  +  fi,+i}  »  0 

Equating  the  coefficients  of  fi,  to  zero  we  get  the  following  recurrence  relations 
»for  the  coefficients  An(0). 

'(2.9)  Ai  =  0,  2^ At  -  Ao=‘  0,  6/3*A,  -f-  =  0,  i^A^  -  3A,  =  0 

(2.10)  (2n  -f  2)0‘An+i  -  2nAn-i  +  -  0  forn  ^  4 

In  order  to  satisfy  (1.2)  we  must  choose  ^lo  “  1  and  we  then  have  for  the 
first  five  coefficients 

(2.11)  ^0  =  1,  -  0,  A,  -  l/(2/3*),  A^  =  -l/(6/3*),  At  -  3/(S0^) 

3.  Determination  of  the  values  of  0, .  In  order  to  determine  the  values  of  0, 
we  must  determine  the  zeros  of  the  function 

(3.1)  y{r,  0)  -  E:-«  ^,(^)(^r)  V,(^r) 

for  r  =:  1.  This  was  done  by  evaluating  (3.1)  for  a  series  of  values  in  the  neigh¬ 
borhood  of  each  0,  and  then  evaluating  the  zero  by  inverse  interpolation.  For 
example  for  0t  we  find 

P  y(l,  $) 

18.66  -h. 0062676 

18.66  -I-. 0026102 

18.67  -.0000339 

By  linear  inverse  interpolation  we  get  0t  *  18.66987.  Below  are  the  first  five 
values  that  were  obtained  in  this  fashion. 
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« 


0. 


0  2.7043644 

1  6.679032 

2  10.67338 

3  14.67108 

4  18.66987 


In  carrying  out  the  computations  the  trial  values  of  P  were  so  chosen  that 
the  values  Jnifir)  for  r  »  i  could  be  obtained  from  existing  tables  of  the  Bessel 
functions  Jn  without  recourse  to  interpolation.  The  calculations  were  carried 
to  at  least  two  more  decimal  places  than  given  in  the  final  computed  values  of 
.  The  number  of  terms  carried  was  such  that  the  truncating  error  in  the  series 
(2.1)  was  less  than  the  accuracy  required  in  the  values  for  evaluating  the 

by  inverse  interpolation.  A  sufficient  number  of  trial  values  were  taken  so  that 
the  calculations  could  be  checked  by  differencing.  The  choice  of  the  trial  values 
is  worth  mentioning.  An  examination  of  the  values  of  /3o  &nd  shows  that  they 
appear  to  tend  to  48  +  2  +  H  6nd  this  was  used  in  determining  the  higher 
characteristic  values. 

In  addition  to  the  values  of  0,  the  coefficients  07A.n(fi,)  necessary  for  the  de¬ 
termination  of  y(r,  0,)  to  six  decimal  places  have  also  been  given.  The  quantities 
0*Ani0,)  have  been  given  rather  than  the  An(0,)  themselves  because  they  are 
more  convenient  for  computation  due  to  their  slower  rate  of  change.  The  co¬ 
efficients  themselves  are  correct  to  probably  no  more  than  seven  significant 
figures. 

The  problem  has  been  discussed  by  I^auwerier  [4]  who  obtained  an  asymptotic 
expansion  for  the  characteristic  values.  His  result  in  the  notation  used  here  is  * 

h0.~v  +  0.031580  v~*'*  -  0.000904  v"*'*  ' 


where  t;  —  28  -|-  1  +  CJomparing  the  results  with  that  obtained  by  Lauwerier 
[4]  we  have 


« 


Asymptotic  Formula 


0  1.3521822 

1  3.339516 

2  5.33669 

3  ,  ^  7.33554 

t 


1.354 

3.3396 

5.33671 

7.33554 


The  asymptotic  formula  will  thus  be  adequate  for  the  determination  of  the 


higher  characteristic  values. 
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TABLE  1 

-  2.7043644;  A  -  6.679032;  A  •  10.67338;  A  -  14.67108;  A  -  18.66987 


n 

A"A, 

fiMn 

A"^. 

A*Ai, 

A*A, 

0 

1.0000000 

1.000000 

1.000000 

1.000000 

1.000000 

1 

.0000000 

.000000 

.000000 

.000000 

.000000 

2 

.5000000 

!  .500000 

.500000 

.600000 

.600000 

3 

-.4607274 

-1.113172 

-1.778897 

-2.446180 

-3.111645 

4 

.3760000 

.376000 

.375000 

.375000 

.376000 

6 

-.4968001 

-1.224489 

-1.956786 

-2.689698 

-3.422810 

6 

.4140776 

.932076 

1.894737 

3.301953 

6.153667 

7 

-.4974099 

-1.228465 

-1.963140 

-2.698431 

-3.433923 

8 

.4461194 

1.326717 

2.963240 

6.355607 

8.503422 

9 

-.5043642 

-1.437822 

-2.868527 

-6.089895 

-8.397837 

10 

.4687663 

1.604293 

3.714683 

6.799401 

10.858624 

11 

-.5133433 

-1.709892 

-4.046378 

-8.198589 

-14.860660 

13 

1.870738 

4.680737 

9.344211 

16.486610 

13 

-1.990482 

-6.269085 

-11.404642 

-21.505674 

14 

2.144986 

5.888466 

12.972559 

25.211041 

15 

-2.274274 

-6.673789 

-16.213988 

-30.331903 

16 

2.426377 

7.274568 

17.390475 

36.182422 

17 

-2.561859 

-8.036620 

-19.916738 

-42.391406 

18 

8.819440 

22.624494 

49.902640 

19 

-9.655962 

-25.682621 

-67.937160 

20 

• 

10.522649 

28.798271 

67.193668 

21 

-11.437422 

-32.267396 

-77.360996 

22 

12.386669 

36.019365 

88.722920 

23 

-13.381713 

-40.049285 

-101.269104 

24 

14.413797 

44.381006 

115.116126 

26  i 

-49.016174 

-130.347248 

36  ^ 

63.973396 

147.047833 

27 

-59.258487 

-166.319629 

28  ! 

64.887207 

185.252663 

29  i 

-70.887643 

-206.952813 

30  ! 

77.214067 

230.619174 

31 

32 

33  ; 

-83.935871 

-256.061483 

283.687046 

-313.610576 

34 

345.646759 

36 

-380.215990 

36 

417.339928 

37 

-467.145018 

EVALUATION  OF  THE  INTEGRAL  f  e“**^'*  du 

Jo 

By  Milton  Abramowitz 

1.  Introduction.*  The  function  fm{.x)  defined  by  the  integral 

(1.1)  Ux)  -  [  du,  m  -  0,  1,  2,  • . .  , 

Jo 

appears  in  various  physical  problems  where  particles  having  Maxwellian  distri¬ 
butions  of  velocity  are  involved.  Thus  the  fraction  of  a  parallel  beam  of  thermal 
neutrons  which  is  transmitted  to  an  absorber  (following  an  inverse  velocity 
law)  as  a  function  of  thickness  is  given  by  /t(x),  with  x  real  and  greater  than 
zero.  For  this  and  other  thermal  neutron  absorption  problems,  C.  T.  Zahn  [1] 
has  obtained  power  series  for/i(z),/i(x),  and/t(x),  and  has  tabulated  these  three 
functions  for  0  ^  x  ^  1.  Laporte  [2]  has  found  the  first  three  terms  of  an  asymp¬ 
totic  expansion  for  /«(x),  but  the  coefficient  of  the  third  term  is  in  error,  which 
is  noted  by  H.  C.  Torrey  [3].  The  latter  finds  the  shape  of  a  radiofrequency  spec¬ 
tral  line  to  be  representable  (except  for  a  simple  multiplicative  function)  by 
/i(x)  wnth  X  a  pure  imaginary  number.  He  gives  a  recurrence  formula  for  the  co¬ 
efficients  of  the  terms  in  the  asymptotic  expansion  of  fm(x).  A  misprint  in  the 
recurrence  formula  is  noted  by  U.  E.  Kruse  and  N.  F.  Ramsey  [4],  who  present  a 
formula  for  the  case  m  =«  3.  Their  formula  in  turn  contains  a  misprint,  which 
we  correct  in  Section  (4)  of  the  present  paper.  They  tabulate  for^ 

0  ^  1/  ^  20. 

The  modulation  of  the  momenta  of  the  molecules  of  a  gas,  on  being  reflected 
by  a  wall  vibrating  sinusoidally  wdth  time,  varies  with  distance  from  the  wall. 
In  the  simple  case  of  no  collisions  between  molecules,  the  variation  of  the  modula¬ 
tion  with  distance  from  the  wall  is  given  by  /i(x),  with  x  a  pure  imaginary  number. 

It  seems  desirable  to  re-examine  the  algorithms  for  the  computation  of  /m(x). 
The  function  fm(x)  satisfies  the  foliowring  differential  equation  and  recurrence 
relations, 

(1.2)  '  x/l"  -  (m  -  l)/»  -f  2/„  =  0, 

(1.3)  /:  *  -/«-! 

(1.4)  2/«  -  (m  -  !)/«_,  +  xU.z . 

However,  for  simplicity  we  shall  restrict  ourselves  to  the  case  m  =  0,  since  the 
methods  described  may  be  employed  for  the  general  case  in  exactly  the  same 
manner. 

‘  The  author  is  indebted  to  R.  K.  Cook  and  M.  Greenspan  of  the  Sound  Section  of  the 
National  Bureau  of  Standards  who  suggested  the  problem  and  wrote  the  introductory 
section. 
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2.  Statement  of  problem:  Series  Ezpansion.  We  are  concerned  with  the  prob¬ 
lem  of  evaluating  the  integral  for  /o(x), 

(2.1)  /.(j)  <l«, 

Jo 

the  subscript  being  omitted  for  convenience  in  what  follows. 

For  applications  it  is  desirable  to  have  expressions  which  will  be  convenient 
for  all  values  of  x.  We  shall  obtain  two  representations  of  the  function,  the  first 
suitable  for  small  values  of  x  and  the  second  for  large  values  of  x.  We  note  first 
that  /(O)  “  Vt/2  and  further  that  f(x)  satisfies  the  ordinary  linear  differential 
equation  of  the  third  order. 

(2.2)  xf"  +  /"  +  2/  -  0 

subject  to  the  condition 

(2.3)  m  -  Vi/2. 

Examination  of  (2.2)  shows  that  /(x)  must  have  the  form  a(x)  *  log  x  -|-  b(x) 
where  o(x)  and  6(x)  are'  power  series.  An  attempt  to  solve  (2.2)  by  series  will 
not  be  convenient  because  of  the  difficulty  of  determining  the  int^ration  con¬ 
stants.  However  the  desired  expression  can  be  obtained  readily  with  the  aid  of 
the  Laplace  transform.  The  Laplace  transform  of  a  function  f(x)  is  defined  as 

(2.4)  £{f(x)}  ~  f  f"’ fix)  dx  Gip) 

•  Jo 

'Thus  operating  on  (2.1)  we  then  obtain  by  inverting  the  order  of  integration 
which  is  permissible  because  of  the  absolute  convergence  of  (2.1), 


(2.5) 


du 


p  Jo  t*  +  1/p 

Since  u/iu  -1-  1/p)  =  1  —  (1/p)(1/(m  -|-  1/p])  we  can  rewrite  (2.5)  in  the  form 

e 


(2.6) 


Gip)  f  e-*  dw  -  1  /  - 

p  Jo  rr  Jo  u 


+  1/p 


du 


The  series  expansion  of  the  second  integral  in  (2.6)  (which  can  also  be  obtained 
by  operational  methods)  is  known  [5]  and  we  have 


(2.7) 


r  Ax  I  y  (-l)V(n+ D/lV 

Jo  w  +  1/p  ^  S)  n!  \p) 


+  Vi  X)  r- 

n-O  1  * 


(-2)- 


i=o  1-3-5  •••  (2n-l-  1)  Vp 


(r 


+  e 


log  p 


where  ^f'(n  -|-1)  =  1-|- 1/2-1-  1/3  +  •  •  •  +  1/n  —  v,  (^(1)  =  —y  and  y  *  .577  •  •  • 
is  Euler’s  constant.  Expanding  the  exponential  in  the  last  term  and  making  use 


190 


MILTON  ABRAMOWITZ 


oi  the  fact  that  /(O)  *  \/irl2  we  get 
G(p) 


i2A) 


ly^  (-ir(i^(n  +  1)  +  logp} 
p  2  Iri  nIp*-+» 


(-2)" 

n-0  1-3-5  •••  (2n-H  l)p*"+* 


Now  making  use  of  the  transforms 

we  get  immediately  as  the  inverse  of  G(p), 

fix) 


£  i^i^  +  1)  -  log  x] 


log  p 

p*+i 


(2.9) 


y/v  ^  (— l)"{§^(n  +  1)  +  \^(2n  +  2)  —  logz}  j,+i 
2  tS  n!(2n+l)! 


1-3-5  ••• 


(2n+l)l(2n  +  2)!l 


3.  Asymptotic  Expansion.  In  order  to  determine  an  expression  for/(x)  suitable 
for  large  values  <A  xwe  make  use  of  the  differential  equation  (2.2).  However,  it 
will  be  necessary  to  make  a  change  of  variable  in  (2.2)  which  we  can  justify 
by  approximating  the  integral  (2.1)  by  the  method  of  saddle  points.  Thus,  let 
us  write 

(3.1)  u~  tv,  t~  {x/2f‘*  ^ 

and  (2.1)  becomes  i 

(3.2)  fix)  -  t  r  dv 

Jo 

It  can  now  be  shown  (Laporte  [2])  by  the  saddle  point  method  that  if  x  is  large 
then  this  integral  may  be  approximated  by 

(3.3)  f(x)  <«"*'*  dv 

Since  the  principal  contribution  to  the  int^p^l  comes  in  the  neighborhood  of 
i>  «  1  we  have 

~  ^  -  Vi  -  Vi 

as  the  asymptotic  behavior  of  f(x).  This  expression  suggests  the  following  substi¬ 
tution  in  (2.2).  Let 

(3.5)  2  -  3(x/2)*'* 


and  we  get  ultimately 
(3.6) 


^  +  ±^  +  f 
dx*^  4z*dz  •' 


0 
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Now,  if  z  — »  ao ,  (3,6)  reduces  to  f'"  +  /  *  0  for  which  the  desired  particular 
solution  is  e~*.  We  therefore  assume  that  f(z)  can  be  expressed  in  the  form 

(3.7)  m  -  W/^-U(z) 

the  constant  being  fixed  by  (3.4).  The  differential  equation  for  U(z)  is 

(3.8)  U'”  -  3U"  +  [^3  +  ^  17  -  0 

If  we  now  assume  an  expansion  of  the  form 

(3.9)  U(z)  *  21  anz~^,  Oo  -  1 

and  substitute  in  (3,8)  we  obtain  the  following  recurrence  relations  for  the 
coefficients  a. , 

(3.10)  Oi  *  — H2»  “  ^^88 

(3n  +  6)an.|.t  +  [3(n  +  l)(n  +  2)  +  +  l»i(w  +  l)(w  +  2)  4*  n/4]o,  *»  0 

The  expression  for  f(x)  up  to  the  term  in  z“*  is 


fix) 


(3.11) 


M.(| 


tit 


4/S 


+  *5^892  { -)  —  ^**%79986  (“I  + 


,  It  should  be  mentioned  that  the  result  given  in  (3.11)  can  be  obtained  with 
the  aid  of  the  Laplace  transform  operating  on  (3.6).  The  operational  form  of 
(3.6)  then  can  be  reduced  to  the  hypergecnnetric  equation  fnMn  which  we  can 
ultimately  derive  both  (3.11)  and  (2.9)  by  choosing  the  appropriate  particular 
solution.  The  methods  employed  here  are  preferable  because  they  are  simpler. 

4.  The  General  Case.  Following  Laporte  [2]  it  can  be  shown  that  an  asymptotic 
expansion  of  /»(«)  is 

(4.1)  /.(i)~|/i3’'’»-'’€-(o,  +  l‘  +  |+  +J+...) 

where  z  «■  3(x/2)*^*,  and  in  which  the  o’s  are  functions  of  m.  We  present  certain 
properties  of  the  a’s  mainly  for  the  purpose  of  correcting  the  published  errors 
referred  to  in  Section  1. 

The  values  of  do  and  oi  are 

(4.2)  do  “  If  di  “  Vl2(3m*  +  Stn  —  1) 

The  general  recurrence  relation  is 

12(m  +  2)d,.+,  -  -(12m*  +  36m  -  3m*  -  3m  +  25)d„+i 


(4.3) 


+  —  2m)(2m  +  3  —  +  3  +  2m)dp ,  m  *  0,  1,  2,  3, 


r. 


(M' 

"i 

m 


)(■!. 

.-i* 
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From  (4.3)  and  (4.2)  we  find 

(4.4)  at  -  +  6m*  -  51m*  -  24m  +  25) 

For  the  case  m  *  3,  (4.3)  reduces  to 

12  po,  -  (-12p*  +  12p  +  35)0^1  -  i(7  -  2p)(5  +  2p)(4  -  2p)a^,, 

p  -  2,  3,  4,  •  •  • , 

in  which  we  have  used  the  running  index  p  so  as  to  facilitate  comparison  with 
Kruse  and  Ramsey’s  result  [4]. 

REFERENCES 

1.  Zahn,  C.  T.,  Absorption  coefficients  for  thermal  neutrons.  Physical  Review  6S,  67 

(1937). 

2.  Laportb,  O.,  Absorption  coefficients  for  thermal  neutrons.  Physical  Review  62,  72 

(1937). 

3.  Torbet,  H.  C.,  Notes  on  Intensities  of  Radiofrequency  Spectra.  Physical  Review  69, 

293  (1941). 

4.  Kruse,  U.  E.  and  Rambet,  N.  F.,  The  integral  y*  exp(— y*  ix/y)  dy.  Jour,  of 

Math,  and  Physics  SO,  40  (1961). 

5.  Goodwin,  E.  T.  and  Staton,  J.,  Table  of  /  e~  “*/(“  +  x)  du.  Quarterly  Journal  Mech. 

Jo 

Appl.  Math.  1,  319  (1948). 

National  Bureau  op  Standards 


(Received  September  18,  1952) 


NOTE  ON  THE  ZEROS  OF  idPl,(x)/dx) 

Bt  K,  M.  Siegel,  J.  W.  Crispin,  R.  E.  Klein&ian  and  H.  E.  Hunter 

In  an  earlier  article  the  authors  [1]  presented  a  method  for  the  determination 
of  the  positive  elements  of  the  set 

(1)  -0), 

the  zeros  of  the  Associated  Legendre  Function  of  the  first  kind  of  order  1  and  non¬ 
integral  degree,  and  the  evaluation  of  the  associated  integrals 

(2)  f  [P,.(x)]*  dx,  (x  *  cos  8). 

JXQ 

This  note  presents  an  extension  of  the  process  to  the  determination  of  the 
positive  elements  of  the  set 

(3)  {m,  |dPi.,(xo)/dx  »  0}, 
and  the  evaluation  of  the  integrals 

(4)  [  [Pi„(x)]*  dx,  (x  -  cos  d). 

Prior  to  the  discussion  of  the  method  employed  for  finding  the  m, ,  let  us  first 
^  examine  a  variation  on  MacDonald’s  formula  which  will  permit  a  quick  approxi¬ 
mation  to  the  first  m,-  for  a  givep  %  .  By  differentiating,  with  respect  to  n,  equa- 
'  tion  (14)  of  Reference  2  one  obtains 

dF^^{—tt)/dn  -  (cos  (n  —  l)r](dF;i'(n)/dn) 

-  (2/T)[sin  (n  -  l)T](dQ»‘(M)/dM), 

where  — m  ^  cob  8  and  the  Q  is  the  Associated  Legendre  Function  of  the  second 
kind. 

If  we  assume  that  n  »  mi ,  using  (3)  and  recursion  formulas  [p.  61,  ref.  3], 
equation  (5)  reduces  to 

(6)  tan  (n  —  1  k)r 

—  T[n(n  +  1)  tan*  J(ir  —  ^)][n  -|-  2  —  (n  -f  1)  cos  (t  —  Bq)]/ 

[n  —  (n  1)  cos  (t  —  ^)],  (fc  -  0,  -1,  •  •  •  )• 

For  values  of  6o  less  than  and  nearly  equal  to  r,  if,  for  a  given  n,  k  can  be  chosen 
so  that  (n  —  1  +  k)T  is  small,  then  (6)  reduces  to  the  approximation  formula. 

(7)  n  —  1  +  *  -  — n(n  -|-  1)(t  —  flB)*/4. 

The  application  of  this  formula  to  the  case  of  Xo  ~  cos  165°  results  in  the  ap¬ 
proximation  mi  —  .967,  which  is  determined  by  taking  A;  >■  0. 
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The  method  employed  in  finding  the  elements  of  the  set  (3)  is  very  similar 
to  the  method  discussed  in  reference  1  relative  to  the  elements  of  the  set  (1). 
We  assume  that  m,  is  of  the  form  j  +  z,  or  j  f  0  “  0,  1,  2,  •  •  •  )  and 
use  the  same  Taylor  expansions  employed  in  reference  1.  With  the  boundary 
condition  stated  in  (3)  rather  than  the  one  in  (1)  we  obtain  the  following  quadratic 
in  Zj 

\hyiy  +  ^)[9'P„{x)/dy^  +  (2j/  +  l)[aP»(x)/dy]  -  \x[d'P^{x)/dxdy*]}Zj 

(8)  +  {y(|/  +  \)[BPy{x)/dy]  +  (2y  +  l)[P,(x)]  -  x{d'P^{x)/dxdyWzj 

+  \y{y  +  -  x[dP^(x)/dx]]  -  0 

where  the  coefficients  are  evaluated  at  x  ~  Xo  &nd  y  j  il  the  mi  is  assumed  to 
be  of  the  form  j  +  Zj  or  y  —  j -f  J  if  the  m<  is  assumed  to  be  of  the  form 
J  +  i  . 

Thus  equation  (8)  provides  a  method  for  the  determination  of  the  zy  and  thus 
a  method  of  obtaining  two  approximations  of  each  m, .  This  is  completely  analo¬ 
gous  to  the  process  employed  in  determining  the  elements  of  the  set  (1),  [ref.  1], 
and  it  is  worth  noting  that  the  work  involved  in  finding  the  n,’8  provides  the 
computations  required  to  evaluate  the  coefficients  in  equation  (8).  The  final 
choice  between  the  two  approximations,  is  based,  as  in  reference  1,  upon  the 
smaller  value  of  |  zy  |. 

In  reference  1  it  was  shown  that  certain  bounds  and  checks  could  be  readily 
established  for  the  n,’s.  Similar  checks  are  available  in  this  case  and  are  obtained 
from  the  relation 

(9)  (1  -  xJ)*'*[dPl,(x)/dx]_^  -  n[(n  +  1  -  nxJ)P,(xo)  -  XoP»-i(xb)], 

which  can  be  obtained  from  the  recursion  formulas  appearing  on  p.  62  of  refer¬ 
ence  3.  Using  the  values  of  P»(xo)  and  Pn-iixo)  determined  for  n  —  J/C  (/C  —  an 
integer)  by  the  methods  presented  in  reference  1  one  is  able  to  establish  intervals 
of  width  J  which  contain  the  m.’s. 

To  evaluate  the  integrals  (4)  we  b^n  with 

i.(m,  4-  l)(x5  -  l)P»<(xo)|  • 

PjM  ,  yiy  +  I)  .  BP^(x)  _  1  3*P,(x)\ 

^  X  xi2y  +  1)  dy  2y  I  dxdy  J^m* 

[p.  20,  ref.  4] 

where  the  m/s  are  determined  by  the  process  discussed  above  and  thus  are  of 
the  form  j  +  2y  or  j  +  ^  +  zj .  For  simplicity  the  integrals  are  evaluated  by 
both  methods  in  each  case;  however  the  final  choice  is  based  upon  the  same  cri* 
terion  used  in  connection  with  the  m,’s  themselves. 

The  determination  of  the  computational  forms  required  for  the  evaluation  of 
these  int^rals  is  accomplished  by  continuing  the  procedure  of  approximation 
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outlined  above  and  in  reference  1.  The  forms  evolved  for  this  purpose  are 
Pm.ixo)  -  Pi<r+.,(x,)  -  £ 

(11) 


9y 


3P*(x)|  _  r^i 

d*P,(x)  ^  d*^*p»(x)  ,1 

dxdy  «!  dxair^i 


where  iV  -  j  in  one  case  and  j  +  ^  in  the  other.  The  expressions  appearing  in 
the  right  hand  members  of  (11)  are  all  obtainable  by  means  of  the  methods  of 
reference  1.  When  the  computed  value  of  zj  is  close  to  zero,  M  ^  1  suffices  in 
the  sums  appearing  in  (11).  However,  for  values  of  Zj  close  to  (which,  in 
the  final  analysis,  is  the  largest  value  one  must  consider  for  zj)  a  greater  number 
of  terms  in  these  sums  should  be  used,  i.e.  M  ^  2. 

Upon  applying  this  method  to  the  case  of  ^  »  165°  the  results  indicate  that  the 
two  values  of  the  zeros  obtained  bound  the  true  value.  For  example,  the  values 
of  m4  computed  by  this  technique  were  found  to  be  3.8900  and  3.8597.  If  bounds 
on  m4  are  obtained  using  the  hypergeometric  series  method  discussed  in  reference 
2,  one  finds  that  3.86  <  mt  <  3.89.  A  similar  situation  occurred  in  connection 
with  the  n,’s  of  reference  1. 

In  the  following  table  the  results  obtained  for  the  do  »  165°  case  are  given 


x»  •*  006  166* 


i 

rrn 

f  [Pi.<(*)]*  dx 

|H| 

i  +  i  +  *> 

Method 

M 

-  1 

Af  -  2 

3  +  *i 
Method 

3  +  i  +  ‘i 
Method 

3  +  i  +  *i 
Method 

1 

.9673* 

_ 

1.3640* 

— 

— 

2 

1.9198* 

2.4827* 

3.3609 

— 

3 

2.8894* 

2.8672 

3.6179* 

4.7478 

— 

4 

3.8697 

4.4494* 

6.3861 

— 

5 

4.8872 

6.2909* 

8.6660 

— 

6 

6.9667* 

6.9336 

6.1148* 

12.076 

— 

7 

7.0619* 

12.764 

— 

8 

8.0940* 

8.1436 

8.2661* 

12.847 

— 

9 

9.1638* 

9.9361* 

12.670 

— 

10 

10.264 

12.270 

12.394 

10.089* 

11 

11.302 

11.333* 

16.608 

12.206 

11.639* 

12 

12.373 

12.410* 

20.606 

12.294 

12.032* 

13 

13.460 

13.492* 

27.916 

12.887 

12.830* 

14 

14.626 

14.676* 

23.618 

14.204 

13.710* 

16 

16.694 

16.668* 

21.489 

16.422 

14.108* 

Indicates  preferred  value. 
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and  some  of  the  integrals  computed  for  both  Af  ~  1  and  Af  «  2  are  presented  for 
comparison  purposes.  In  computing  the  integrals  with  A/  1,  this  process  3delds 
values  which  are  larger  than  the  true  values;  in  fact  the  envelope  of  the  resulting 
curves  would  more  accurately  define  the  true  values.  It  has  been  found  that,  due 
to  the  periodic  changes  in  the  total  error,  in  many  cases  it  is  only  necessary  to 
compute  a  few  terms  with  increased  accuracy  (A/  —  2),  while  the  A/  *  1  cases 
suffice  for  most  engineering  computations. 

There  has  been  no  attempt  to  smooth  out  the  entries  which  appear  in  the 
table  since  such  an  attempt  would  imply  information  relative  to  the  values  not 
presented  by  the  method  itself.  The  authors  would  again  like  to  point  out  that 
this  method  is  not  as  accurate  as  certain  other  known  processes.  However,  it  does 
}rield  results  much  more  economically  than  any  other  known  standard  technique. 

It  also  should  be  pointed  out  that  large  scale  digital  machines  might  be 
applied  to  obtaining  tables  with  a  large  number  of  entries.  In  the  usual  electro¬ 
magnetic  theory  scattering  problem,  one  usually  uses  a  summing  technique 
which  results  in  the  determination  of  which  terms  are  dominant  and  then  one 
only  resorts  to  computing  a  few  of  these  Legendre  Functions  and  their  normal¬ 
izing  integrals.  When  complete  tables  come  into  existence,  they  imdoubtedly  will 
have  been  obtained  by  large  scale  digital  machines.  In  the  intervening  period,  an 
approximation  technique  such  as  this  is  necessary.  It  is  clear  that  the  method 
presented  in  this  note  can  be  applied  to  other  functions  as  well  as  the  Legendre 
Functions. 
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RADIX  TABLE  FOR  OBTAINING  HYPERBOLIC  AND  INVERSE 
HYPERBOLIC  FUNCTIONS  TO  MANY  PLACES 

Bt  Herbert  E.  Salzer 

Introduction.  Hyperbolic  and  inverse  hyperbolic  functions  have  almost  the 
same  importance  as  exponential  and  logarithmic  functions  for  the  needs  of  mathe¬ 
maticians,  statisticians  and  physical  scientists.  Key  values  of  these  functions 
to  many  places  are  handy  in  numerous  situations.  For  instance,  there  are  re¬ 
currence  formulas  where  very  many  decimal  places  are  lost  in  a  few  applications. 
Then  in  order  to  attain  three  or  four  place  accuracy  (which  might  be  all  that  is 
needed  for  physical  purposes)  one  must  begin  the  recursion  scheme  with  what 
might  appear  to  be  a  fantastically  large  number  of  significant  figures.  Thus  one 
example  where  an  eighteen  place  table  of  tanh~*  x  would  be  useful  to  physicists 
is  in  the  generation  by  recursion  of  the  functions  Q»(x),  the  Legendre  functions 
of  the  second  kind  which  are  vital  in  potential  problems.  The  recurrence  formula 

nQn(x)  +  (n  -  l)Q_,(x)  -  (2n  -  l)xQ_i(x)  =  0 

might  be  used  to  generate  Qn(x)  for  large  x  and  n  from  Qo(x)  tanh~‘  x  and 
Qi(x)  =  X  tanh”‘  x  —  1.  But  the  error  is  multiplied  by  around  2x  at  each  step. 
Thus  if  X  were  around  50  and  we  wanted  to  obtain  Q$(x)  by  seven  successive  ap¬ 
plications  of  the  recurrence  formula,  losing  possibly  two  places  at  each  applica¬ 
tion,  by  the  time  only  Qs(x)  is  reached  we  might  have  only  two  decimals  left  out 
of  the  original  eighteen. 

The  purpose  of  this  article  Is  to  give  in  a  few  pages  the  means  of  dispensing 
with  the  equivalent  of  more  extensive  tables  of  hyperbolic  and  inverse  hyperbolic 
tangents  (of  course,  at  the  expense  of  some  additional  work  in  using  it).  The 
method  and  table  here  can  be  adapted  to  obtain  fewer  than  eighteen  places, 
using  a  smaller  number  of  steps  and  decimal  places. 

In  a  sense  this  article  is  a  companion  one  to  a  similar  radix  table  for  generating 
tangents  and  arctangents.^  Unlike  radix  schemes  for  calculating  logarithms 
and  antilogarithms  which  have  been  in  use  for  over  a  century,  radix  schemes  for 
circular  and  hyperbolic  functions  necessarily  involve  division,  so  that  they 
are  not  feasible  beyond  twenty-place  tables. 

The  scheme  for  the  hyiierbolic  functions  is  not  strictly  parallel  to  that  for  the 
circular  functions,  the  tables  in  the  former  having  to  be  supplemented  by  a  few 
additional  values  of  tanh  x  and  (i)log«  x.  The  reason  for  this  difference  is  due  to 
the  presence  of  a  minus  sign  in  the  denominator  of  the  subtraction  formula  for 
tanh  X,  which  affects  the  convergence  of  the  algorithm  for  certain  ailments 
(unlike  the  case  of  tan  x  with  a  plus  sign  in  the  denominator). 

This  present  table  enables  one  to  calculate  hyperbolic  tangents  and  the  inverse 
of  hyperbolic  tangents,  and  thence  all  the  other  hyperbolic  and  inverse  hyperbolic 
functions,  in  almost  every  case  to  at  least  18D.  The  method  employs  two 

‘  H.  £.  Salzer,  “Radix  Table  for  Trigonometric  Functions  and  Their  Inverses  to  High 
Accuracy,”  Math.  TabUs  and  Other  Aide  to  Comput.,  vol.  V,  Jan.  1951,  pp.  9-11. 

197 


algorithms,  both  of  which  follow  from  repeated  application  of  the  addition 
formula  for  tanh  x,  and  a  radix  table  of  Arc  tanh  (m  10~*),  m  —  1(1)9,  n 
»  1(1)6,  together  with  supplementary  tables  of  tanh  A,  A  -<  1(1)24,  §  log  /,  / 
«  2(1)10,  and  |  log  J  *  1.2(.2)1.8,  all  given  to  202).  The  division  operations 
may  be  done  upon  an  ordinary  10-bank  desk  calculator  as  19  by  19  divisions, 
which  has  the  advantage  of  not  requiring  any  intermediate  written  work  for  any 
division.  However,  if  one  is  willing  to  perform  20  by  20  divisions,  in  almost 
every  instance  one  will  obtain  tanh  x  or  Arc  tanh  t  to  19D. 

L  To  obtain  tanh  x  to  18  decimals:  If  x  <  1,  subtract  from  x  the  closest  tabular 
value  of  Arc  tanh  ,  which  leaves  a  remainder  ±x, ;  from  X{  subtract  the  closest 
value  of  Arc  tanh  aj  ,j  ^  t,  i  ■■  l,y  >  t,  t  ^  1,  which  leaves  a  remainder  ±xy ; 
from  X/  subtract  the  closest  value  of  Arc  tanh  on  ,k  >  j,  which  leaves  a  remainder 
dbxt ,  and  so  on.  Continue  in  this  way  until  the  remainder  ±xo ,  where  Xo 
^  f  *10~*  is  reached,  after  no  more  than  seven  subtractions.  Thus  (1)  x  —  Arc 
tanh  o,  ±  (Arc  tanh  oy  ±  (Arc  tanh  a*  d=  •  •  •  =fc  (Arc  tanh  oo  ±  Xo))  •  •  •  )), 
where  the  right  member  will  not  have  more  than  eight  terms  after  the  removal 
of  the  parentheses.  Assume  that  Xo  is  the  eighth  term,  and  if  there  are  fewer 
than  seven  Arc  tanh  terms,  bring  the  number  up  to  seven  by  including  -{-Arc 
tanh  0  the  requisite  number  of  times  until  Arc  tanh  oo  is  reached.  In  (1),  after 
the  removal  of  parentheses,  set  a,  »  Or  when  Arc  tanh  Or  is  preceded  by  a  -f-  sign, 
and  set  Or  «  — o,  when  Arc  tanh  a,  is  preceded  by  a  —  sign,  where  r  ^  j,k,  •  •  •  ,0; 
and  also  set  x«  —  ±Xo .  Evaluate 

O  “  O*  dj  I  0  “  dk  I  di  j  C  “  dm  dn  id**  flo  "i  ^0  I 

c  -  1  -I-  a.oJ ,/  -  1  -h  oia'j ,  «  1  -f  cuan  ,h  -  I  +  ; 

Ai  af  +  be,  At  ab  +  ef,  Bi  ch  +  dg,  Bt  ^  cd  +  gh. 

Then  t  *  tanh  x  *  (AiBt  -f  A*Bi)/(AiBi  AtBt). 

If  24  >  X  ^  1,  and  A  denotes  the  largest  integer  ^x,  let  x  »  A  -|-  x',  0 
^  x'  <  1.  First  find  tanh  x'  and  then  calculate 
$ 

t  *  tanh  X  —  (tanh  A  -|-  tanh  x')/(l  +  tanh  A  tanh  x') 

Other  functions  are  given  by 

sinh  X  ■»  t/y/\  —  f*,  cosh  x  -  \/y/\  —  f*,  coth  x  -  \/t, 
sech  X  —  \/l  —  <*,  cosech  x  —  \/\  —  C^lt. 

2.  To  obtain  Arc  tanh  t  to  18  decinials:*  If  T  —  (1  -H  0/(1  —  0  >  lA,  calcu¬ 
late  T'  —  r/lO"  where  7  is  an  integer  ranging  fr«n  2  to  9,  J  is  one  of 

the  four  quantities  1^,  lA,  1.6  and  1.8,  the  divisors  lO",  7^^  and  being 

*  An  exception  to  this  estimate  occurs  whenever  1  —  t  has  fewer  than  19  significant 
figures.  Thus  if  1  —  ( has  S significant  figures,  Arc  tanh  t  can  be  calculated  to  iS  —  1  decimals. 
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Tabu  of  Arc  tanh  a. 


ai 

Arc  tanh  at 

at 

Arc  tanh  04 

.1 

.10033  53477  31075  58064 

.0001 

.00010  00000  00333  33334 

.2 

.20273  25540  54082  19099 

.0002 

.00020  00000  02666  66673 

.3 

.30951  96042  03111  71547 

.0003 

.00030  00000  09000  00049 

.4 

.42364  89301  93601  80686 

.0004 

.00040  00000  21333  33538 

.« 

.54930  61443  34054  84570 

.0005 

.00050  00000  41666  67292 

.6 

.60314  71805  59945  30942 

.0006 

.00060  00000  72000  01555 

.7 

.86730  05276  94053  19443 

.0007 

.00070  00001  14333  36695 

.8 

1.09861  22886  68109  69140 

.0008 

.00080  00001  70666  73220 

.9 

1.47221  94895  83220  23000 

.0009 

.00090  00002  43000  11810 

at 

Arc  tanh  ot 

at 

Arc  tanh  at 

.01 

.01000  03333  53334  76202 

.00001 

.00001  00000  00000  33333 

.02 

.02000  26673  06849  58072 

.00002 

.00002  00000  00002  66667 

.03 

.03000  90048  63126  47433 

.00003 

.04 

.04002  13538  36768  21291 

.00004 

.00004  00000  00021  33333 

.05 

.05004  17292  78491  26825 

.00005 

.00005  00000  00041  66667 

.06 

.06007  21559  21031  62366 

.00006 

.00006  00000  00072  00000 

.07 

.07011  46706  54325  11799 

.00007 

.00007  00000  00114  33333 

.08 

.08017  13250  37589  69169 

.00008 

.00008  00000  00170  66667 

.09 

.09024  41878  56146  82961 

.00009 

.00009  00000  00243  00000 

at 

Arc  tanh  a$ 

at 

Arc  tanh  at 

.001 

.00100  00003  33333  53333 

.000001 

.00000  10000  00000  00033 

.002 

.00200  00026  66673  J06668 

.000002 

.00000  20000  00000  00267 

.003 

.00300  00090  00048  60031 

.000003  ■ 

.00000  30000  00000  00900 

.004 

.00400  00213  33538  13567 

.000004 

.00000  40000  00000  02133 

.005 

.00500  00416  67291  67783 

.000005 

.00000  50000  00000  04167 

.006 

.00600  00720  01555  23999 

.000006 

.00000  60000  00000  07200 

.007 

.00700  01143  36694  85099 

.000007 

.00000  70000  00000  11433 

.008 

.00800  01706  73220  56627 

.000008 

.00000  80000  00000  17067 

.009 

.00900  02430  11810  48332 

.000009 

.00000  90000  00000  24300 

chosen  so  as  to  bring  T'  as  close  to  1  as  possible.  Fnan  T'  *  (1  +  —  t') 

V  -  (r  -  1)/(T'  +  1)  -  =fc|  f  |.  Then 

(2)  Arc  tanh  t  »  m(§  log  10)  d:  ^  log  /  ±  ^  log  /  ±  Arc  tanh  1 1'  (. 

To  find  Arc  tanh  1 1'  |,  evaluate  in  turn 

tx  -  (l^^l  -  a,)/(l  -  o.|r|) 

where  a,  is  the  closest  single-digit  decimal  to  1 1'  |, 

“  (I  ^1 1  ”  Oi)/(l  ~  n#  I  1)  “  ±1  ^  l> 

where  aj  is  the  closest  single-digit  decimal  to  |  |,  and  so  on,  using 

t,  -  (I  t^x  I  -  a,)/(l  -  a,  1  t^x  I)  -  ±1 1,  1, 
where  a,  is  the  closest  single-digit  decimal  to  |  t^x  |,  until  tr ,  where  |  ^  |  ^  *  10  * 
is  reached  after  no  more  than  five  such  steps.  Then 
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Tablet  of  tanh  A,  i  log  I,  and  i  log  J 


A 

Tanh  A 

7 

i  log  I 

1 

.76159  41559  56764  88812 

10 

1.15129  25464  97022  84201 

2 

.96402  75800  76816  88395 

3 

.99505  47636  86730  45133 

4 

.99932  92997  39067  04379 

2 

.34657  35902  79972  65471 

5 

.99990  92042  62595  13121 

3 

.54930  61443  34054  84570 

4 

.69314  71805  59945  30942 

6 

.99998  77116  50795  57056 

5 

.80471  89562  17050  18730 

7 

.99999  83369  43944  67174 

6 

.89587  97346  14027  50041 

8 

.99999  97749  29675  88981 

7 

.97296  50745  27656  65255 

9 

.99999  99695  40040  97448 

8 

1.03972  07708  39917  96413 

10 

.99999  99958  77692  76362 

9 

1.09861  22886  68109  69140 

11 

.99999  99994  42106  38158 

J 

i  Log/ 

12 

QQOOO  nnnnn  O/|407  ^)nQ19 

13 

OOOOQ  OOOOQ  fiOTfil  fiOlQl 
•  WWV  WVaV  OViOl  0«iV% 

1.2 

.09116  07783  96977  31311 

14 

.99999  99999  98617  11998 

1.4 

.16823  61183  10606  46525 

16 

QQOOQ  rwwy\  OQfilO  flA7KA. 

1.6 

.23500  18146  22867  77683 

1.8 

.29389  33324  61050  50409 

16 

.99999  99999  99974  67167 

17 

.99999  99999  99996  57218 

18 

.99999  99999  99999  63610 

19 

OOOOQ  OOOOQ  OOOOQ  0^90 
.WWftf  Wfifjfjy  WWu 

20 

.99999  99999  99999  99160 

21 

OOOOQ  OOOOQ  OOOOQ  OOfiftlk 

tijjjujJa  JJJlWo  uijjjijjj  VitOOv 

22 

.99999  99999  99999  99984 

23 

OOOOQ  OOOOQ  OOOOQ  OOOOQ 
•  ifcflTtfv  WViJff  VWW  WWO 

24 

1.00000  00000  00000  00000 

(3)  Arc  tanh  |  1  *  Arc  tanh  Oi  ±  (Arc  tanh  a/  ±  (Arc  tanh  o*  ±  •  •  •  ± 

(Arc  tanh  o,  dt  1  |))  •  •  •  )), 

where  the  sign  of  ±(Arc  tanh  a,  is  the  same  as  the  sign  of  tp-i  |. 

Other  functions  are  given  by 

Arc  coth  t  =  Arc  tanh  (1/t),  Arc  sinh  i  «  Arc  tanh  (t/y/ 1  +  /*), 

Arc  cosh  t  *  Arc  tanh  ("v//*  —  l/l),  Arc  sech  t  *  Arc  tanh  y/l  —  !?, 

Arc  cosech  t  »»  Arc  tanh  (l/\/l  +  f). 

Examples 

A.  To  obtain  tanh  x,  for  x  —  2.74531  68104  55937  84126: 

Here  x  ~  A  +  x',  A  ~  2,  and  x'  ~  .74531  68104  55937  84126. 

For  x',  the  closest  tabular  value  of  Arc  tanh  a,  is  for  oi  *  .6, 
xi  -  x'  -  Arc  tanh  .6  =  .74531  68104  55937  84126 

-  .69314  71805  59945  30942  -  .05216  96298  95992  53184. 
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For  Xi ,  the  closest  tabular  value  of  Arc  tanh  aj  is  for  oj  »  .05, 
xt  ==  xi  -  Arc  tanh"  .05  =  .05216  96298  95992  53184 

-  .05004  17292  78491  26825  -  .00212  79006  17501  26359. 
For  Xt ,  the  closest  tabular  value  of  Arc  tanh  at  is  for  az  =  .002, 

xz  xz  -  Arc  tanh  .002  =  .00212  79006  17501  26359 

-  .00200  00026  66673  06668  =  .00012  78979  50828  19691. 
For  xz ,  the  closest  tabular  value  of  Arc  tanh  o<  is  for  az  =  .0001, 

i4  =  X,  -  Arc  tanh  .0001  »  .00012  78979  50828  19691 

-  .00010  00000  00333  33334  -  .00002  78979  50494  86357. 
For  X4 ,  the  closest  tabular  value  of  Arc  tanh  is  for  <4  =  .00003, 

-  x»  -  X4  -  Arc  tanh  .00003  -  .00002  78979  50494  86357 

-  .00003  00000  00009  00000  -  -  .00000  21020  49514  13643. 
For  Xz ,  the  closest  tabular  value  of  Arc  tanh  a,  is  for  a«  =  .000002, 

Xz  =  Xz  -  Arc  tanh  .000002  »  .00000  21020  49514  13643 

-  .00000  20000  00000  00267  =  .00000  01020  49514  13376. 

From  (1),  after  removal  of  parentheses,  o<  =«  .6,  oy  =  .05,  all  =»  .002, 

at  =  .0001,  fiu,  =»  .00003,  a'n  — >  —.000002,  <4  0,  and  xl 

=  -.00000  01020  49514  13376. 

a  =  a<  +  ay=  .65, 6  =  a*  +  =*  .0021,  c  =  oi,  +  al  =  .000028,  d  =  -f  xj 

=  -.00000  01020  49514  13376, e  -  1  +  a.uj  =  1.03,/  =  1  +  ala',  =  1.0000002, 
0  -  1  +  ala»  =  .99999  99999  4,  h  -  1  +  o^xi  -  1; 

Ai  ~  af  +  be  ~  .65216  3130,  A,  -  o6  +  e/  -  1.03136  5206, 

B,  ^  ch  +  dg  ~  .00002  78979  50485  87236, 

B,  ~  cd  +  gh  ~  .99999  99999  37142  61360; 

AiBt  -  .65216  31299  59006  73014,  AzBi  -  .00002  87729  75449  83955, 

AiBi  =  .00001  81940  14709  45154,  A,Bi  -  1.03136  52059  35171  0787, 

AiB,  +  Ajfli  -  .65219  19029  34456  56969, 

AtBi  +  AzBt  =  1.03138  33999  49880  5302. 

tanh  x'  *  «  .63234  67131  29326  5445, 

AiBi  +  AzDz 

t  -  tanh  X  -  2  -f  tanh  x  ^  (  9(^403  758OO  75816  88395 

1  -f  tanh  2  tanh  x 

+  .63234  67131  29326  5445)/(l  +  .60959  96716  26961  4531) 


1.59637  42932  05143  4285 
1.60959  96716  26961  4531 


.99178  34361  82954  7392, 
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R^ch  is  correct  to  about  1  unit  in  the  19th  decimal  place. 

B.  To  obtain  Arc  tanh  for  t  «■  .93724  53698  44713  27658: 

_l  +  t  _  1.93724  53698  44713  2766 
“  1  -  /  “  .06275  46301  55286  72342  ’ 

or  r  -  30.87015  83461  01116  93(2). 

Here  m  >■  1,  /  »  3,  and  a  divisor  J  is  not  required. 

T/30  -  T'  -  1.02900  52782  03370  5644. 

r  _  r'  -  1  _  .02900  52782  03370  5644 
“  T'  +  1  *  2.02900  52782  03370  564  ’ 

or  t'  «  .01429  53192  45819  7821  -  |  |. 

Since 


-  o,  -  .01,  »  (  I  I  -  .01)/(1  -  .01  I  I ) 

.00429  53192  45819  7821 


.99985  70468  07541  8022 


.00429  59333  63208  6404(6) 


Mil. 


From  a>  -  o,  -  .004,  <,  -  ( |  |  -  .004)/(l  -  .004  |  |  ) 


.00029  59333  63208  6404(6) 
.99998  28162  66547  165 


.00029  59384  48536  0585(5) 


From  o*  -  04  -  .0003,  -  (  |  ^,  |  -  .0003)/(l  -  .0003  | «,  |  ) 


\tt\. 


.00000  40615  51463  9414(5) 
.99999  99112  18465  44 


-  .00000  40615  51824  5322(5) 


»  -M.|. 

From  ai~  at  ~  .000004,  <«  -  (  Mi  |  -  .000004)/(1  -  .000004  | «,  | ) 

-  <«***  - 1 « I  • 

From  (3),  Arc  tanh  M'  ^  tanh  .004  +  Arc  tanh  .0003 

-  Arc  tanh  .000004  -  .00000  00615  51824  5332(5),  or 

Arc  tanh  M'  I  *  -01429  62931  44048  3436(0). 

Arc  tanh  f  =■  §  log  10  +  i  log  3  +  Arc  tanh  1 1'  \ 

A  1.15129  25464  97022  84201  +  .54930  61443  34054  84570 

+  .01429  62931  44048  3436(0)  -  1.71489  49839  75126  0313(1), 


which  is  correct  to  about  1  unit  in  the  19th  decimal  place. 
National  Bxjbbau  or  Standabos 


(Received  September  22,  1962) 


A  NOTE  ON  THE  NETWORK  POSTULATES* 

By  Maynard  G.  Arsove 

1.  The  classical  network  postulates  are  given  in  the  form  of  Kirchoff’s  laws: 

I.  The  sum  of  the  currents  at  a  junction  [Joint  is  zero; 

II.  The  sum  of  the  potential  differences  about  any  closed  path  of  branches  is 
zero. 

These  are,  of  course,  just  special  cases  of  the  general  physical  laws  of  conserva¬ 
tion  of  matter  and  conservation  of  energy.  However,  as  the  laws  are  stated, 
there  is  a  striking  lack  of  parallelism  between  their  formulations.  The  first  law 
is  expressed  in  terms  of  the  individual  junction  points,  or  nodes,  while  the  second 
law  is  expressed  not  in  terms  of  the  individual  branches,  but  in  terms  of  closed 
paths  of  branches.  From  the  point  of  view  that  the  linear  graph  of  a  network  is 
completely  determined  by  the  incidence  relations  between  its  nodes  and  branches, 
the  manner  in  which  law  I  is  presented  may  be  regarded  as  more  fundamental 
than  that  of  law  II. 

What  we  projxjse  to  do  is  to  maintain  law  I  but  replace  law  II  by  a  version 
of  the  law  of  conservation  of  energy  making  no  explicit  reference  to  paths  of 
branches.  As  will  be  seen,  the  resulting  law  can  be  interpreted  geometrically,  in 
terms  of  orthogonal  subspaces  of  a  certain  vector  space.  Moreover,  the  network 
definition  which  we  give  is  readily  shown  to  be  invariant  under  changes  of  basis. 
This  invariance  property,  which  is  essential  for  the  definition  to  be  meaningful, 
seems  to  be  accepted  without  proof  in  the  usual  discussions  of  Kirchoff’s  laws. 

,  We  establish,  finally,  the  equivalence  of  our  definition  with  the  classical  one. 

2.  The  formulation  of  the  network  problem.  We  start  with  a  linear  graph  G 
having  n  branches  and  m  nodes  and  let  0  denote  the  set  of  all  2n 
oriented  branches  that  can  be  formed  from  branches  of  G.  It  will  be  assumed 
further  that  the  two  end  points  of  any  branch  of  G  are  distinct. 

A  complex-valued  function  /  with  domain  0  will  be  called  antisymmetrical 
provided  /(X,)  =  —f(X),  where  X  is  any  oriented  branch  and  X,  the  oppositely 
oriented  branch.  Similarly,  a  complex- valued  function  g  defined  on  the  Car¬ 
tesian  product  G  X  G  will  be  called  arUisymmelrical  provided 

g(Xr,Y)  =p(X,  TO  -  -giX,  Y), 

where  X  and  Y  are  any  oriented  branches  and  Xr  and  Yr  are  the  corresponding 
oppositely  oriented  branches. 

Definition.  By  a  network  we  mean  an  ordered  triple  N  -=  (U,  E,  Z),  where  G 
is  a  linear  graph  no  branch  of  which  has  coincident  end  points,  E  is  an  antisym- 
metrical  function  on  G,  and  Z  is  an  antisymmetrical  function  on  ^  X  G.  E  is 
called  the  emf  and  Z  the  impedance  of  N. 

The  reason  for  excluding  from  consideration  linear  graphs  having  branches 

*  Based  on  a  portion  of  the  author’s  thesis,  Algebraic  Theory  of  Linear  Networka,  sub¬ 
mitted  in  partial  fulfillment  of  the  requirements  for  the  degree  of  Master  of  Science  at 
Brown  University  (1948). 
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which  close  on  themselves  is  a  technical  one:  whenever  a  branch  has  distinct 
end  points,  an  orientation  of  that  branch  is  uniquely  determined  by  an  ordered 
pair  of  its  end  points.  Moreover,  from  the  physical  viewpoint  this  restriction 
entails  no  real  loss  of  generality,  since  any  given  node  can  be  r^arded  as  a 
pair  of  nodes  joined  by  a  direct  connection. 

The  terminology  basis  in  G  will  be  used  to  denote  an  ordered  pair  (P,  B) 
with  P  a  sequential  ordering  of  the  m  nodes  as  Pi ,  Pj ,  •  •  •  ,  P«  and  P  a  se¬ 
quential  ordering  of  n  oriented  branches  as  Bi,  Bt,  Bn  and  having  the 
property  that  none  of  the  oriented  branches  is  a  reverse  of  any  other.  Once  a 
basis  in  G  has  been  prescribed,  the  antisymmetrical  function  E  can  be  expressed 
uniquely  as  an  n-dimensional  colunm  vector  whose  component  is  the  complex 
number  E{Bk).  Similarly,  Z  appears  uniquely  as  the  n  X  n  matrix  whose  ele¬ 
ments  are  the  complex  numbers  Z(Bj ,  P*).  We  shall  effect  an  economy  of  nota¬ 
tion  at  no  serious  expense  in  clarity,  by  using  E  and  Z  to  denote  both  the  func¬ 
tions  and  the  corresponding  vectors  and  matrices  in  a  specified  basis. 

Any  basis  in  G  determines  an  orientation  matrix,  or  node  matrix,  F  defined  as 

—  1  if  P>  is  the  initial  point  of  P* 

0  if  Py  is  not  an  end  point  of  Bk 

-|-1  if  Py  is  the  terminal  point  of  P* 

Since  it  does  not  seem  possible  to  define  the  network  problem  in  a  basis-free 
manner,  we  shall  formulate  the  problem  in  terms  of  a  particular  basis  and  then 
prove  that  the  resulting  definition  is  unaffected  by  a  change  of  basis.  In  what  ^ 
follows  an  asterisk  will  be  used  to  denote  the  transpose  of  a  matrix. 

Definition.  Given  a  network  N  ■«  ((?,  E,  Z),  the  linear  network  problem  for 
N  consists  of  determining  two  antisymmetrical  functions  V  (the  voltage)  and  I 
(the  current)  on  Q  such  that  the  following  properties  hold: 

1)  relative  to  some  basis  /3  of  G,  the  vectors  V  and  I  satisfy  the  matrix  equa¬ 
tion 

(2.1)  V  ^  E  -  ZI; 

2)  for  F  the  node  matrix  determined  by  0 

(2.2)  '  P/  -  0; 

3)  all  vectors  I  satisfying  (2.2)  also  satisfy 

(2.3)  V*I  -  0. 

It  is  apparent  that  condition  (2.2)  is  precisely  Kirchoff’s  first  law,  since  the 
component  of  FI  is  the  sum  of  those  1(b)  for  which  b  is  an  oriented  branch 
with  terminal  point  Py .  To  show  that  condition  (2.3)  expresses  the  law  of  con¬ 
servation  of  energy,  we  combine  it  with  (2.1)  to  obtain 

(2.4)  E*I  -  I*ZI 

^  Non-coincidence  of  the  end  points  of  each  branch  of  G  is  essential  here. 
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for  all  admissible  current  vectors  I.  Equation  (2.4),  however,  simply  asserts 
that  the  instarUaneotis  generated  power  B!*I  must  equal  the  instantaneous  ab¬ 
sorbed  power  I*ZI. 

Let  us  digress  for  a  moment  to  discuss  the  geometrical  import  of  postulates 
(2.2)  and  (2.3).  The  vectors  with  which  we  have  been  dealing  are  all  n-tuples 
of  complex  numbers;  that  is  to  say,  they  lie  in  n-dimensional  complex  Euclidean 
space  K*.  Those  vectors  x  of  K"  satisfying  Fx  —  0  comprise  a  linear  subspace  S 
known  as  the  null  space  of  F.  Hence,  condition  (2.2)  is  the  same  as 

(2.2')  I  €  S. 

The  inner  product  of  two  vectors  x  and  y  in  K*  is  given  by  x*y,  where  y  denotes 
the  complex  conjugate  of  y.  Now,  since  the  elements  of  F  are  real  numbers,  a 
vector  I  win  S  if  and  only  if  its  real  and  imaginary  parts  are  vectors  in  S.  It 
follows  that  V*I  =“  0  for  all  7  c  is  equivalent  to  V*1  =  0  for  all  I  t  S.  Geo¬ 
metrically,  this  states  that  V  is  orthogonal  to  all  vectors  in  S.  We  can  therefore 
express  condition  (2.3)  concisely  as 

(2.3')  V  € 

where  the  orthogonal  complement  of  <S,  is  the  subspace  consisting  of  those 
vectors  orthogonal  to  all  vectors  in  S. 

In  order  to  establish  invariance  of  our  formulation  of  the  network  problem 
under  a  change  of  basis  from  to  let  us  first  find  the  transformations  on  the 
various  entities  involved  in  these  formulations.  The  new  ordering  P'  of  the 
nodes  is  some  permutation  XP  of  the  original  ordering,  and  the  new  ordering 
B'  ~  KP  of  the  oriented  branches  is  the  result  of  permuting  the  original  oriented 
branches  and  perhaps  reversing  some  of  them.  As  far  as  the  corresponding 
operations  on  antisjnnmetrical  functions  (considered  as  vectors  and  matrices) 
are  concerned,  we  can  regard  X  as  a  permutation  matrix  and  Y  as  the  product 
of  a  permutation  matrix  and  a  diagonal  matrix  of  elements  dbl.  It  is  then 
readily  seen  that  E'  =  YE,  7'  -  YI,  V  -  YV,  Z'  -  YZY*,  and  P'  =  XFY*. 
Observing  that  the  matrices  X  and  Y  are  orthogonal,  we  infer  that  F'  » 
E'  —  Z*r  is  equivalent  to  F  =  E  —  ZI,  that  FT  *  0  is  equivalent  to  E7  »  0, 
and  that  F'*7'  «  0  is  equivalent  to  V*I  —  0.  Hence,  the  formulation  of  the 
network  problem  is  independent  of  the  choice  of  basis. 

A  network  is  said  to  be  symmetrical  provided  that  in  some  basis  its  impedance 
appears  as  a  symmetrical  matrix.  That  this  definition  is  an  appropriate  one  fol¬ 
lows  from  the  equation  of  transformation  of  the  impedance  matrix,  since  it  is 
obvious  that  symmetry  of  the  impedance  matrix  in  one  basis  implies  its  sym¬ 
metry  in  all  bases. 

3.  Solution  of  the  network  problem.  Loops.  If  the  rank  p  of  the  node  matrix 
F  is  n,  then  its  null  space  S  reduces  to  the  origin,  and  the  given  network  N  has 
the  unique  trivial  solution  7  —  0,  F  —  E.  When  p  <  n,  the  null  space  S  has 
dimension  n  —  p,  so  that  we  can  solve  F7  -  0  as  7  —  At,  where  A  is  an  n  X 
(n  —  p)  matrix  and  the  vector  t  is  formed  of  any  n  —  p  linearly  independent 
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c(xn[>onent8  of  I.  Since  then  all  complex-valued  vectors  i  satisfy  FAi  ^  0,  the 
energy  postulate  (2.3)  becomes 


V*Ai  *  0  ioT  all », 

which  is  equivalent  to 

A*V  -  0. 

Application  of  this  result  to  (2.1)  gives  rise  to 
(3.1)  A*E  «  A*ZAi. 

Hence,  the  network  problem  for  N  has  a  unique  solution  if  and  only  if  A*ZA  is 
n(m-singular,  the  solution  then  being  given  by 


(3.2) 


f  /  -  A{A*ZA)-^A*E, 

[7  -  J?  -  ZA{A*ZA)-^A*E. 


It  is  clear  from  this  that  the  solution,  as  well  as  the  statement,  of  the  network 
problem  can  be  given  without  reference  to  closed  paths  of  branches. 

By  a  loop  of  the  graph  G  is  meant  a  connected  subgraph  L  of  G  such  that 
each  node  of  L  is  incident  with  exactly  two  branches  of  L.  An  oriented  loop  of  G 
is  an  oriented  linear  graph  for  which  the  associated  graph  is  a  loop  and  for 
which  each  of  its  nodes  is  the  initial  point  of  one  of  the  branches  with  which  it 
is  incident  and  the  terminal  point  of  the  other  branch  with  which  it  is  incident. 
In  any  given  basis  /9  an  oriented  loop  A  can  be  represented  by  an  n-dimensional 
column  vector  X  whose  component  is 


X* 


—  1  if  B*  reversed  is  in  A 
0  if  neither  Bk  nor  Bk  reversed  is  in  A 
(-f-1  if  B*  is  in  A. 


An  important  consequence  of  topological  considerations  is  that  the  columns 
of  A  form  a  set  of  n  —  p  linearly  independent  loop  vectors,  and  conversely  that 
the  general  solution  of  FI  »  0  can  be  expressed  as  /  »  Af,  where  il  is  an 
n  X  (n  —  p)  matrix  whose  columns  are  linearly  independent  loop  vectors  and 
{  is  an  arbitrary  (n  —  p)-dimensional  complex-valued  vector.  An  independent 
proof  of  these  assertions  presents  no  special  difficulties,  but  we  omit  it  here.* 

On  the  basis  of  this  theorem  it  is  easy  to  verify  that  (3.1)  is,  in  matrix  form, 
just  the  familiar  “loop  equations”  for  N  corresponding  to  the  n— p  loops 
comprising  the  columns  of  A.  Furthermore,  we  have  the  result  that  for  X  any 
loop  vector  and  V  the  voltage  vector  in  the  same  basis  X*F  »  0:  the  sum  of 
the  voltages  around  any  loop  is  zero.  The  proof  consists  simply  of  the  fact  that 
a  matrix  A  can  be  constructed  with  X  as  a  column.  Kirch(^’s  second  law  is  thus 
a  consequence  of  our  postulates.  Ck)nversely,  KirchdI’s  second  law  implies 
A*V  “  0  and  thereby  the  energy  condition  (2.3). 
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See,  for  example,  the  author’s  thesis. 


A  NOTE  ON  CONTACT  TRANSFORMATIONS 
Bt  H.  D.  Block 

The  purpose  of  this  note  is  to  dispel  a  rather  common  misconception  by  means 
of  an  elementary  example. 

Let  E  denote  Euclidean  2n  space  whose  points  (91 ,  •  •  •  ,  9i. ,  Pi ,  •  •  •  ,  p») 
are  also  denoted  by  (q,  p). 

If:  (a)  Pi{q,  p),  Qi(q,  p)(i  -  1, 2,  •  •  •  ,  n)  are  C*  in  a  non-null  open  set  E'  £  E, 

(b)  the  2n  equations 

9.  “  Qi(q,  p),  pi  -  Pi(q,  P)  (t  =“  1,  2,  •  •  •  ,  n)  (1) 

define  a  one-to-one  mapping  of  E'  onto  an  open  set  Ef  £  E;  and  if 

(c)  there  exists  an  F{q,  p)  t  &  in  E'  such  that 

Zr-i  PidQi  -  Zr-i  Pidqi  ~  dF, 

then  the  mapping  defined  by  (1)  is  called  a  contact  transformation.  If  now 
S{q,  p)  «C*  and  |  d*S/dq,dpj  \  ^  0  in  E'  X  E"  then  it  can  be  shown  that  the 
equations 

Pi  -  (dS/a9.),  9.  -  (as/ap.)  (t  -  1, 2,  •  •  • ,  n)  (2) 

can  be  reduced  to  the  form  (1)  and  that  the  mapping  thus  determined  is  a  con¬ 
tact  transformation.  Furthermore,  the  variables  {9,  p)  are  here  said  to  be  an 
independent  set  since  one  can  determine  uniquely  the  remaining  coordinates 
{§,  p}  in  terms  of  them.  Conve'rsely  any  contact  transformation  for  which  {9, 
are  an  independent  set  can  be  obtained  in  this  way  from  a  suitable  function 

5(9,  p).* 

Similar  results  are  obtained  if  one  starts  instead  with  suitable  functions  S(q,  9), 
S(p,  $),  or  5(p,  p).  The  necessary  changes  having  been  made  in  (2),  one  finds 
all  those  (and  only  those)  contact  transformations  in  which  {9,  9},  {p,  9},  {p,  p} 
are,  respectively,  independant  sets. 

Now  it  is  believed  by  some  mathematicians  and  physicists  that  every  contact 
transformation  can  be  generated  in  at  least  one  of  these  four  ways.f  In  order 
to  show  that  this  is  not  the  case  it  is  sufficient  to  exhibit  a  contact  transformation 
for  which  none  of  the  four  sets  mentioned  is  an  independent  set.  Now  the  trans¬ 
formation  defined  by  =  91 , 9*  =  Ptfpi  “  Pi  $  Pt  “  —  9j  is  readily  verified 
to  be  a  contact  transformation  with  F  »  —ptqt .  On  the  other  hand  {9,  p}  does 
not  determine  9*  or  pi ,  {9,  9}  does  not  determine  pi  or  pi ,  {p,  9)  does  not  de¬ 
termine  qtOT  pi,  and  {p,  p}  does  not  determine  91  or  91 ,  so  that  this  transforma¬ 
tion  could  not  possibly  be  generated  in  the  manner  suggested. 

*  See,  e.g.,  Osgood  “Mechanics,”  MacMillan  Co.  1937,  p.  391. 

t  See,  e.g.,  MacMillan  “Theoretical  Mechanics:  Dynamics  of  Rigid  Bodies,”  McGraw 
Hill  Book  Co.  1936,  p.  364;  or  Goldstein  “Classical  Mechanics,”  Addison  Wesley,  1960,  p. 
240  and  p.  248  (footnote). 
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A  somewhat  more  general  contact  transformation  is  defined  by  the  equations: 

$1  -=  ,  §2  =  6pj ,  Pi  =  cgi  +  (l/o)pi  +  dp2 ,  ^  =  (ad/b)qi  -  (1/6)92  +  ept , 

where  o,  6,  c,  d,  e,  are  real  constants  and  ab  3^  0.  If  e  0  this  is  generated  by 
an  S(q,  p),  if  c  0  it  is  generated  by  an  S(p,  p),  while  if  c  ■=  0  and  e  =  0  it 
cannot  be  generated  by  any  of  the  four  methods. 

As  far  as  the  writer  is  aware,  the  existence  of  contact  transformations  which 
cannot  be  generated  by  any  of  the  four  generating  functions  has  not  been  pre¬ 
viously  noted  in  the  literature. 

Iowa  Statb  CIollbox 
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“MONTE  CARLO”  METHODS  FOR  THE  ITERATION  OF  LINEAR 

OPERATORS 

By  J.  H.  Curtiss 

1.  Introduction.  A  purely  formal  description  of  the  tjrpe  of  problem  to  be 
dealt  with  in  this  paper  is  as  follows.  Let  c  =  c(x)  and  Uo  =  uo(x)  be  real-valued 
functions  defined  on  a  coordinate  space  R,  which  may  be  multidimensional.  Let 
L  —  L(f)  be  a  linear  transformation  defined  on  the  space  of  all  real-valued 
functions  /  whose  arguments  belong  to  R.  Required,  to  calculate  the  sequence 
of  functions  «i ,  Wj ,  •  •  •  ,  defined  by  the  recursion  formula 

(1.1)  Uk+i  =  L(uk)  +  c,  iV  =  0, 1, 2,  •  •  • 

This  problem  arises  in  many  contexts  in  both  pure  and  applied  mathematics. 
Much  attention  has  recently  been  focused  on  the  numerical  aspects  of  it  by  the 
nuclear  physicists,  because  the  recursion  formula  (1.1)  is  obtained  when  time- 
dependent  diffusion  and  transport  problems  are  formulated  in  a  discrete  form. 
The  methods  to  be  discussed  here  for  estimating  the  solution  are  an  outgrowth 
of  a  novel  stochastic  attack  suggested  during  the  late  war  by  von  Neumann  and 
Ulam  in  connection  with  diffusion  problems.*  Their  idea  was  to  bypass  the 
mathematical  formulation  (1.1),  and  set  up  a  computing  procedure  with  various 
random  decisions  in  it  which  more  or  less  closely  imitated  the  physical  phenome¬ 
non  under  study. 

This  type  of  approach  to  distribution  problems  has  long  been  known  to  statis¬ 
ticians  under  the  name  of  “nrodel  sampling.”  The  physicists  have  thought  up 
a  new  name  for  it  that  seems  likely  to  stick:  the  “Monte  Carlo  Method.” 

The  formal  solution  of  (1.1)  is  the  truncated  Neumann  series 

(1.2)  Us  ~c  +  L(c)  +  L\c)  +  •••-!-  L’'-\c)  L*"(uo),  N  >  0, 

where  L'  means  the  K-ih.  iterate  of  L.  Especial  interest,  of  course,  lies  in  the 
case  in  which  the  corresponding  infinite  series  converges.  If  it  does,  it  represents 
a  function  u  which  satisfies  the  equation 

(1.3)  u  -  Liu)  -f  c. 

The  error  estimate  is  then  provided  by 

(1.4)  Us  —  u  ^  L’^iih  —  u). 

Equation  (1.2)  shows  that  it  makes  no  difference  in  the  long  run  how  Uo  was 
chosen,  but  Eq.  (1.4)  suggests  that  the  nearer  uo  is  to  u,  the  faster  the  con¬ 
vergence  will  be. 

The  stochastic  approach  to  estimating  the  solution  of  (1.1)  will  now  be  de¬ 
scribed  in  correspondingly  general  terms.  Consider  the  space  R  over  which  the 
functions  c,  Uo  i  ,  •  *  ■  ,  are  defined.  Let  z  be  a  point  in  it  at  which  it  is  desired 

*  Various  practical  aspects  of  the  stochastic  estimation  are  presented  in  [14]. 
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to  calculate  us  .  A  probability  distribution  is  now  set  up  on  each  of  the  spaces 
R,  R  X  R,  R  X  R  X  R,  • "  ,  where  R  X  R  denotes  the  Cartesian  product  of 
R  and  R.  Random  variables  Zo ,  Zi ,  Zt ,  *  •  •  are  defined  on  these  respective 
product  spaces.  The  chain  of  probability  distributions  and  of  random  variables 
IS  such  that  the  sequence  of  conditional  mean  values*  t>o(x)  =  EiZo  \  Zo  =  uoix)) 
Viix)  =  E{Zi\Zo  “  Mo(x)),  Vi{x)  =  E(Zi\Zo  —  «o(x)),  •••  ,  satisfies  (1.1). 
Since  vo  =  uo ,  it  follows  that  Vm{x)  =  Um(x). 

The  computational  problem  then  becomes  one  of  calculating  repeated  realiza¬ 
tions  of  Zs  and  combining  them  into  an  appropriate  statistical  estimator  of  Vk  . 

The  stochastic  method  is  particularly  well  adapted  to  the  case  in  which  the 
value  of  uw(x)  or  u(x)  is  to  be  estimated  at  only  one  point  x. 

In  the  case  in  which  the  interest  lies  in  estimating  the  solution  of  (1.3),  it  is 
quite  possible  to  carry  the  sequence  Zq  ,  Zi ,  Zt ,  *  *  *  on  to  infinity  and  define 
a  random  variable  Z  on  the  infinite  product-space  R  X  R  X  •  •  •  .  But  this  has 
no  significance  for  actual  practice,  and  curiously  enough,  it  turns  out  to  be  dis¬ 
advantageous  theoretically.  That  arises  from  the  fact  that  mean  values  in  statis¬ 
tics  are  ordinarily  defined  through  absolutely  convergent  integrals  and  sums. 
This  in  turn  imposes  some  irrelevant  restrictions  on  L  if  r*  is  to  be  identified 
with  u,  at  least  in  the  cases  to  be  considered  in  this  paper.*  Therefore  the  atti¬ 
tude  here  in  the  “steady  state”  situation  will  be  that  a  suitably  large  but  finite 
N  will  be  chosen  once  and  for  all  and  held  fixed  during  the  sampling. 

The  mathematical  material  preceding  Section  7  is  in  the  main  a  rearrangement 
and  mathematical  formulation  of  known  procedures,  presented  so  as  to  show  up 
their  relationships.  The  method  of  error  analysis  proposed  in  Section  4  and  most 
of  the  material  in  Sections  7,  8,  9,  and  10  are  believed  to  be  new.  However,  a 
good  deal  of  work  on  the  Monte  Carlo  method  has  been  “published”  in  pri¬ 
vately  circulated,  sometimes  classified,  reports,  and  one  can  never  be  quite  sure 
of  a  priority  under  such  circumstances. 

A  word  of  caution  to  the  reader  may  be  in  order.  The  Monte  Carlo  method 
as  a  computational  procedure  has  had  its  chief  successes  in  problems  which  had 
natural  stochastic  bases  and  which  were  at  the  same  time  so  complicated  that 
they  were  inaccessible  to  ordinary  analjrtic  or  numerical  methods.  This  paper 
makes  no  pretense  of  putting  the  method  into  competition  with  the  standard 
numerical  practices,  especially  for  the  simpler  type  of  problem  for  which  good 
methods  already  exist.  The  idea  here  is  merely  to  present  some  theory  which 
may  be  of  some  interest  for  itself  alone,  and  which  unifies  and  clarifies  certain 
of  the  Monte  Carlo  devices  which  have  been  proposed,  and  which  lays  the 
groundwork  for  further  numerical  experimentation  aimed  at  investigating  the 
limits  of  usefulness  of  the  method  for  non-stochastic  problems. 

*  We  shall  use  the  symbol  Pr(a  |  b)  to  denote  the  conditional  probability  of  the  event  a, 
given  that  b  has  occurred,  the  symbol  E(Y)  to  denote  the  mean  value  of  the  random  vari¬ 
able  Y,  and  the  symbol  £(y  |  b)  to  denote  the  mean  value  of  the  conditional  distribution 
of  Y,  given  that  b  has  occurred. 

*  As  applied  to  the  solution  of  simultaneous  linear  equations,  the  methods  of  the  pres¬ 
ent  paper  were  anticipated  by  Forsythe  and  Leibler  [10]  and  Wasaw  [16].  Both  of  these 
papers  deal  directly  with  the  inSnite  product  space.  See  also  Curtiss  [4|. 
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We  propose  to  stop  short  of  describing  the  practical  computational  details. 
Except  for  the  process  of  generating  the  necessary  random  elements,  they  can 
all  be  supplied  easily  by  the  experts  in  computing.  The  process  of  correctly  gen¬ 
erating  the  random  elements  and  making  sure  that  they  are  appropriately  ran¬ 
dom  could  be  the  subject  of  another  article  at  least  as  long  as  this  one.  If  it  were 
well  done,  it  might  contain  substantial  contributions  to  the  philosophy  of  prob¬ 
ability. 

2.  Specialization  of  the  problem.  The  foregoing  introduction  has  been  very 
vague  as  to  the  nature  of  the  operator  L.  Actually,  the  stochastic  method  to 
be  presented  here  seems  to  be  automatically  confined  to  operators  L  of  a  Le- 
besgue-Stieltjes  type, 

(2.1)  L(w)  -  ^  h(x,  y)u(y)dyk(x,  y), 

in  which  X;  is  of  bounded  variation  and  h  has  integrability  properties  which  will 
permit  the  iteration.  We  shall  not  pursue  the  question  of  generality  any  fur¬ 
ther,  however.  Instead  we  shall  present  the  theory  for  two  special  cases;  that  in 
which  L  is  an  ordinary  integral  transform,^ 

(2.2)  L(u)  “  *  ^  h(x,  y)u(y)  dy, 

and  that  in  which  L  is  a  matrix  and  u  is  a  vector. 

The  second  case  is  the  special  case  of  (2.1)  in  which  A;  is  a  step-function.  Most 
of  the  exposition  except  for  that  in  Section  4  will  be  directed  toward  this  case. 
It  is  the  more  fundamental  oUe  in  numerical  analysis  and  the  majority  of  the 
results  can  be  carried  over  so  readily  to  the  continuous  operator  (2.2)  that  no 
comment  on  the  matter  will  be  necessary.* 

It  is  convenient  to  introduce  new  notation  for  the  matrix  case.  The  space  R 
will  be  thought  of  in  this  case  as  consisting  of  a  finite  discrete  set  of  points 
Xi ,  Xi ,  ‘ ,  Xn  .  The  function  u  =■  u(x)  will  be  represented  by  the  vector 

tt  “  (ui ,  u, ,  •  •  •  ,  w,)  -  (u(zi),  •  •  •  ,  u(xn)). 

Similarly,  we  write 

Uh  *  (usixi),  Usixi),  •  •  •  ,  Ujv(x,))  -  (wati  ,  uat,  ,  •  •  •  ,  UNn),  iV  =  0, 1, 2,  •  •  *  , 
and 

C  -  (c(Xi),  c(Xj),  •  •  •  ,  c(x,))  -  (ci  ,  Cl  ,  •  •  •  ,  Cn). 

Finally,  the  function  h(x,  y)  is  represented  by  the  matrix 
H  -  [h{xi,yi)]  -  [hij]. 

Equation  (1.1)  becomes  in  matrix  notation 

(2.3)  uj»+i  »  Hus  -f  c. 

*  The  iDtegral  can  be  taken  in  either  the  Riemann  or  Ijebesgue  sense  in  the  sequel. 

*  See  Cutkoaky  (5). 
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The  problem  connected  with  this  equation  is  to  calculate  one  or  more  compo¬ 
nents  of  the  vector  Uh  ,  given  ^  (uoi ,  ,  •  •  •  ,  «oi.),  and  c. 

The  series  solution  (1.2)  becomes 

=  c  -b  He  +  +  •  •  •  + 

(2.4) 

-  (/  -  H^)(J  -  H)"‘c  +  ,  AT  -  1,  2,  •  •  •  . 

Here  the  symbol  I  stands  for  the  unit  matrix.  Of  course  the  third  member  of 
the  equation  can  be  written  down  only  if  /  —  H  is  non-singular. 

It  is  well  known  that  the  necessary  and  sufficient  condition  for  limAr-.oe  =  0 
is  that  all  the  eigenvalues  of  H  (that  is,  the  roots  of  the  determinantal  equa¬ 
tion  I  X/  —  H  I  =0)  must  lie  within  the  unit  circle  of  the  complex  plane.'  If 
this  is  the  case — and  we  shall  always  assume  that  it  is  whenever  we  are  discuss¬ 
ing  the  situation  aa  N  —*  <x> — then,  (/  —  H)“‘  exists,  and  u  =  limw-xa  Ww  = 
(/  —  H)~^c,  which  satisfies  the  linear  equations 

(2.5)  u  —  Hu  +  c. 

3.  The  solution  of  Au  =  b.  We  digress  for  a  moment  here  to  note  the  relation¬ 
ship  between  (2.3),  (2.4),  and  (2.5),  and  the  important  problem  of  solving  the 
system  of  linear  equations 

(3.1)  Au  -  b, 

where  6  =  (&i ,  •  •  •  ,  6„)  is  an  arbitrary  vector.  Choose  the  matrix  H,  and  also 
a  new  one  M,  so  that  H  -|-  MA  =  7,  and  choose  c  **  Mb.  Then  (2.5)  reduces 
to  MAu  =  Mb.  If  M  is  non-singular,  then  this  system  is  precisely  equivalent 
to  (3.1)  in  the  sense  that  each  solution  u  of  (2.5)  is  a  solution  of  (3.1),  and  vice 
versa.  If  there  is  more  than  one  solution  to  (3.1),  then  A  is  singular,  and  in  this 
case  it  is  easily  checked  that  one  of  the  eigenvalues  of  H  «  7  —  MA  is  unity. 
This  means  that  Um  in  (2.3)  and  (2.4)  cannot  converge  to  the  solution.  We  shall 
therefore  exclude  this  case  and  assume  that  A  is  non-singular. 

With  M  and  A  both  non-singular,  and  with  H  having  its  eigenvalues  all  inside 
the  unit  circle,  (2.3)  becomes  what  is  known  in  the  theory  of  linear  algebraic 
systems  as  a  stationary  lipear  iterative  process,  or  Wittmeyer  process,  for  solving 
Au  =  b.  There  are  obviously  an  infinite  number  of  ways  of  choosing  M  and  H 
so  that  the  conditions  are  fulfilled.  One  standard  method  is  to  split  up  A  into 
the  difference  of  two  matrices  V  and  W,  where  V  is  easily  inverted.  That  is, 
let  A  »  V  —  W.  Then  take  M  =  V“\  H  V~^W.  It  is  easily  checked  that 
H  +  MA  «  7,  and  it  is  not  hard  to  arrange  things  so  that  the  eigenvalues  of 
H  are  all  sufficiently  small  in  modulus.^ 

•  See  [13,  pp.  97-981. 

*  See  [7,  pp.  132-133].  The  iterative  method  of  Seidel  takes  V  as  a  triangular  matrix  ob¬ 
tained  by  replacing  all  elements  of  A  above  the  principal  diagonal  by  zeros.  The  iterative 
method  of  Jacobi  takes  F  as  a  principal  diagonal  matrix  whose  diagonal  is  that  of  A .  The 
so-called  relaxation  method  is  not  a  linear  process.  So  far  as  the  author  is  aware,  the  ex¬ 
tension  of  Monte  Carlo  methods  to  non-linear  processes  has  not  yet  been  accomplished, 
and  may  be  impossible.  For  an  interesting  and  scholarly  classiScation  of  non-stochastic 
methods  of  solving  linear  equations,  see  Forsythe  (9). 
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The  calculation  of  if  that  is  the  problem,  can  of  course  be  accomplished 
by  specializing  b  appropriately.  Alternatively,  the  Wittmeyer  process  can  be 
directly  adapted  to  this  problem  by  replacing  c  by  M,  and  tio  ,  Ri ,  ,  *  *  *  .  by 

square  matrices  Uo ,  Ui ,  Ut ,  •  •  •  . 

The  importance  of  these  remarks  in  the  present  context  is  merely  that  they 
show  that  with  a  little  preliminary  preparation  any  system  Au  =  6  with  a  non¬ 
singular  matrix  can  be  solved  by  the  Monte  Carlo  methods  to  be  described  here¬ 
inafter. 

4.  The  stochastic  methods  for  iV  =  1.  The  basic  idea  in  the  Monte  Carlo 
attack  on  problems  (1.1)  and  (1.3)  will  now  be  described  for  the  case  of  the 
zero-th  iteration  of  the  recursion  formula.  To  avoid  dealing  with  a  trivial  prob¬ 
lem,  we  present  the  ideas  here  with  L  taken  as  the  continuous  operator  (2.2) 
rather  than  as  a  discrete  operator. 

The  problem  then  is  to  estimate  the  numerical  value  of 

ui(x)  =  /  h(x,  y)uo(y)  dy  4-  c(x). 

Jr 

The  function  c(x)  will  play  no  significant  role  in  the  present  discussion,  so  we 
confine  ourselves  to  the  estimation  of 


lix)  »  h(x,  y)u(y)  dy. 


Now  let  functions  z(x,  y)  and  p(x,  y)  be  chosen  so  that^ 


(1)  .  zp  h, 

(2)  P  ^  0,  • 

(3)  f  p(x,  y)  dx  ^  1 . 

Jr 

Then  for  each  x,  p  may  be  regarded  as  a  probability  density  on  R.  Let  X  be  a 
vector  random  variable  with  the  probability  distribution  defined  by  p.  Consider 
the  random  variable  Z  =*  z(x,  X)u(X).  Clearly 


EiZ)  =  /  2(x,  y)u(y)p(x,  y)  dy 
Jr 

-  £  A(x,  y)u(y)  dy  »  7(x). 


As  an  example,  let  R  be  one  dimensional,  and  let 

h(i,v) 


<  0 


Then  7(x)  =  /  e  ^u{y)  dy,  the  Laplace  transform  of  u(j/).  A  natural  choice 
-0 

for  p{x,y)  would  be  the  Pearson  Type  III  density  function,  e“**/x.  Then 
*(*>  y)  “  X,  and  Z  —  xm(X). 


*  The  stochastic  mechanism  which  is  being  arranged  here  has  been  proposed  by  various 
writers.  See  Kahn  [11 1,  and  also  [14]. 
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One  of  the  standard  statistical  procedures  for  estimating  the  mean  of  the  dis¬ 
tribution  of  a  random  variable  Z  is  to  make  v  independent  observations  on  the 
random  variable  and  then  take  their  average  Z  as  the  estimator.  If  the  standard 
deviation*  o  of  the  distribution  of  the  random  variable  is  finite,  then  the  prob¬ 
ability  distribution  of  Z  is  a83rmptotically  Gaussian,  or  “normal”,  with  (of 
course)  the  same  average,  and  a  standard  deviation  equal  to  (This  is  a 

special  case  of  the  famous  Central  Limit  Theorem;  see  Cramer  [3,  pp.  215-217]. 
The  approximation  is  usually  very  close  for  v  ^  30.) 

More  than  99  per  cent  of  a  normal  distribution  lies  within  the  interval:  [mean 
±3  X  standard  deviation].  From  this  we  can  easily  calculate  the  sample  size  v 
theoretically  necessary  to  achieve  with  this  level  of  certainty  a  given  statistical 
accuracy  in  using  Z  as  an  estimator  of  I{x). 

Let  us  say  that  we  wish  to  be  almost  sure  that  Z  will  lie  in  the  interval  I  ±.  A/. 
That  is,  we  want  to  arrange  things  so  that  Pr(  j  Z  —  /  j  ^  A/)  ^  .99.  This 
means  that  A/  ^  Za/v^'',  from  which  we  get 


(4.1) 


^  9(r*  _  9Var(Z) 
"^(A/)*”  (A/)*  • 


The  formula  shows  that  if  A/  is  to  be  small,  say  0.005,  then  unless  Var  (Z), 
is  also  small,  v  will  be  well  up  in  the  hundreds  of  thousands.  The  two  redeeming 
traits  of  the  stochastic  method  are  that  (1)  the  sampling  error  and  necessary 
sample  size  are  independent  of  dimensionality  and  (2)  they  are  independent  of 
how  locally  smooth  the  integrand  of  I{x)  is.  (It  will  be  recalled  that  the  error 
terms  in  the  standard  quadrature  formulas  involve  high-order  derivatives.) 

But  it  is  clearly  worth  while  to  consider  methods  of  reducing  the  sample  size. 
The  statisticians  have  a  number  of  devices  for  increasing  the  accuracy  of  sam¬ 
pling  surveys,  and  almost  all  of  them  are  applicable  here.  In  the  present  paper 
we  shall  study  only  the  procedures  known  as  “sampling  with  probabilities  in 
proportion  to  size,”  or  “importance  of  sampling.”*®  They  take  advantage  of  the 
fact  that  we  have  an  infinite  number  of  ways  to  choose  z  and  p  for  any  given 
problem,  and  an  astute  choice  may  decrease  the  variance  by  a  surprising  amount. 

The  variance  of  Z  (and  we  henceforth  assume  that  it  is  finite)  is  given  by  the 
formula  ' 


a*  -  E{Z')  -  [Eiz)]'  -  zhu*  dy  -  I\ 

If  the  answer  I  were  known  in  advance,  and  z  were  chosen  to  be  I/u  (p  would 
then  have  to  be  hu/I,  which  would  mean  that  the  integrand  hu  was  non-nega¬ 
tive),  then  clearly  <r*  *  0.  This  leads  us  to  propose  the  following  arrangement  as 

*  The  standard  deviation  of  Y  is  defined  to  be 

|£;i(y  -  £(y))*)|«/*  -  |£(r*)  -  (£(y)]*i'/*. 


The  square  of  the  standard  deviation  is  called  the  variance;  we  shall  write  it  as  Var  (Y). 
•*  See  Deming  [6  pp.  92-93). 
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a  guide  in  choosing  z  and  p.  First  choose  an  integrable,  non-negative  function 
p'  such  that  the  function  e  *  y)  defined  by 

(4.2)  hu  —  p'  =  p't 

is  as  small  as  possible  in  absolute  value.  The  function  p'  is,  moreover,  to  be 
chosen  so  that  the  integral  J  =*  \  V  can  be  obtained  numerically  without 

jR 

too  much  trouble.  Let  p  =*  p'/J  and  let  z  =  h/p  =*  J(1  +  t)/u.  Then  it  is 
easily  seen  that  z  and  p  satisfy  the  conditions  (l)-(3)  listed  above.  The  estima¬ 
tor  Z  is  given  by  Z  *  J(x)(l  -b  e(z,  X)). 

The  variance  of  o  -b  |3F,  where  a  and  (3  are  constants  and  F  is  a  random  vari¬ 
able,  is  simply  /3*  Var  (F).  Thus 

(4.3)  -  Var  (Z)  =  J*  Var  [«(x,  X)). 


If  e(x)  is  the  least  upper  bound  of  |  c(x,  y)  |  for  F  on  R,  then  it  might  be  safe 
to  presume  that  Var  (e)  ^  e*/2.  (If  the  distribution  of  c  were  rectangular  with 
range  2€ — an  unfavorable  case — then  Var  («)  =  c*/3.)  This  appraisal  gives  us 
the  formula 


(4.4) 


4.5  y  V 
(A/)* 


for  the  sample  size  theoretically  required  to  achieve  an  accuracy  of  d:A/  with 
at  least  99  %  certainty.” 

It  might  be  noted  that  (4.S)  and  (4.4)  are  quite  independent  of  whether  or 
not  I  (  I  remains  small  for  all  y.  If  it  does,  then  there  is  an  implication  that  hxi 
cannot  go  very  far  in  the  negative  direction,  since  p'  cannot  be  negative.  These 
restrictions  on  the  usefulness  of  the  arrangement  (4.2)  can  be  circumvented  to 
some  extent,  but  we  shall  not  go  onto  the  matter  here. 

We  have  been  carrying  the  somewhat  superfluous  parameter  x  throughout 
the  above  discussion  mainly  to  emphasize  the  link  between  quadrature  and 
other  problems.  The  usual  quadrature  problem  would  of  course  be  presented 
with  h{x,  y)  =  hiy),  u(y)  ^  1.  But  it  is  perhaps  worthwhile  to  observe  that  if 
there  is  a  parameter  x  in  the  problem,  then  by  choosing  p  so  that  it  is  dependent 
only  on  X  —  y,  a  set  of  determinations  of  X  can  be  gotten  once  and  for  all,  from 
which  the  statistics  for  Z  can  be  computed  over  and  over  again  for  as  many  dif¬ 
ferent  values  of  X  as  may  be  desired. 

One  final  remark  which  applies  to  all  the  remaining  sections  of  this  paper  as 
well  as  to  the  present  section  is  this:  The  statistical  error  was  the  only  kind  of 
error  under  consideration  here,  but  of  course  there  would  be  many  other  possible 
sources  of  error  in  the  actual  numerical  applications.  For  example,  there  would 
be  possible  round-off  errors,  mistakes,  and  systematic  errors  of  one  kind  or 
another.  In  accordance  with  the  resolution  expressed  at  the  end  of  the  Intro¬ 
duction,  none  of  these  non-statistical  errors  will  be  discussed. 

“  In  any  case,  certainly  Var  («)  ^  e*. 
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6.  The  case  N  >  1.  Suppose  that  the  method  of  the  preceding  section  had 
been  applied  to  the  trivial  problem  of  estimating 

kixi ,  Xi)u(xi)  =  22;Li  hijUi  -  Hv]i , 

for  some  fixed  t,  where  the  notation  is  that  of  Section  2.”  The  procedure  would 
have  been  to  select  numbers  z<y  z(x,- ,  xy)  and  pa  »  p(x< ,  Xy)  such  that 


(1) 

2»yPiy  “  hij , 

*f  if  «=  If  •  • 

•  f 

(2) 

Pa  ^  0, 

*fif  -  If  •• 

•  ,n, 

(3) 

2y  Pa  “  If 

t  -  1,  •  • 

•  f  n\ 

then  to  let  X  be  a  vector  random  variable  with  the  probability  distribution  given 
by  Pr(X  ■■  Xy)  >■  p.y ,  and  to  form  the  random  variable  Z  «=  2(x,- ,  X)u(X)  as 
before.  Its  mean  value  would  be 

E(Z)  -  Xj  *(*<  *  Xi)u(Xi)p{Xi  ,  Xy)  -  Uu  . 

We  shall  now  show  how  to  extend  this  stochastic  scheme  to  the  iterations  of  H. 

We  contmue  to  define  z.y  and  p.y  as  above.  Consider  a  random  walk  on  R  de¬ 
fined  as  follows:  the  starting  point  Xo  is  a  random  variable  with  a  probability 
distribution  given  by  p,  *  p(xj)i  where  p,  >  0,  p<  —  1,  but  p<  is  otherwise 
arbitrary Thereafter  the  successive  positions  or  states  visited  by  the  random 
walk  are  random  variables  Xi ,  Xs ,  •  *  •  ,  whose  distributions  are  given  by  the 
formula  Pr(X*+i  «  xy  |  X*  *  x.)  =*  p<y  If  •••>  w. 

These  directions  have  the  effect  of  unambiguously  specif}ring  a  probability  * 

N  » 

r - ^ - N 

distribution  on  the  product  space  P  X  P  X  ** *  X  P  for  each  iST.  The  typical 
point  is  assigned  the  probability  PtPuiPiihPith  ’  ’ '  Pu-ii  •  chain  of  random 
variables  Xo ,  Xi ,  Xj ,  •  ■  •  so  defined  is  a  simple  Markov  chain.“ 

Now  define  a  new  chain  of  random  variables  as  follows: 

Zo  ™  Xo[u]  “  u(Xo) 

Zr  -  Zi[u,  z]  -  2(Xo  ,  XiMXi) 

Z,  -  Z,[m,  z]  -  2(Xo  ,  X02(Xy  ,  X,)u(X,) 

Zs  -  Zs[u,  z]  -  z(Xo ,  Xi)  •  •  •  z(X^_, ,  XsMXs). 


By  b]i  ,  where  h  is  a  vector,  we  mean  the  t-th  component  of  b. 

This  distribution  does  not  play  an  intrinsic  role  in  our  discussion  and  is  introduced 
only  for  logical  completeness. 

See  Feller  (8,  Chap.  15}.  Actually  our  specification  uniquely  assigns  a  probability  dis¬ 
tribution  to  the  infinite  product  space  R  X  R  X  ...  (see  [12,  pp.  28-33]),  but  we  shall  not 
make  use  of  this  distribution. 
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We  shall  call  Zo ,  Zi ,  Zj ,  *  ■  ■  ,  an  m-chain  (m  for  multiplicative). 

Let  the  vectors  Vo ,  Vi ,  •  •  ■  ,  b,  defined  as  follows: 

V9i  »  Vo(xi ;  u)  -  u(x,), 

vtri  »  VM(Xi  ;u,z)  -  E(Zh[u,  «]  I  X*  -  x<),  iV  -  1,  2,  •  •  • 

Consider  now  a  typical  path  of  the  random  walk  represented  by  the  sequence 
of  random  variables  Xo ,  Xi ,  •  •  •  ,  Xh  .  Let  this  path  be  x< ,  xy, ,  xy, ,  •  •  •  , 
Xju-t ,  •  The  conditional  probability  that  the  random  walk  actually  takes 

this  path  is  p.y,pyiy,  •  *  •  Py*r-ii  •  Therefore  by  the  definition  of  the  concept  of 
mean  value  in  the  theory  of  probability, 


Vui  - 

•  •  *  Pyy-ii 

Thus 

S/i-l  *  • 

•  •  •  *  ^>y-jiWy 

(5.1a) 

Py+i  “  Hvm  t 

AT  - 

0, 1,  2,.. 

(5.1b) 

vh  -  H”u, 

N  - 

0,  1,2,.. 

The  question  of  estimating  uk  in  the  recursion  relation  (2.3)  can  now  be  re¬ 
solved  rather  easily.  It  is  clear  that 

Usi  "  (c  -f-  He  -!-•••+  H^ 

-  vtixi ,  c)  +  Vi(xi ;  c,  z)  -b  •  •  •  4-  v/r-i(xi ;  c,  z)  -f  vjr(xi ;  uo ,  z) 

“  £(Zo[c]  -H  Zi[c,  z]  •  -H  Zs-i[c,  z]  +  Zs[uo ,  z]  |  Xo  “  x,), 

-  £?(2w_i(c,  z]  -1-  Zsbkt ,  z]  I  Xo  -  Xj), 

where  2j»[u,  z]  -  Zo[m]  Zi[tt,  z]  +  •  •  •  +  ZmW,  z).  This  shows  that  if  we  define 
vectors  Wo,tDi,Wt,  •  •  •  ,  by 

VHti  -  Wo{xi ;  u)  »  u{xi), 

WMi  -  ws{xi ;  c,  u,  z)  -  ECZm-iIc,  z]  -|-  Zs[u,  z]  |  Xo  -  Xy),  N  »  1,  2,  •  •  •  . 
then  with  u  »  tio ,  these  vectors  satisfy  the  relations 

(5.2a)  tcw+i  “  Hwm  +  c>  W  *  0,  1,  2,  •  •  •  , 

(5.2b)  tpj.  -  (/  -  -  H)-^c  +  H^th  ,  W  -  1,  2,  .  •  •  , 

Furthermore,  if  we  assume  that  the  eigenvalues  of  H  are  in  modulus  all  less 
than  unity,  then  the  vector  =>  Limi«L.>»  ws  exists  and  is  the  solution  of  the 
system  u  —  Hu  -j-  c. 

Thus  the  conditional  mean  values  of  the  chain  of  random  variables  -|-  Zy , 
N  >  1,  2,  •  •  •  provide  a  solution  to  our  basic  problem.  The  actual  computation 
would  consist  in  making  a  large  number  of  realizations  of  the  vector  random 
variable  (Xo^  Xi ,  •  •  •  ,  Xy),  calculating  Sy_i  -f  Zy  for  each  realization,  and 
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averaging  the  results,  or  otherwise  combining  them  into  a  statistical  estimator 
of  the  mean  value. 

Several  remarks  are  now  in  order. 

(1)  This  method  of  solving  linear  equations  was  proposed  by  Wasow  [16]. 
He  considered  only  the  infinite  product  space  R  X  R  X  ’ "  ,  and  was  thereby 
forced  to  use  the  restriction  that  the  matrix  of  the  absolute  values  of  the  ele¬ 
ments  of  H  had  its  eigenvalues  in  the  imit  circle.  The  pedigree  of  Wasow’s  sug¬ 
gestion  goes  back  to  a  well-known  paper  of  Courant,  Friedrichs,  and  Lewy  [1], 
in  which  the  Green’s  function  of  an  elliptic  difference  equation  is  identified  with 
the  mean  number  of  visits  to  the  points  of  the  lattice  made  by  a  particle  perform¬ 
ing  a  certain  random  walk  on  the  lattice.  (See  the  remark  (3)  below.) 

(2)  Wasow  and  other  writers  describe  the  process  of  realizing  as  a  weighted 
random  walk  in  which  the  particle  starts  at  x,-  with  a  “mass”  unity,  which  is  then 
multiplied  by  the  factor  z(x{ ,  X/,),  then  multiplied  by  z(xy, ,  xy,),  and  so  forth. 
He  deals  in  [16]  with  matrix  inversion  and  chooses  tto  0,  so  his 
c  “  (^*y  tj  =  1»  2,  •  •  •  ,  n),  where  i*y  —  I,  j  ^  K  i*y  *  0,  j  k.  With  this 
specialization,  Sjv  then  becomes  in  Wasow’s  words  the  total  amount  of  mass 
carried  through  the  point  x*  during  the  N  steps  of  the  random  walk. 

(3)  If  in  the  function  2)xr[c,  z]  we  take  Zyy  ^  1,  c  »  (jty),  then  is  the  total 
number  of  visits  to  xt  made  by  the  iV-step  random  walk  starting  at  x. ,  counting 
in  one  visit  for  the  starting  point  if  t  »  k;  and  iVN+iiXi ;  (Skj),  0,  1)  is  the  mean 
number  of  visits  to  xt .  (In  making  this  observation  we  are  of  course  no  longer 
tying  ourselves  down  to  the  requirement  that  2,yp<y  =  A,y  where  ha  is  given  in 
advance,  but  instead  we  are  assuming  that  the  p.y  are  given  a  priori.) 

(4)  The  chain  Zq  ,  Zi ,  Zj ,  •  •  •  represents  a  type  of  branching  process.  It  is 
a  Markov  chain  which  may  be  of  any  order  from  one  to  infinity,  depending  on 
the  choice  of  the  z’s.  Such  chains  have  been  studied  by  Montroll  [15],  together 
with  the  companion  type  obtained  by  replacing  multiplications  by  additions. 
They  have  numerous  applications  to  theoretical  physics  and  physical  chemistry. 

(5)  In  the  solution  of  m  =  Hu  -f  c,  or  in  the  problem  of  inverting  of  I  —  H, 
it  should  be  noted  that  once  a  large  set  of  realizations  of  (Xo ,  Xi ,  X* ,  ■  ■  •  ,  Xk) 
has  been  obtained  with  all  the  random  walks  starting  from  some  fixed  Xy ,  then 
by  proper  bookkeeping  procedure  they  can  be  used  a  number  of  times.  Not  only 
can  they  be  used  to  get  'the  statistics  for  a  number  of  different  vectors  c — say, 
all  the  columns  of  the  identity  matrix  J,  which  would  be  the  procedure  for  in¬ 
verting  I  —  H — but  also,  by  considering  a  visit  to  Xy ,  j  ^  x,  as  starting  a  new 
random  walk,  they  can  be  used  to  find  components  of  un'i ,  N'  <  N,  or  of  u, 
other  than  the  x-th  component.  Nevertheless  a  peculiarity  of  the  stochastic 
method  here  presented  is  that  it  seems  to  appear  to  the  best  advantage  in  com¬ 
parison  with  the  standard  deterministic  methods  when  the  problem  is  to  find 
only  one  component  of  Uk  or  of  u,  or  one  row  of  (/  —  H)~‘.  This  fact  has  al¬ 
ready  been  commented  upon  once  before,  in  the  Introduction. 

(6)  A  final  remark  of  minor  importance  is  that  the  estimator  used  in  the  quad¬ 
rature  problem  of  Section  4  was  analogous  to  the  Zi  in  the  present  section,  not 
to  Zo .  Thus  to  achieve  strict  parallelism  between  the  two  sections,  we  should 
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have  assigned  an  appropriate  distribution  to  R  X  R  in  Section  4  rather  than 
just  to  R,  and  then  considered  a  conditional  distribution  in  R  X  R  under  a 
hypothesis  relating  to  R. 

6.  The  m-chain  method.  The  development  of  the  preceding  section  can  easily 
be  modified  so  that  an  m-chain  does  the  work  of  the  random  sequence  So  + 
Zi ,  2i  -f  Zj ,  •  •  •  .  To  accomplish  this,  we  adjoin  n  additional  points  Xn+i , 
Xn+t ,  •  ‘  ,  Xu  to  R,  and  set  up  the  2n  X  2n  partitioned  matrix 


Also,  we  let  (uo-c)  *  (uoi ,  moo  ,  •  •  •  ,  Uo,  ,  Ci ,  Cj ,  •  •  •  ,  c«),  with  c,-  =  c(x,)  = 
e(xi+n),  i  =  1,  •  •  •  ,  n.  It  is  to  be  noticed  that 

I  /  -f  ^  -H  /f*  +  •  •  •  + 

(6.1)  H*"  ^  :  ~  (I  -  -  H)-^ 

- ( - 

Lo  !  I 

Now  let  z*y  and  p*y  be  chosen  so  that  =  h%  ,  p%  ^  0,  p?y  =■  1. 
Set  up  the  random  walk  X?  ,  X?  ,  •  •  •  ,  on  the  lattice  Xi ,  •  •  •  ,  x,  ,  x.+i ,  •  •  •  ,  Xj„  , 
using  the  transition  probabilities  pty .  Then  construct  the  new  m-chain 

u(Xo  ),  Xo  “  Xl  ,  •  *  •  ,  Xn  , 

c(Xo),  Xo  “  Xn+l  ,  *  ■  '  ,  Xin. 

m(Xi),  X?  -  Xl,  •••,x,, 

c(Xi  ),  Xl  “  Xf^l ,  ’  *  ■  ,  Xtn 


Zo*  -  Zo*[(w|c)l 


z?  -  zr((M:c),z*]  -  z*(Xo*,Xr)  X 
z%  -  z:[(uic),2*] 

-z*(x„*,xr)---2*(x^-i,x:)x 


fuCXj), 
lc(Xj), 

Let  the  vectors  v?  ,  v?  ,  •  •  •  ,  be  defined  as  follows: 

fu.,t  -  1,2, 


X If  *  j  *  *  *  j  f 
Xu  «  Xn+l  f  •  •  •  >  Xln  , 


“  Po(x<;  (ujc)) 

[c,_»,  t  »  n  -I-  1,  n  -b  2,  •  •  • ,  2n. 
vli  -  i;J(x< ;  (u|c),  z*)  -  X(ZJ[(m:c),  z*]  |  X?  »  xO,  AT  =  1,2, 


Then  according  to  (5.1)  these  vectors  satisfy  the  relations 

(6.2a)  vUi~H*vt,  AT-O,  1,2,  •••, 

(6.2b)  v*H  -  H*''iu:c),  AT  -  0,  1,  2,  •  •  •  . 

The  components  of  these  vectors  for  t  =»  n  +  1,  •  •  •  ,  2n  deserve  some  atten¬ 
tion.  From  the  definition  of  v*  ,  v*n+i  Ci  ,i  ^  1,  •  •  •  ,  n.  As  for  v?  ,  it  will  be 
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seen  by  looking  at H*  that  z*jp*j  ~  ,i  >  n,j  >  n.  This  means  that  or.ii+<  * 
vXn+i  “  •  •  •  —  vt,n+i  “  C<  ,  *  “  1,  •  •  •  ,  tl. 

Using  (6.1)  to  (6.2)  and  these  facts,  we  obtain,  letting  u  iio 


*  fuot 

i 

(6.3a) 

Voi  -  1 

[Ci— 1* 

i 

(6.3b) 

-j-  c«. 

i 

Vs+l,i  “  1 

t 

i 

N~0,1, 


VNi 


(6.3c) 


+  (/  -  H'')a  -  Hr^h 

[Ci-n  t 

I  -  1,  •  •  • ,  n 
t  «  n  4-  1,  •  •  • ,  2n. 


i\r-  1,2, 


(In  forming  the  product  of  the  non-conformable  factors  H  and  vt ,  only  the 
first  n  components  of  vt  are  to  be  used.) 

These  relations  show  that  the  first  n  components  of  v*  satisfy  the  recursion 
relation  (2.3)  with  the  initial  vector  uo  .  If  H’'  —*  0,  then  v.  »  LimAr-Mo  vt  exists 
and  its  first  n  components  satisfy  the  linear  equations  (2.5). 

Although  the  vectors  Wk  of  the  preceding  section  and  v%  of  this  section  must 
be  identic^,  they  are  based  on  quite  different  stochastic  processes.  For  one 
thing,  in  the  previous  section  it  was  understood  that  pu  always  equaled  ^ 
unity,  which  implied  that  the  random  walk  remained  forever  on  z, ,  •  •  *  ,  x. , 
whereas  now  the  corresponding  sum  of  probabilities  must  be  less  than  unity, 
and  the  random  walk  will  not  necessarily  remain  forever  on  the  first  n  points 
of  the  lattice. 

In  fact,  if  we  choose  p*>  «■  Sa  for  t  >  n,  then  the  new  points  Xn+i , 
Xn+i ,  ,  xtn  become  trap  states  or  absorbing  states  for  the  random  walk  X*  , 

Xf  ,  •  ”  .  It  is  now  a  random  walk  with  absorbing  barriers. 

To  increase  the  comparability  of  the  processes  of  this  section  and  of  the  pre¬ 
ceding  one  for  solving  (2.3)  and  (2.5)  we  can  set  up  the  solution  of  the  pre¬ 
ceding  section  with  H*' replacing  H,  z*  replacing  z,  p*  replacing  p,  (uojO)  “ 
(uoi ,  t/o* ,  •  •  •  ,  u««  ,  0,  •  •  •  ,  0)  replacing  Uo  ,  and 


(ciO)  -  (ci ,  cj ,  •  •  •  ,  c»  ,  0,  •  •  •  ,  0) 


replacing  c.  The  vectors  (uojO)  and  (cjO)  have  the  effect  of  annulling  the  right- 
hand  blocks  of  Then  the  process  Sj_i[(c:0),  z*]  -|-  Zj((uo:0),  z*],  where 
Sj  ■«  Z*  +  •  •  •  +  Zj ,  will  have  the  same  conditional  mean  values  for 
Xt  *  Xi ,  t  ^  n,  as  Zj((uo:c),  z*].  The  random  variable  2j_i  -f  Zj  is  identically 
equal  to  zero  if  the  random  walk  ever  visits  the  new  part  of  the  lattice  (that  is, 
the  point-set  x,+i ,  x,+j ,  •  •  •  ,  Xj«)  in  the  course  of  the  first  N  steps. 

The  m-chain  method  of  inverting  matrices  was  first  proposed  by  Forsythe 
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and  Leibler  [10],  following  a  suggestion  of  von  Neumann.  They  considered  only 
the  infinite  product  space  R  X  R  X  *  *  *  and  thus  had  to  make  a  restriction  on 
H  similar  to  that  which  Wasow  used. 


7.  Variances.  The  variance  of  the  random  variable  Zk[u,  z]  of  section  6  is 
easily  derived.  Let  K  «  [z.y  *  [h'j/pa].  Then  by  the  argument  which  led 
to  our  fundamental  equations  (5.1),  we  find  that 

(7.1)  -  Mxi  ;u,z)  ^  E{iZs[u,  z])'  |  Xo  -  x,}  -  XV].- , 

where  u*  means  the  vector  (uj ,  u* ,  •  •  •  ,  u\).  (We  shall  frequently  use  this  ex¬ 
ponential  notation  to  represent  the  operation  of  squaring  the  components  of  a 
vector.) 

The  conditional  variance  of  Zh  ,  given  that  Xo  *  x, ,  is  of  course  the  vector 

~  t>K  . 

Turning  to  the  random  variable  2jv-i[c,  z]  -|-  Zm[u,  z],  we  first  find  by  using 
the  method  that  led  to  (5.1)  that  for  a  ^  t, 

E(Z.[c,  z]Z,[u,  2]|  Xo  -  X.)  -  , 

where  C  is  a  principal  diagonal  matrix  whose  diagonal  elements  are  Ci , 
Ct,  ,  Cn  .  We  apply  this  relation  and  (7.1)  to  the  expansion  of  the  square  in 
the  last  member  of 

iWyi  -  iWMiXi  ;  c,  u,  z)  -  E\(Zk-i[c,  z]  -I-  Zs[u,  z])'  I  Xo  =  x<} 

*■  X((Zo[c]  -4-  Zi[c,  2]  +  •  •  •  +  Zm-i[c,  z]  Zn[u,  z])*  I  Xo  =*  x,}. 

By  going  through  some  matrix  algebra,  the  following  rather  formidable  (but 
equivalent)  formulas  can  be  reached: 

~  (I  -  X)-V  -1-  K’'[u'  -  (/  -  X)-‘c*] 

+  2(7  -  X)-‘[C(7  -  -  Hr'Hc  -  +  2Ss-xHu, 


(7.2b) 


iWi, 


+  (7  -  X)"‘(7  -  K^-^)[2C{I  -  H)-^c  -  c*] 
-(C7f^-‘  -f  S^_,)(7  -  HT^Hc  -f  2Ss-,Hu, 


where  Ss  -  K^CH  +  +•••-!-  X*CX"'“‘  +  KCH\ 

The  variance  is  of  course  to  be  obtained  by  subtracting  the  vector  w]i  from 
the  vector  tVJs . 

The  limiting  forms  of  these  formulas  will  now  be  derived,  under  the  hypothe¬ 
sis  that  the  eigenvalues  of  both  X  and  H  lie  inside  the  unit  circle  in  the  complex 
plane.  For  this  we  need  the  following  simple  result. 

Lemma.  If  A  is  any  n  X  n  matrix  with  complex  elemerUs,  and  with  the  property 
that  aU  of  ita  eigenvaluea  lie  in  the  unit  circle,  then  there  exiat  conatanta 
m  —  m(.4)  >  0  and  r  —  r(A)  >  1  which  are  independent  of  N,  and  are  auch  that 
I  I  <  m/r^,  t,  y  —  1,  2,  •  •  •  ,  n,  X  “  1,  2,  •  •  •  where  ia  the  element  in 
the  t-th  row  and  the  j'-th  column  of  . 
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For  the  proof,  we  first  observe  that  the  eigenvalues  of  rA,  where  r  is  now  any 
scalar,  r  ^  0,  are  those  of  A  multiplied  by  r,  because  if  y  is  an  eigenvector  for 
the  eigenvalue  X,  then  the  equations  Ay  ^  y  and  rAy  »  r\y  are  equivalent. 
This  means  that  if  A  satisfies  the  hypothesis  of  the  Lemma,  then  a  real  number 
r  exists,  r  >  1,  such  that  the  eigenvalues  of  rA  are  still  less  than  unity  in  modulus. 
Therefore  Limjv:^*  (rA)*'  =  0.  Therefore  there  is  a  positive  number  m,  inde¬ 
pendent  of  N,  such  that  for  all  N,  \  r’^ a!‘"^  1  <  m.  The  result  follows  at  once 
from  this. 

We  now  apply  the  Lemma  to  Sh  .  Let  I  *  max,  1  c,  | .  Then'* 

l(«:*C),y|  <m{K)iMK)X, 

and 

1  1  <  nm{K)m{H)i/[r{K)X[r{H)f-*^\  0  ^  ^  AT. 

With  m  =  max  m{H)],  f  —  min  [r(/C),  r(H)],  this  becomes 

I  1  < 


From  this  we  get  the  fact  that  if  the  eigenvalues  of  K  and  H  are  all  less  than 
unity  in  modulus,  then  there  exist  numbers  M  =  rhiK,  H,  C)  >  0  and 
f  *  f{K,  H)  >  I  independent  of  N  such  that 


(7.3)  1  (Ss)ij  1  <  nNm/f>*\  t, ;  -  1,  •  •  •  ,  m;  AT  -  1,  2,  •  •  •  . 


(This  estimate  could  be  refined  so  that  it  is  independent. of  n,  using  for  ex¬ 
ample  the  methods  described  in  [2,  p.  16  (footnote)],  but  it  is  sufficiently  precise' 
as  it  stands  for  present  purposes.)  * 

The  inequality  (7.3)  implies,  of  course,  that  Limw..*.  Ss  0. 

Therefore  the  limit  of  the  vector  ,  which  we  shall  denote  by  tw„  ,  is  given 
by  the  formulas 

(7.4a)  ~  (I-  K)-V  +  2(7  -  KrW  -  HT^Hc, 

(7.4b)  -  (7  -  Kr\2C{I  -  H)-\  -  c*]. 


It  is  of  interest  to  specialize  the  m-chain  variance  given  through  (7.1)  to  the 
augmented  2n  X  2n  matrix  H*  discussed  in  Section  6.  Let  z*/  and  p%  be  chosen 
as  previously,  but  with  the  proviso  now  that  p*j  —  0  whenever  *»  0, 
i  =  1,  2,  •  •  •  ,  n,  j  *  n  -f  1,  n  -|-  2,  •  •  •  ,  2n,  and  also  that  p?/  ■»  5<> ,  t  >  n, 
j  >  n.  Then  the  matrix  K*  «  [z*,A*^]  has  the  appearance 


K* 


Zijhii  jl/p*  0 

i  -  1,  ...  n;  1/p? 

I  •  •  ^ 

j  -  1,  •  •  •  nl  0  1/pJr 

- + - 

.  0  :  7 


**  We  are  using  the  notation  Btj  for  the  t,j-th  element  of  the  matrix  B. 
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where  p*  ■»  1  —  p?y .  It  follows  as  in  the  derivation  of  (6.2)  that  if  we 
define 


tVoi 


W?, 

Ci-n  , 


t  -  1,  •  • •  ,  n, 
t  —  n  +  1,  •  •  •  ,  2n. 


-  E{{Zt[(u:c),  z*])*  I  xt  -  X,},  iv  -  1, 2, 


then  letting  u  ^  u^,. 


(7.6a) 

(7.5b) 


ivJ.i 


^(*f*)]»  +  Qc®l<,  f  =  1,  •  •  •  ,  n 

t  »  n  +  1,  •••  ,2n 
+  (7  -  K^){I  -  Kr^Qc% 


iNT  -  0, 1, 


c* 

V|— n  ) 


N  -  1,2, 


t  »  1,  •  •  •  ,  n 

t  -  n  +  1,  •••  ,2nJ 

Here  Q  denotes  the  principal  diagonal  matrix  in  the  upper  right-hand  comer  of 
K*,  and  K  means  the  n  X  n  matrix’* 

The  limiting  form  of  (7.5)  is 

(7.6a)  jvii  -  7f(*»i)]<  +  Qcf ,  t  =  1,  •  •  •  ,  n 

(7.6b)  -  (7  -  K)-^Qc% ,  t  =  1,  .  • .  ,  n 

It  was  noted  in  section  6  that  the  process 

s;_i[(c:0),  z*\  -f  Zj[(«o:0),  z*\ 


has  the  same  conditional  mean  value  as  Z%[{u\c),  z*]  for  Xt  ^  x. ,  t  ^  n.  With 
K  redefined  as  above  to  mean  2?yh<, ,  (7.2a)  (7.2b),  (7.4a),  and  (7.4b)  give  the 
components  for  t  ^  n  of  the  second  moment  of  the  random  variable  2)*-i  -{-  Z* 
exactly  as  they  stand  now.  The  components  with  i  >  n  are  all  zero. 

Several  remarks  will  now  be  made. 

(1)  The  formula  (7.6b)  was  derived  by  Forsythe  and  Leibler  [16]  as  the 
second  moment  of  the  conditional  distribution  of  the  random  variable  Zt>  de¬ 
fined  on  the  infinite  product-space  R  X  R  X  •  •  •  . 

(2)  The  formulas  for  the  second  moments  suggest  that  to  keep  down  the 
variances,  the  numbers  z^  and  p,y  or  z*  and  p*y  should  be  chosen  so  that  on 
the  average  (speaking  intuitively)  the  elements  of  the  matrix  K  should  be  as 
small  in  absolute  value  as  possible.  One  way  not  to  achieve  this  end  is  by  letting 
Pa  or  pij  be  positive  when  ha  0  or  h*j  «■  0,  because  the  unnecessary  positive 
values  of  the  p’s  in  a  given  row  could  be  apportioned  out  to  the  other  elements 
of  K  or  K*  in  that  row  so  as  to  make  the  elements  A*y/p,y  or  ht'/pti  a  little 

To  use  K  in  this  way  is  slightly  inconsistent  with  the  previous  dehnition  of  K ;  per¬ 
haps  K**  should  be  used. 
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smaller.  (We  have  anticipated  this  remark  to  some  extent  by  choosing  pa  0 
when  hij  —  0  for  j  >  n.) 

(3)  A  corollary  of  our  results  of  some  slight  interest  for  matrix  theory  is  this. 
If  [Ai/]  is  a  real  n  X  m  matrix  with  all  of  Us  eigenvalues  inside  the  unit  circle,  and 
if  there  exists  a  set  of  positive  numbers  pa  ,  t,  j  —  1,  •  •  •  ,  n  such  that  Vu  “  1» 
i  =  1,  •  •  •  ,  n  and  the  eigenvalues  of  [h'f/pij]  are  all  inside  the  unU  circle,  then  the 
diagonal  elements  of  (/  —  H)~^  are  all  greater  than  This  follows  from  (7.4b) 
with  c  specialized  to  c  »=  (5*y ,  j  =  1,  •  •  •  ,  n),  A:  *  1,  •  •  •  ,  n. 

(4)  The  natural  statistical  estimators  of  the  mean  values  Vm  ,  ws ,  Vs ,  are  of 
course  the  arithmetic  averages  of  many  determinations  of  the  respective  ran¬ 
dom  variables  of  which  these  are  the  theoretical  mean  values.  Clearly  the  vari¬ 
ances  of  these  estimators  always  exist  for  finite  matrices  and  finite  values  of  N, 
no  matter  where  the  eigenvalues  of  H  or  H*  lie.  Therefore  in  particular,  the  for¬ 
mula  (4.1)  for  the  number  of  random  walks  which  must  be  performed  to  attain 
a  given  theoretical  accuracy  is  here  valid,  with  Jhl  replaced  by  Avy ,  Aws ,  etc., 
as  the  case  may  be. 

8.  Comparison  of  the  two  methods  of  inverting  matrices.  We  shall  now  use 
the  formulas  of  the  preceding  section  to  effect  a  comparison  of  the  statistical 
error  of  the  m-chain  method  of  inverting  matrices  (Forsjrthe-Leibler)  to  that 
of  the  method  based  on  +  Zm  (Wasow)  given  in  Section  5. 

It  will  be  impossible  to  compare  these  methods  unless  the  z’s  and  p’s  are 
chosen  comparably.  Therefore  for  both  methods  we  shall  suppose  that  the  ar¬ 
rangement  described  in  Section  6  has  been  set  up;  that  is,  the  one  which  uses  ^ 
»  Pii  f  >  and  Zj .  The  comparison  will  be  made  by  comparing  only 
the  limits  of  the  variances  as  N  —*  «> ,  as  the  finite  case  seems  to  be  rather 
intractible. 

With  K  —  [zijhij  ,i,j  —  1,  *  •  •  ,  n],  and  Q  defined  as  for  (7.5),  the  formulas 
to  compare  are 

-  (/  -  K)-\2C(I  -  H)-^c  -  c*] 

and 

-  (7  -  Kr^Qc\ 

The  specialization  to  the  case  of  matrix  inversion  is  accomplished  by  letting 
c  (Shj ,  i  >•  1,  ■  ■  ’  ,  n);  then  if  the  random  walks  start  from  z  »  x,- ,  we  shall 
be  estimating  (7  —  H)Tk  .  We  then  have 

(8.1)  -  (7  -  K)Ti[2iI  -  H)jft  -  1],  ali  -  (7  -  iOaVp?  • 

The  ratio  of  these  second  moments  is 

(8.2)  -  p?(2(7  -  i7)«^  -  1] 

Since  (7  —  7f)u  is  fixed  by  the  terms  of  the  problem,  we  have  at  our  disposal 
only  the  numbers  p*  in  this  formula.  It  is  clear  that  for  a  given  H  these  can  al¬ 
ways  be  chosen  so  that  the  m-chain  method  (Forsythe-Leibler)  is  poorer  than 
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the  other  method  (Wasow).  And  for  an  H  such  that  the  diagonal  elements  of 
(7  —  H)~^  are  small,  the  Wasow  method  might  have  a  smaller  variance  than  the 
other  method,  no  matter  how  the  random  walk  was  set  up. 

These  negative  observations  come  far  from  telling  the  whole  story.  If  the 
plT’s  are  adjusted  so  as  to  be  quite  large,  in  an  attempt  to  make  the  m-chain 
method  show  up  favorably  in  (8.2),  then  the  numbers  p*y ,  t  ^  n,  j  ^  n,  will 
be  small  and  the  factors  z*y  will  have  to  be  proportionately  larger.  This  will 
make  the  elements  of  K*^  and  (7  —  K)~^  large,  and  the  values  of  both  and 
tt;„  will  be  large,  which  of  course  is  undesirable.  On  the  other  hand,  if  the  po’s 
are  chosen  so  that  the  values  of  p*  are  small,  then  the  mean  duration  of  the 
random  walk  becomes  very  long  (see  Section  9  below),  and  this  is  perhaps  more 
undesirable  for  the  Wasow  method  than  for  the  m-chain  method  because  the 
former  requires  a  little  more  computing  per  step  in  the  random  walk. 

The  question  of  an  optimum  method  from  the  point  of  view  of  minimizing 
computing  has  not  as  yet  been  settled.  Probably  there  is  no  such  thing,  be¬ 
cause  as  in  the  case  AT  »  1  treated  in  Section  4,  it  will  turn  out  that  the  more 
one  knows  about  the  solution,  the  better  one  can  do.  This  phenomenon  will 
again  be  in  evidence  in  Section  10. 

9.  The  duration  of  the  random  walk.  We  shall  now  apply  the  formulas  of  the 
preceding  section  to  obtain  theoretical  mean-values  and  dispersions  in  two 
classical  problems  connected  with  random  walks,  which  have  a  bearing  on  the 
usefulness  of  the  Monte  Carlo  methods  discussed  in  this  paper. 

We  shall  be  considering  the  random  walk  X*  ,  X*  ,  *  *  •  ,  on  the  lattice 
xi,  -  ,  Xn,  x»+i ,  •  •  •  ,  Xj» ,  Section  6.  However,  in  considering  the  associated 

matrices  H*  —  [rf/pfy]  and  K*  «■  [z*y*p?y],  (the  latter  was  introduced  in  Section 
7),  the  point  of  view  will  be  that  the  transition  probabilities  p*y  and  the  factors 
z*y  are  chosen  first,  and  the  values  of  h*y  are  determined  thereby,  instead  of 
the  other  way  around.  We  suppose  that  p*y  ■*  5,y  ,%>  n,j  >  n. 

In  each  of  the  problems  to  be  considered,  z.y  »  1.  This  means  that  K*  ^  H*  ^ 
Ip*y],  K  ^  H  ^  [p?y ,  i,  j  «■  n].  The  first  of  these  matrices  is  a  sto¬ 

chastic  matrix.  We  denote  the  second  one  by  P. 

The  first  problem  is  that  of  determining  the  mean  value  and  variance  of  the 
number  of  visits  to  x*  if  the  random  walk  starts  at  Xy .  In  accordance  with  re¬ 
mark  (3),  in  Section  5,  the  total  number  of  visits  to  x*  in  an  N-step  random 
walk  starting  at  x.  is 

2j[(5*y),  1]  “  i*(Xo )  +  i*(Xi )  +  5*(X*)  +  •  •  •  +  ik(X*), 

where  ji(xy)  »  Sm ,  j  *  1,  2,  •  •  •  ,  2n.  The  answers  to  the  problem  are  thus 
given  by  (5.2)  and  (7;2a)  or  (7.2b). 

Let  the  mean  number  of  visits  to  x*  if  the  random  walk  started  at  Xy  be  de¬ 
noted  by  Gik^ .  Then 

o!r  -  -ij 

-((7-P*«)(/-Pna, 

Gi^  «  Ski  I 


i  ^  n,k  ^  n, 
k  >  n. 
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Assiuning  that  limAUMo  *=  0,  we  have 

(9.1a) 

-  lim  Gir  =  (7  -  P)7i  , 

i  ^  n,  k  ^  n, 

(9.1b) 

G<r'  *»  Ski , 

k  >  n. 

Then  by  substituting 

into  (7.4b),  we  obtain” 

lim  Var  (Sj[(a*,),  1]  1  X?  =  x.)  =  -  G|?  -  (Gl?)*. 

W-»to 


The  first  two  terms  of  the  formula  are  of  course  just  a  special  case  of  (8.1). 
The  other  problem  concerns  the  duration  of  the  random  walk  X*  ,  Xt ,  •  ‘  . 
We  define  the  duration  to  mean  the  total  number  of  visits  made  to  each  of  the 
transient  states  Xi ,  xj ,  •  •  •  ,  x„  before  absorption  takes  place.  In  counting  the 
visits,  we  count  in  the  starting  point  of  the  walk  as  one  visit. 

If  the  walk  is  limited  to  N  +  1  visits  (that  is,  to  AT  steps),  then  the  duration 
is  clearly 

2*  [(1 :0),  1],  where  (1  jO)  -  (1, 1,  •  •  •  ,  1, 0, 0,  •  •  •  ,  0). 

n  n 

Its  conditional  mean  value  for  X*  »  Xi  is  the  vector  dit  whose  t-th  component  is 
d„  -  EJL,  dip  -  z:,!,  1(7  -  P»«)(/  -  P)-l„ ,  iSn, 
dsi  “1,  »■  >  n. 

The  vector  ds  satisfies  the  recursion  relation 

ds+\.i  =»  PdM]i  +1,  t  ^  n,  AT  =»  0,  1,  2,  •  •  •  , 

with  dni  ^  1.  Its  limiting  value  is 

(9.2)  <i.,  -  Zii  H  -  P)Ti  ,  iSn. 

.  The  variance  of  the  duration  can  be  obtained  by  substituting  appropriately 
into  (7.2a)  or  (7.2b).  We  shall  again  write  out  only  the  limiting  case.  This  is 
obtained  easily  from  (7.4b) ;  the  i-th  component  is 

-  dli  =  2  D;.,  G\T  d^i  -  d,i  -  dli . 

g  d»i(2d  -  1  -  d«<), 

where  d  ^  maXi  . 

The  duration  of  non-truncated  random  walks  in  an  infinite  product  space  has 
recently  been  investigated  in  very  general  cases  by  Wasow  [17].  Previously, 
special  cases  had  been  studied  at  some  length  by  statistical  theorists  in  connec¬ 
tion  with  the  problem  of  the  mean  length  of  a  sequential  test.  (See  [4]  for  fur¬ 
ther  results  and  references.) 

The  conditional  probability  that  falls  on  one  of  the  states  Xi ,  ■  ■  ■  ,  Xn , 

By  Var  (V  |  6)  we  mean  the  variance  of  the  conditional  distribution  of  the  random 
variable  Y,  given  that  the  event  b  has  occurred. 
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'  given  that  Xt  *  x, ,  is  clearly  .  This  is  the  probability  that  the 

walk  lasts  for  JNT  steps  without  falling  into  a  trap  state*  To  assert  that  limj^oe  P" 
a  0  is  therefore  equivalent  to  saying  that  the  probability  that  the  walk  lasts 
more  than  N  stepw  approaches  zero  with  N.  In  fact,  if  we  consider  the  infinite 
product-space  ft  X  K  X  ...  for  a  moment,  limjiiu.  =»  0  means  that  the  walk 
is  “almost  certainly”  of  finite  duration,  and  conversely.  It  is  known  (see  for 
example  Curtiss  [4,  Section  1 1]),  that  if  from  each  one  of  the  states  xi ,  X2 ,  ■  *  *  ,  x„ 
it  is  possible  to  reach  a  trap  state  over  a  path  in  R  X  R  X  "•  with  non-zero 
probability,  then  the  walk  is  almost  certainly  of  finite  duration. 

This  provides  a  sufficient  condition  for  the  validity  of  (9.1)  and  (9.2).  If  it  is 
satisfied,  then  all  the  eigenvalues  of  P  will  be  less  than  unity  in  absolute  value. 

We  mentioned  in  Section  8  that  if  the  numbers  p?  =•  1  —  small, 

then  the  mean  duration  would  tend  to  be  large.  This  follows  intuitively  from 
the  fact  that  the  smaller  the  absorption  probabilities  are,  the  longer  the  walk 
will  go  on.  A  somewhat  more  rigorous  demonstration  can  be  given  by  considering 
the  dependence  of  the  eigenvalues  of  P  on  the  row-sums  of  P.  If  p*y  >  0,  i  = 
1>  ’  ■  ‘  •  •  •  f  w,  then  as  the  minimum  row-sum  approaches  unity,  the 

eigenvalue  of  maximum  absolute  value'*  approaches  unity,  and  thus  the  con¬ 
vergence  to  zero  of  P^  becomes  slower  and  slower. 


10.  Importance  sampling.  In  this  section  we  shall  discuss  the  problem  of  the 
control  of  the  statistical  error.  The  treatment  will  be  analogous  to  the  one  in 
the  latter  part  of  Section  4.  It  will  pertain  only  to  the  estimators  Zs  and  Z%  , 
and  not  to  the  estimator  Ziv.i  -f  Zh  .  We  shall  assume  throughout  that  the 
problem  is  to  estimate  the  solution  of  (2.3)  or  (2.5).  Therefore  the  factors  z.y  and 
Pa  ,  or  z*y  and  p*y ,  will  always  be  related  in  the  usual  way  to  the  elements  of 
the  matrix  H  or  H*. 

It  is  worth  while  first  to  inquire  into  the  conditions  under  which  an  m-chain 
can  be  a  zero-variance  estimator.  It  will  suffice  here  to  examine  the  situation 
only  for  the  function  ZurW,  z]  of  Section  5. 

If  Zjv  did  indeed  have  a  conditional  variance  of  zero,  given  that  the  random  ^ 
walk  starts  at  x< ,  then  the  value  assumed  on  every  path  with  positive  probability 
would  depend  only  on  x,- .  One  way  to  insure  this  would  be  to  choose  z,-,  = 

\Ui/Uf ,  where  X  is  a  constant;  then 


,,  _,vm(Xo)  u(Xi) 


ujX/r-i) 

u{Xs) 


u(Xs) 


X'^uiXo). 


Conversely,  it  can  be  shown  that  this  is  roughly  the  most  general  choice  of 
the  factors  z.y  which  will  insure  the  desired  result.  We  shall  not  try  to  give  an 
accurate  formulation  of  the  theorem  here. 

Now  if  Zij  *=  \Ui/uj ,  then  the  requirement  that  ZaPu  =  implies  that  the 
choice  of  pa  must  be  haUj/ui .  This  in  turn  requires  not  only  that  all  of  these 
quotients  must  be  real  and  non-negative,  but  also  that  hijUj/Xui  =»  1.  The 

**  It  happens  to  be  real  and  positive,  since  P  is  a  matrix  of  positive  elements. 
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latter  relation  states  that  u  must  be  an  eigenvector  of  H  corresponding  to  the 
eigenvalue  X. 

If  we  stop  insisting  on  stationary  transition  probabilities  for  our  random 
walk,  and  also  permit  the  factors  to  vary  from  step  to  step,  then  a  zero- 
variance  m-chain  estimator  of  Un  =  H^uo  can  very  easily  be  constructed  for 
any  uo ,  provided  that  ha  >  0  and  Ui  >  0,i,j  =  1,  •  •  •  ,  n.  We  simply  choose 


(1)  hij 

«  » 

^(*)  hij  Ujf-t,j 

Us-l.i 

tij 

„(jv)  hij  Uoj 

,,  1 

Uii 

-(AO 

Us.i 
Un-u  * 

UK-i.j  ’ 


Utj 


It  is  easily  checked  that  Ztr  formed  with  these  factors  zjf^  and  with  u  =  uo,  has 
the  constant  value  for  any  random  walk  starting  at  Xi .  For  each  K,  Vk+i 
Hvk  ,  where  Vk.i  EiZx  |  Xo  «  x,),  but  the  chain  is  not  a  zero-variance  chain 
unless  K  =  N. 

The  argument  can  be  extended  so  as  to  allow  zero  elements  in  H  and  t/o  by 
giving  a  little  attention  to  the  undefined  quotients. 

It  is  not  difficult  to  proceed  from  here  to  a  practical  arrangement  whereby 
given  only  approximate  values  of  t(o ,  ,  *  *  *  ,  uy ,  a  chain  can  be  set  up  in 

which  the  variance  can  be  exhibited  as  a  function  of  the  errors  of  the  approxi¬ 
mations,  as  was  done  in  the  case  iV  1  in  Section  4.  Because  of  limitations  of 
space  we  shall  not  pursue  the  matter  further.  Instead  we  shall  study  a  special 
class  of  m-chains  which  use  stationary  transition  probabilities  and  for  which  the 
statistical  error  analysis  is  usually  easy  to  make.  These  m-chains,  however,  have 
the  slight  disadvantage  that  they  are  connected  with  a  special  type  of  matrix  H. 

The  main  problem  is,  as  usual,  to  estimate  the  vector  Us  in  the  recursion  re¬ 
lation 


(10.1)  itw+i  »  Hus  4-  c. 

We  shall  also  be  interested  in  the  problem  of  estimating  u  in  the  equation 

(10.2)  u  —  Hu  +  c, 

but  as  elsewhere  in  this  paper  this  problem  will  be  considered  as  the  limiting 
case  of  the  first  problem  as  N  becomes  infinite.  Whenever  (10.2)  is  in  view,  we 
shall  as  usual  assume  that  all  the  eigenvalues  of  H  lie  inside  the  unit  circle. 

We  now  impose  certain  conditions  on  H.  They  are  that  ha  ^  0,  and  that  a 
vector  Uo  with  positive  components  shall  exist  such  that  the  components  of 
(/  —  H)uo  are  all  positive.  The  existence  of  such  a  vector  uo  follows  automatically 
from  known  results  on  matrices  if  the  eigenvalues  of  H  all  lie  inside  the  unit 
circle  and  H  is  non-singular.  We  write  Uo  “  Hv^  -f-  c  4-  «;  then  Cj  tj  >  0, 
;  “  1,  ••• , «• 
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If  the  problem  in  view  is  to  solve  Au  ^  b,  then  theoretically  speaking,  ma¬ 
trices  H  and  M  can  always  be  selected  so  that  the  equivalent  system  u  —  Hu  -f 
Mb,  with  H  +  MA  =  I,  satisfies  the  conditions  imposed  here.  For  example, 
choose  ^  to  be  a  principal  diagonal  matrix  with  elements  lying  between  0  and  1. 
Then  its  eigenvalues  lie  in  the  unit  circle,  and  the  existence  of  a  vector  uo  with 
the  required  property  is  assured.  (Of  course,  any  particular  a  priori  choice  of  H 
such  as  this  usually  means  that  M  must  be  determined  from  M  “  A~^  (I  —  H), 
which  requires  a  knowledge  of  A~^.  In  practice  therefore  it  is  ilf  that  will  prob¬ 
ably  be  chosen  first,  not  H.) 

We  note  that  e  (or  rather  —  «)  is  the  “residual”  in  the  classical  theory  of  solu¬ 
tions  of  the  system  (/  —  H)u  »  e.  It  is  eaefy  to  show  that  if  the  successive  ap¬ 
proximations  Ui ,  ut ,  "  ■  to  the  solution  u  of  (10.2)  are  defined  by  the  recursion 
relation  (10.1),  then 

-  n  - 


The  second  member  of  this  equation  is  the  truncation  error  (as  opposed  to  the 
statistical  error)  in  the  statistical  solution  about  to  be  proposed. 

At  this  point  we  reformulate  the  problem  in  terms  of  the  partitioned  matrix 
and  vectors  introduced  in  Section  6.  The  equation  (10.1)  can  be  rewritten  as 

(10.3)  (mw+i:c)  ^  H*  X  (ujr-c) 

and  the  equation  (10.2)  becomes 


(10.4) 


(tt-c)  ^  H*  X  (uic). 


The  problem  of  solving  (10.2)  then  becomes  one  of  finding  an  eigenvector  of  H* 
for  the  eigenvalue  unity,  given  preassigned  values  Ci ,  c> ,  *  ■  *  ,  c.  for  the  last  n 
of  the  2n  components  of  the  eigenvector.  This  formulation  of  the  “steady  state” 
problem  as  an  eigenvalue  problem  permits  us  to  make  an  approach  to  the  zero- 
variance  sampling  situation  discussed  earlier  in  the  section. 

We  define  correspondences  between  the  points  Xn+\ ,  x„+j ,  •  ■  *  ,  Xi„  ,  and  the 
components  of  <  and  c  respectively  by  c(x,+,)  «  c< ,  €(x,+,)  =  e< ,  i  =  1,  •  •  •  ,  n; 
and  we  introduce  the  vector  c*  whose  components  are  given  by 


c*  =  c*(x,) 


«o(x,), 

c(x<)  -I-  e  (x.). 


i  “  1,  2,  •  •  •  ,  n 
i  =  n  -f-  1,  •  •  •  ,  2n. 


That  is,  c*  =  («o:c  -|-  e).  The  n  equations  represented  by  uo  *  Huo  +  c  -|-  « 
which  define  the  components  of  c  are  equivalent  to  the  2n  equations  repre¬ 
sented  by 

(10.5)  c*  -  H*c*. 

We  are  now  ready  to  set  up  the  basic  random  walk,  and  the  corresponding 
m-chain  whose  mean  value  is  the  solution  of  (10.1). 

The  transition  probabilities  of  the  random  walk  will  be  given  by 
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It  is  to  be  noted  that  p*y  ^  0,  and  because  of  (10.5), 

P*>  =  1.  *  “  1,  •  •  •  I  2n 

Then  z*y  is  chosen  so  that 

Zij  “  C<  /Cy 

Letting  the  random  variables  X*  ,  Xt ,  -  •  •  denote  as  usual  the  successive  states 
visited  by  a  random  walk  having  these  transition  probabilities,  and  substituting 
into  Zj[(uo:c),  z*),  we  obtain 


c*(Xo*)  c*(Xt)  e*(XU) 


Uo(Xt),dXl 
c(X%),  if  Xt  . 


c*(Xt)  c*(Xj)  c*(X:) 

Cancelling  terms  and  using  the  definition  of  c*,  we  find  that  for  X*  on  Xi , 


Xi,i  -  1,2,  •••  ,n, 
Xi, *  -  n  +  1, 

n  +  2,  •  •  • ,  2n* 


(10.6) 

where 


a(x.) 


{?: 


I  -  1,  •  •  •  ,  n 
t  »  n  +  1,  •  •  •  ,  2n. 

It  is  known  from  the  results  of  Section  6  that  E(Z%  |  Xo  xi)  >  Usi  ,i^n, 
where  Um  is  defined  by  (10.1)  above. 

The  practical  procedure  implied  here  for  estimating  uh  is  simply  this:  Start  a 
random  walk  at  Xi ,  using  the  transition  probabilities  p?y .  If  absorption  has 
not  taken  place  after  N  steps  (that  is,  if  the  random  walk  has  not  reached  any 
of  the  points  x*.,.! ,  x,+j ,  **  *  ,  Xt»),  then  record  uoi .  If  absorption  does  take 
place  during  the  N  steps,  stop  the  walk  then  and  there,  note  the  index  i  of  the 
last  point  Xi  touched  before  absorption,  and  record  tio,'Ci/(c,-  +  ti).  Do  this  for 
many  random  walks,  and  then  average  up  the  recorded  values. 

We  now  consider  the  statistical  error  of  the  procedure.  From  (10.6),** 

Var  (Zt  I  Xo*  -  X,)  -  Uo’<  Var  [«(X:)  Xo*  -  x,] , 

»■  -  1,  •  •  • ,  n. 

(We  note  in  passing  that  if  c  »  0,  then  the  variance  vanishes,  as  it  should.) 
Proceeding  as  we  did  in  Section  4,  and  letting 

t{ 

e  —  max  — ; — , 

i  Ci  +  t, 

**  By  the  symbol  Var  (Y  |  6),  we  mean  the  variance  of  the  conditional  distribution  of  Y, 
given  that  the  event  b  has  occurred. 
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we  get 

Var  {Zl  1  Xo*  -  xd  <  t  -  1,  •  •  • ,  n, 

which  for  practical  purposes  is  about  as  satisfactory  an  appraisal  of  the  variance 
as  it  seems  possible  to  obtain.  It  contains  none  of  the  unknown  quantities  in 
the  problem. 

By  using  the  formulas  and  methods  of  Section  7,  it  is  easy  to  get  an  explicit 
formula  for  the  variance.  The  result  is 

Var  (Z%  I  X?  -  X.) 

=  u«.(/  -  H^){I  -  -{{I-  H)-'  *1.}*,  t  =  1,  •  •  •  ,  n, 


where 


t 


Ci  +  e,’ 


t  =  1 ,  •  •  • ,  n. 


One  somewhat  interesting  conclusion  that  can  be  drawn  from  this  formula  is 
that  if  Tio  is  chosen  so  as  to  have  constant  components,  then  the  variance  will 
have  one  standard  limiting  vector  as  iV  — »  <»,  no  matter  what  the  magnitude 
of  the  components  of  uo  may  be.  It  turns  out  that  this  limiting  vector  is 

(/  -  ^)~V  -  u\ 


where  u  is  the  solution  of  (10.2)  and 


Ci 


E^i(/  -  H)i/ 


i  =  1 ,  •  •  •  ,  n. 
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A  GENERAL  SOLUTION  OF  THE  TWO-FREQUENCY  MODULATION 
PRODUCT  PROBLEM.  L* 

By  R.  L.  Sternberg  and  H.  Kaufman 

1.  Introduction.  The  purpose  of  this  paper  is  to  present  a  general  method  for 
readily  obtaining  approximate  numerical  values  of  the  amplitudes  of  the  modu¬ 
lation  products  which  occur  in  the  output  when  a  two-frequency  input  is  applied 
to  an  arbitrary  modulator  having  a  continuous  output  versus  input  character¬ 
istic;  a  partial  analytical  solution  of  the  problem  is  also  indicated.  In  solving 
the  problem  it  is  shown,  in  particular,  that  approximate  values  of  the  modula¬ 
tion  product  amplitudes  always  can  be  determined  as  simple  linear  combinations 
of  the  values  of  four  new  functions  introduced  by  W.  R.  Bennett  [1,  2]  and  that 
the  output  can  be  approximated  uniformly  for  all  time  by  the  convergent  double 
Fourier  series  having  these  approximate  values  as  coefficients.  The  approximate 
values  of  the  modulation  product  amplitudes  determined  by  the  method  given 
are  shown  to  be  capable  of  an  arbitrary  degree  of  refinement,  subject  only  to 
limits  of  accuracy  of  determination  of  the  four  new  functions  mentioned,  tables 
of  which  are  to  be  given  in  Part  II  of  the  present  paiier,  and  an  estimate  of  error 
is  indicated.  The  method  yields  exact  values  of  the  modulation  product  ampli¬ 
tudes  in  the  case  of  such  modulators  as  the  biased  ideal  rectifier  or  ideal  limiter, 
whose  output  versus  input  characteristic  is  a  continuous  polygonal  function, 
and  is  an  extension  of  the  method  employed  by  Bennett  [2]  in  connection  with 
those  two  devices.  Finally,  the  method  will  be  applied  in  Part  III  to  study  in 

,  some  detail  a  number  of  examples  including  among  others  the  two  particular 
modulators  just  mentioned. 

The  problem  is  formulated  in  §2.  In  §3  an  approximate  solution  is  derived. 
The  coefficients  in  that  solution  are  reduced  in  §4  by  the  method  of  Bennett 
and  are  thus  found  to  be  expressible  in  terms  of  the  four  new  functions  men¬ 
tioned;  several  properties  of  these  functions  are  noted  and  power  series  expan¬ 
sions  for  them  are  obtained  in  §5. 

2.  Formulation  of  the  problem.  Consider  an  arbitrary  modulator  whose  output 
versus  input  characteristic  F  =  F (Y)  is  a  continuous  function  of  Y  on  a  finite 
closed  interval  —a^X^a.  Let  the  input  x(t)  be  given  as 

(2.1)  x(t)  =  P  cos  (pi  +  9p)  +  Q  cos  (gi  +  0q),  0<P<P  +  Q^2P^a. 

Then  without  regard  to  convergence,  the  output  y(t)  s  F(x(0)  has  associated 
with  it  a  double  Fourier  series  of  the  form 

(2.2)  y(i)  Coo  +  ^*"-0  C±«,»  cos  ((ja±mtX  +  4>±mn), 

where  the  asterisk  indicates  that  the  summation  is  to  be  extended  over  both  the 
upper  and  lower  signs  when  m*n  ^  0  and  over  only  the  upper  sign  when  T»*n  =  0 

•  Presented  to  the  American  Mathematical  Society  at  their  New  York  Meeting  April 
25,  1952. 
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with  the  single  exception  that  the  term  occurring  under  the  summation  sign 
for  m  =  n  =>  0  is  not  to  be  included  in  the  sum.  In  (2.2)  the  angular  frequencies 
and  phase  angles  are  given  by  the  formulas 

(2.3)  u±mn  ^  mp  zknq,  -  m0p  ±  nd, ,  (m,  n  =  0,  1,  2,  •  •  •  ), 

while  in  terms  of  the  periodic  continuous  function  of  two  variables 

(2.4)  F(u,  v)  “  Y{P  cos  u  +  Q  cos  v), 
the  coefficients  in  (2.2)  are  given  by  the  formulas 

(2.5)  -  (1/2t*)  LX  F{u,  v)  cos  (mu  ±  nv)  du  dv,  (m,  n  *  0, 1, 2,  •  •  •)• 

The  quantities  ^Coo  and  ,  (m  +  w  ^  1)  are  by  definition  the  desired 
modulation  product  amplitudes;  hence,  our  problem  is  to  determine  approxi¬ 
mate  numerical  values  of  these  quantities  for  given  values  of  P,  Q  and  modulator 
characteristics  Y  =  F(X).  By  ordinary  methods  the  problem  is  usually  a  labori¬ 
ous  one  since  the  integrals  on  the  right  in  (2.5)  are  not  usually  expressible  in 
terms  of  knowm  functions  and,  moreover,  have  to  be  treated  separately  for  each 
different  modulator  characteristic.  In  the  balance  of  the  paper  we  show  how  to 
solve  this  problem  by  an  approximation  process  which  jrields  values  of  the  modu¬ 
lation  product  amplitudes  J^Coo  and  C±*»,  (m  +  n  ^  1)  accurate  to  within  an 
arbitrary  4c/t,  expressed  as  simple  linear  combinations  of  integrals  which  are 
independent  of  the  modulator  characteristic  and  which  for  all  values  of  m  and 
n,  in  turn  can  be  expressed  as  simple  linear  combinations  of  the  values  of  the 
four  new  functions  of  Bennett  [1,  2]  mentioned  in  the  introduction  and  to  be  ' 
tabulated  in  Part  II.  In  this  process  it  is  shown,  moreover,  that  the  double 
Fourier  series  obtained  from  (2.2)  by  replacing  the  quantities  3^Coo  and  C±mn  , 

(m  +  n  ^  1)  by  their  approximate  values  converges  and  approximates  the 
output  y(t)  to  within  e  for  all  t  independent  of  the  convergence  properties  of  the 
series  (2.2)  itself. 

It  may  be  remarked  that  although  the  approximation  process  may  appear 
somewhat  complicated,  it  will  be  found  in  practice  to  be  quite  simple  to  carry 
out.  , 

3.  Approximate  solution.  Let  the  modulator  characteristic  Y  =-  Y(X)  be 
approximated  to  within  an  arbitrarily  preassigned  c  >  0  uniformly  on  the  finite 
closed  interval  — a^X^abya  continuous  polygonal  function  S(X;  «)  ex¬ 
pressed  as  a  sum  of  the  form 

(3.1)  S(X-,  .)  -  Y(-a)  +  S”-."  X,) 

where  the  and  gj  are  suitable  numbers  with  —  a  ^  Xi  <  Xi  <  •  •  •  <  Xmm  < 
a  and  the  F(X;  Xy)  are  unit  ramp  functions  satisfying  F(X;  Xy)  «  0  for  X  < 

Xf  and  F(X;  Xy)  -  X  —  Xy  for  X  ^  Xy ,  —  1,  2,  •  •  •  ,  N{t)).  In  view  of  the 

continuity  and  consequent  uniform  continuity  of  F(X)  on  —  o  ^  X  ^  a  such 
an  approximation  can  always  be  carried  out  and  in  practice  a  suitable  choice 
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of  the  numbers  Xj  ,gi  and  iV’(c)  for  a  given  e  can  usually  be  made  conveniently 
by  graphical  means.  Thus  in  a  particular  case  one  may  plot  the  modulator  char¬ 
acteristic  Y  Y{X),  draw  in  a  polygonal  curve  approximating  Y  =  Y{X)  to 
within  c  uniformly  on  —  a  ^  X  ^  a  and  thed  determine  the  numbers  X, ,  gj 
and  A^(e)  essentially  by  inspection  from  the  polygonal  curve.  By  Hobson  [3; 
p.  710]  or  Tonelli  [5;  p.  454]  each  of  the  periodic  continuous  functions  of  two 
variables 

(3.2)  /i(M,  v)  =  y(Pco8M -I- Qcost»;Xy),  0’ *  1»  2,  •  •  •  ,  Ar(e)), 

(3.3)  /(u,  t;;  *)  =  r(-a)  -|-  j7,F(P  cos  u  -h  Q  cos  t;;  X^), 

has  a  double  Fourier  series  expansion  everywhere  convergent  to  that  function. 
Moreover,  introducing  parameters  =  (Xj/P),  k  =  (Q/P)  and  factoring  out 
the  P  in  each  function  />(ti,  v)  these  expansions  can  be  written  respectively  in 
the  forms 

(3.4)  fj{u,  v)  =  }iPAoo{hj ,  k)  +  PX]I."-o  ^±«»(hi ,  k)  cos  (mu  ±  nv), 

0'=  1,2,  ...,iNr(*)), 

(3.5)  /(u,  v;  e)  =  HBooie)  -|-  cos  Onu  ±  nv), 

where  the  coefficients  are  defined  as 


A±«.«(Ai,A:)  «=  (1/2t*P)  f  f  fj(u,v)  cos  (mu  ±nv)  dudv, 

(3  6) 

(m,n-0,l,2,  -1,2,  ...,iNr(*)) 

0  ^  ^ 

Pi:«.»(«)  “  (1/2t*)  /  /  /(u,  v;  «)  cos  (mu  ±  nv)  du  dv, 

(3.7) 

(m,  n  -  0, 1, 2,  •  •  •)’ 


and  may  be  seen  with  the  aid  of  (3.2),  (3.3)  and  an  elementary  theorem  on  in¬ 
tegrals  to  be  related  by  the  formulas 

HBM  -  y(-<.)  +  hpE";’  gjAKih, ,  h), 

(m  +  nai). 


Formulas  (3.8)  constitute  an  approximate  solution  of  our  problem  in  terms 
of  the  coefficients  A±mn(hi ,  k)  to  he  determined  later;  that  is,  the  quantities 
}^Boa(t)  and  P± «„(<),  (m  -j-  n  ^  1)  as  given  by  (3.8)  are  linear  approximate  ex¬ 
pressions  for  the  desired  modulation  product  amplitudes  ^Coo  and  C±mn, 
(m  +  n  ^  1).  Indeed,  with  the  aid  of  the  constructed  properties  of  the  function 
/(u,  v;  t),  particularly,  the  relation  |  P(u,  v)  —  /(u,  w;  «)  |  ^  «,  to  establish  the 
inequalities 


(3.9) 


(l/2x*)  //:  I  P(u,  t;)  —  /(u,  »;  e)  I  •  I  cos  (mu  ±  nv)  j  du 


dv 


2t,  (m  ^  n 
(m  -f-  n 


0). 

D* 
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it  is  seen  readily  from  (2.5)  and  (3.7)  that  the  approximate  modulation  product 
amplitudes  given  by  (3.8)  in  terms  of  the  coefficients  (3.6)  differ  from  the  true 
values  I^Coo  and  ,  (m  +  n  ^  1)  by  not  more  than  4«/r  in  all  cases,  i.e., 
we  have 

1  M'®oo(«)  —  HC'oo  I  ^  <  4«/ V,  I  ~  C'±mn  I  ^  4€/t, 

(3.10) 

(m  +  w  ^  1). 

Moreover  from  the  same  properties  of  /(u,  v;  e)  and  the  convergence  of  its  double 
Fourier  series  (3.5)  it  follows,  putting  u  pt  -h  Op ,  v  ^  qt  +  0g  in  the  latter, 
that  the  output  j/(t)  =  Y{x(t))  is  given  to  within  «  for  all  t  by  the  approximate 
formula 

(3.11)  y{t)  =  ^Boo(<)  +  cos 

Finally,  in  the  case  of  a  modulator  whose  characteristic  Y  »  Y(X)  is  a  con¬ 
tinuous  polygonal  function  on  the  closed  interval  —  a  ^  X  ^  a  it  is  clear  that 
one  may  take  e  »  0  in  the  above  process  so  that  the  modulation  product  ampli¬ 
tudes  as  given  by  (3.8),  and  the  output  as  given  by  (3.11),  are  in  this  case  exact. 

It  remains  now  to  show  how  to  determine  the  coefficients  ,  k)  defined 

by  (3.6);  we  do  this  in  §§4  and  5  below  carrying  out  the  reduction  in  §4  of  the 
higher  order  coefficients  A^mnihi ,  k)  to  linear  combinations  of  the  four  lower 
order  coefficients  Aoaihj ,  k),  Awihj ,  k),  Aoiihj ,  k),  Au(hi ,  k)  by  the  method  of 
Bennett  [2]  and  deriving  in  §5  power  series  expansions  for  the  lower  order 
coefficients  mentioned. 


4.  Reduction  of  the  coefficients.  To  simplify  the  coefficients  (Ay ,  k) 
defined  by  the  formulas  (3.6)  we  begin,  by  noting  from  the  symmetry  properties 
of  the  functions  /,(«,  w),  that  A+mn(h) ,  k)  ■■  A-mn(hi ,  k)  for  all  m  and  n  so 
that  the  double  sign  can  hereafter  be  dropped.  Next,  noting  the  formulas 


(4.1) 


v) 


rP(C06  U  +  k  COBV  —  hi), 

I  0 


cos  u  +  k  cos  V 


J^hi, 

\<hi, 


(y.  1,2,  ••• ,«.)), 


and  considering  the  variOUs  forms  that  can  be  assumed  by  the  curve  cos  u  -\- 
k  cos  V  «  A,  A  »  Ay ,  which  bounds  the  region  in  the  closed  square  —  r  ^  u  ^  t, 
— T  ^  ^  T  over  which  /y(tt,  v)  9^  0  and,  hence,  over  which  the  integrations 

in  (3.6)  actually  have  to  be  carried  out,  we  find  that  there  are  five  cases  corre¬ 
sponding  to  different  values  of  the  parameters  A  ■*  Ay  “  (Xi/P)  and  k  —  (Q/P). 
These  five  cases  are  defined  by  the  inequalities 


(4.2) 


(o)  A  —  A  ^  1, 


(i) 


A  —  A  <  1, 
A  -j-  A  >  1, 


(ii) 


A  -  A  ^  -1, 
A  -f-  A  ^  1, 


(iii) 


A  -  A  <  -1, 
A  -+-  A  >  — 1, 


(00)  A  A  ^  -1, 


and  have  thus  been  chosen  according  as  the  curves  of  the  family  cos  u  +  Acos 
V  ■=  A  in  the  closed  square  — except  for  certain  border- 
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line  curves  which  separate  cases,  consist  of:  (o)  at  most  the  point  u  »  t;  »  0 
the  corresponding  function  //(u,  v)  being  everywhere  zero,  (i)  a  single  closed 
curve,  (ii)  two  open  branches,  (iii)  four  open  branches  or  («)  at  most  the  four 
points  u  —  dbT,  V  =»  ±T,  the  corresponding  function  /j(u,  v)  being  positive  at 
least  at  all  other  points.  For  figures  showing  various  forms  of  these  curves  we 
refer  to  Bennett  [1 ;  p.  231]  and  [2;  p.  144];  in  connection  with  the  latter  reference 
it  may  be  noted  that  Bennett’s  case  (I)  corresponds  to  our  case  (iii)  and  vice 
versa. 

We  first  dispose  of  the  two  degenerate  cases  (o)  and  (<»).  In  these  cases  (3.6) 
and  (4.1)  yield  at  once  the  results 

(o)  i4«,(h,  k)  =  0,  (m,  n  -  0,  1,  2,  •  •  •), 

(4.3)  (oo)  Aoo(h,  k)  =  -2h,  A^(h,  k)  -  1,  Aoi{h,  k)  =  k,  A^^ih,  k)  -  0, 


(m  +  n  >  1), 

where  h  hj.  Proceeding  now  to  the  non-degenerate  cases  (i),  (ii)  and  (iii) 
we  find,  with  the  aid  of  formulas  (4.1),  that  in  these  cases  the  Amn(h,  k)  defined 
by  (3.6)  can  always  be  expressed  in  either  of  the  forms 

Amnih,  k)  ■=  (2/t*)  I  (cos  u  +  k  cos  V  —  h)  cos  mu  dwj  cos  nv  dv 

(4.4)  -I-  (2/t*)  r[r  (cos  u  +  k  cos  V  —  h)  cos  mu  dw  J  cos  nv  dv, 

{m,n  -  0, 1,2,  •••)» 

/.»(»)  1 

I  j  (cos  u  +  k  cos  V  —  h)  cos  nv  di;  J  cos  mu  du 

(4-5)  +«/'■)/■[/'(<=<«  u  k  cos  V  —  h)  cos  nv  dv  J  cos  mu  du, 

(m,n  =»  0, 1,2,  •••), 

where  o,  6,  c  and  a,  0,  y  are  defined  in  terms  of  the  parameters  h  =  hy  =  (Xj/P), 
k  =  iQ/P),  h'  ■■  (h/k)  and  k'  »  (1/fc)  in  cases  (i),  (ii)  and  (iii)  respectively  as 

b  —  co8~‘(h'  —  k'),  0  =  0, 

0  =  cos“‘(h  —  A:), 

6  =  T,  o  =  cos~*(A  -f-  k), 

0  =  C08“‘(h  —  k), 
a  =  C08~‘(fc  -|-  k). 


(i)  a  -  0, 

(ii)  0  =  0,  b 

(iii)  a  =  cos“‘(h'  -]-  k'),  b 


“  T, 

and  in  all  three  cases  we  have  c(v)  =  co8~‘(fc  —  k  cos  v)  and  y(u)  = 
co6~^(h'  —  k'  cos  u).  In  a  number  of  subcases  the  second  integrals  in  (4.4)  and 
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(4.5)  are  zero;  in  particular,  the  second  integral  in  (4.4)  is  zero  in  cases  (i)  and 
(ii)  for  all  m,  n  and  in  case  (iii)  for  m  ^  2,  while  the  second  integral  in  (4.5)  is 
zero  in  case  (i)  for  all  m,  n  and  in  cases  (ii)  and  (iii)  for  n  ^  2. 

The  iimer  int^rations  in  each  of  the  double  integrals  in  (4.4)  and  (4.5)  can 
always  be  performed.  With  the  aid  of  this  fact  one  can  establish  recursion  rela¬ 
tions  between  the  inner  integrals  in  the  first  double  integrals  of  (4.4)  and  (4.5) 
separately,  both  resulting  relations  being  required,  which  then  together  lead, 
after  elementary  but  somewhat  lengthy  calculations,  to  the  following  set  of 
linear  recursion  identities  between  the  coefficients  Am»ih,  k)  as  functions  of  the 
parameters  h  and  k,  which  are  valid  in  all  five  cases  of  these  parameters  and  are 
of  particular  interest  in  cases  (i),  (ii)  and  (iii): 

(m  —  n  -f  3)i4,„+i,,_i  s  —  (m  -|-  n  —  3)A»_i,n-i 

2mhA^,^i  —  2mkA^n ,  (m,  n  ^  1), 

(m  -f  n  -h  l)y4*„  s  -(m  —  n  —  3)A«_i.,  —  2(m  -  l)fci4*_i.,_i 

(4.6)  -b  2(m  -  l)hA^i,n  ,  (tra  ^  2,  n  ^  1) , 
(n  -b  m  -f  l)A„n  s  —  (n  -  m  -  3)il«,_j  —  2(n  -  l)fc'A*_i.n_i 

-b  2(n  -  l)h'A^,n-i ,  (m  ^  1,  n  ^  2), 

(n  —  m  -b  3)i4,„_i,»+i  s  —  (n  -b  w  —  3)A,,,_i.»_i 

+  2nh*A^-i,n  -  2nk'A.,n  ,  (rn,n  ^  1), 

where  again  h*  »  (h/k)  and  k'  =  (1/fc).  Relations  equivalent  to  (4.6),  except 
for  two  minor  misprints,  have  been  given  by  Bennett  [2;  p.  159]  and  are  therein 
attributed  to  S.  0.  Rice.  With  the  aid  of  relations  (4.6)  the  higher  order  coeffi¬ 
cients  A„nih,  k)  can  be  expressed  in  terms  of  the  first  four  coefficients,  i.e.,  in 
terms  of  Awik,  k),  Aio(h,  k),  An(h,  k)  and  An(h,  k).  Thus  for  example  we  have 
the  following  formulas  for  the  second  and  third  order  coefficients: 

Ata  =  ^‘^Aoa  -b  ^ihAio  —  ^ikAu  , 

Am  —  H-^oo  +  —  ^iJk'Au, 

Am  ^  \^Am  +  (M**  +  -  Vi^Am  -  HhkAn, 

(4.7) 

^*1  —  ^Aoi  —  ^kAw  +  }^hAii , 

=  y^Aw  ~  y^k^Aoi  -b  All , 

Am  ^  }.ih'Am  +  (H*'*  +  Hh'*)Aoi  -  yik'Am  -  HhTAn. 

Assuming  for  the  moment  that  values  of  the  functions  Amih,  k),  Aioih,  k), 
Aoiih,  k)  and  Aii{h,  k)  for  suitable  values  of  the  parameters  h  and  k  are  known, 
one  now  may  obtain  readily  an  approximate  numerical  solution  of  the  problem. 
To  recapitulate  briefly  one  proceeds  as  follows:  (a)  construct  the  polygonal 
approximating  sum  (3.1)  graphically  thereby  determining  the  numbers  Xf,  gj 
and  iV(«),  (b)  form  the  sums  (3.8)  giving  linear  approximate  expressions  y^Bmit) 
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and  B±«n(e),  (m  +  n  ^  1)  for  the  desired  modulation  product  amplitudes  )^Coo 
and  ,  (m  -|-  n  ^  1)  and  (c)  determine  the  coeflficients  A^mn{hj ,  k)  = 
A^nihi ,  k)  in  these  approximate  expressions  where  hj  =*  (Xj/P)  and  k  =  (Q/P), 
from  formulas  (4.3),  (4.6)  and  (4.7)  as  linear  combinations  of  the  quantities 
Aooihj ,  k),  Aioihj ,  k),  Aoiihj ,  k)  and  Auihj ,  k).  To  realize  an  actual  approximate 
numerical  solution  computation  of  the  values  of  the  functions  Awih,  k),  Auih,  k), 
Anih,  k)  and  Au(h,  k)  for  a  number  of  values  of  their  parameters  h  and  k  has 
been  undertaken  and  tables  of  these  functions  will  be  given  in  Part  II  of  the 
present  paper. 

In  certain  cases,  particularly  in  the  case  of  modulators  whose  characteristic 
Y  =  YiX)  satisfies  the  antisymmetric  condition  F(— X)  *  —  F(X),  e.g.,  the 
symmetric  case  of  the  ideal  limiter  mentioned  in  the  introduction  and  to  be 
studied  in  detail  in  Part  III,  the  above  process  can  be  somewhat  simplified  by 
a  symmetric  choice  of  the  numbers  X  j  and  corresponding  antisymmetric  choice 
of  the  numbers  Qj  in  (3.1)  together  with  use  of  the  following  identities  which 
again  are  valid  in  all  five  cases  of  the  parameters  h  and  k: 

Aooi-h,  k)  a  Aw(h,  k)  +  2h,  Av>{-h,  k)  =  I  -  Aw{h,  k), 

(4.8)  Aox(-h,  k)^k-  Aoiih,  k),  A^ni-h,  k)  a  (-1)"+M«,(A,  k), 

(m  +  n  >  1). 

These  relations  also  have  been  given  by  Bennett  [2;  p.  158]  and  may  be  estab¬ 
lished  in  all  five  cases  by  elementary  means,  the  essential  feature  of  the  deriva¬ 
tion  in  cases  (i),  (ii)  and  (iii)  being  to  note  that  if  h  is  replaced  by  —A  in  the 
*  equation  cos  u  +  k  cos  v  ^  'h  then  a  curve  in  case  (i)  is  carried  into  a  curve  in 
case  (iii)  and  vice  versa,  while  a  curve  in  case  (ii)  is  carried  into  another  curve 
in  the  same  case  provided  in  the  latter  instance  that  h  0.  Relations  (4.8) 
have  been  used  extensively  in  constructing  the  tables  of  the  functions  Aw(h,  k), 
Avi{h,  k),  Aoiih,  k)  and  Au(h,  k)  for  Part  II  and,  if  desired,  may  also  be  used 
to  simplify  slightly  the  derivation  of  the  identities  (4.6)  but  are  not  essential 
to  that  derivation. 

5.  Power  series  for  Aooih,  k),  Aio(h,  k),  Aoi(h,  k)  and  ilu  (h,  k).  For  values 
of  h  and  k  in  case  (ii),  i.e.,  for  |  |  +  k  ^  1,  one  may  readily  obtain  double 

series  in  powers  of  h  and  k  for  the  functions  in  the  title.  To  this  end  we  begin 

by  noting  with  the  aid  of  (4.4)  in  case  (ii)  the  formulas 

Aoo(h,  k)  “  (2/ir*)  f  R(h  —  k  cos  v)  dv, 

Jo 

Aw(h,  k)  =■  (1/t*)  Sih  —  k  coav)  dv, 

Aoi{h,  k)  —  (2/t*)  f  Rih  —  k  COB  v)  COB  V  dv, 

Jit 

Anih,  k)  =  (1/t*)  f  S(h  —  k  COB  v)  COB  V  dv, 

Jo 


(5.1) 
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where 

(5.2)  Riw)  -*  (1  —  —  w  co8“‘to,  S{w)  -  co8“‘«;  —  u;(l  — 

Next  noting  that  in  case  (ii)  we  have  |h  —  A:co8t>l^l/»l  +  ifc^  Iwe  expand 
each  of  the  functions  R{w)  and  S{w)  in  powers  of  w  and  note  ^dth  the  aid  of 
Knopp  [4;  p.  215  and  p.  426]  and  elementary  arguments  that  the  resulting  series 
are  not  only  convergent  but  are  uniformly  convergent  for  |  u>  j  ^  1.  Hence, 
putting  w  •=  h  —  k  cos  v  and  substituting  the  series  for  R(h  —  A;  cos  v) 
and  Sih  —  A:  cos  y)  in  the  integrands  of  the  integrals  in  (5.1),  we  apply  the  bi¬ 
nomial  theorem  to  expand  powers  of  {h  —  k  cos  v)  and  integrate  termwise  to 
obtain  the  expansions 


lAUh,k)+lh^  l(o)+^l(o)^’  + 


+  2^(2)^’  + 


2-3  VO 


2-4-5  VO 


2-4-5  V2/2 


2-4-5V4/2-4 


I  ‘  -  -2-n  (1)  1“  -  2-^3  (t)  ¥'‘ 


44-.  ('?)!*•*- 


2-4-6-5  Vl/2 


2-4-3  V3/2-4 


1.3  /6y  .3  ,  ,  1-3 

2-4.6-5  V3/2-4'*  2*4-6-5 


6\  1-3 -5 


i  ‘  (1)  -  ^3  (1)  -  24-5  0  ¥''‘  - 

_  J_  ^  _  JL_/5\  13  _ 

2  3  W  2-4*  2.4.5  W  2-4 


1  /5y.3.5.> 

2  4  5  V5/ 2-4. 6 


each  of  which  converges  for  |  A  |  -f  A;  ^  1,  i.e.,  for  h  and  k  in  case  (ii)  and  where 
the  binomial  symbols  are  defined  as  in  Knopp  [4;  p.  209).  The  coefficients  in 
these  series  follow  a  pattern  which  may  be  easily  determined  by  checking  through 
the  details  of  the  derivations;  in  particular,  in  each  coefficient  the  left  hand 
factor  arises  from  the  expansion  of  the  relevant  function  Rfw)  or  S(w)  in  (5.2), 
the  middle  factor  arises  from  the  binomial  development  of  the  powers  of  w  ^ 
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h  —  k  cos  V  in  the  expansions  just  mentioned  and  the  right  hand  factor  results 
from  carrying  out  the  integration. 

For  1^1+1;  <  1  one  may  establish  readily  a  convenient  estimate  for  the 
error  which  results  when  the  series  (5.3),  (5.4),  (5.5)  and  (5.6)  are  truncated 
after  a  finite  number  of  terms.  Thus  by  employing  a  suitable  geometric  series 
to  estimate  the  remainder  after  the  term  in  w**  in  the  expansion  of  R(w)  or  the 
term  in  ic*"'*'*  in  the  expansion  of  S(w)  for  |  u>  |  <  1,  one  may  show  that  if  the 
series  (5.3)  and  (5.5)  are  broken  off  immediately  after  the  terms  in  h  and  k  of 
total  degree  2n,  or  the  series  (5.4)  and  (5.6)  are  broken  off  immediately  after  the 
terms  in  h  and  k  of  total  degree  2n  1,  then  for  |  ft  |  -f-  ^  <  1  the  error  E(h,  k) 
so  incurred  in  the  evaluation  of  the  fimctions  Awih,  k),  Aw{h,  ft),  An{h,  ft)  and 
•4ii(ft,  ft)  by  the  resulting  finite  approximations  will  satisfy 


Eih,  ft) 


3.5...(2n  -  1) 
•6--*(2n  -f-  2)(2n  -|-  1) 


■  r  r  (ft  -  ft  cos  1 , 
_  Jo  _1  —  (ft  —  ft  cos  r)*J 


For  practical  purposes  the  integral  in  (5.7)  may  either  be  estimated  with  the 
aid  of  the  relation  |  ft  —  ft  cos  t;|^|ft|-|-ft<lor  may  be  evaluated  numeri¬ 
cally. 

The  series  (5.3),  (5.4),  (5.5)  and  (5.6)  provide  a  convenient  method  for  evalua¬ 
tion  of  the  functions  Atoih,  ft),  Avoih,  ft),  .4oi(ft,  ft)  and  .4n(ft,  ft)  in  case  (ii)  and 
have  been  employed  for  that  purpose  together  with  specially  derived  numerical 
integration  formulas  in  the  preparation  of  the  tables  for  Part  II;  the  series 
(5.3),  (5.4),  (5.5)  and  (5.6)  may  also  be  combined  with  the  aid  of  the  identities 
'  (4.6)  and  (4.7)  to  yield  similar  series  for  the  higher  order  functions  Am^ih,  ft). 
t  Moreover,  to  return  to  our  modulation  product  problem,  the  series  (5.3),  (5.4), 
(5.5)  and  (5.6)  together  with  relations  (4.3),  (4.6),  (4.7)  and  (4.8)  can  be  caused 
to  yield  a  partial  anal}rtical  solution  for  the  desired  modulation  product  ampli¬ 
tudes  in  the  case  of  certain  simple  modulators  having  especially  simple  con¬ 
tinuous  polygonal  characteristics  such  as  the  biased  ideal  rectifier  or  ideal  limiter 
mentioned  in  the  introduction  and  to  be  studied  in  detail  in  Part  III.  Thus  for 
the  symmetric  ideal  limiter  whose  characteristic  Y  »  F(X)  is  polygonal  and 
satisfies  the  antisymmetric  condition  F(— X)  —  —Y{X)  we  will  obtain  in  Part 
III  with  the  aid  of  the  series  and  formulas  mentioned,  power  series  expansions 
for  the  quantities  and  C±mn,  (m  -|-  n  ^  1)  in  powers  of  ft  »  (Xo/P)  and 
ft  (Q/P)  where  ±Xo  are  the  input  values  for  which  the  limiter  saturates  and 
P  and  Q  are  as  before  the  values  of  the  input  amplitudes  in  (2.1),  the  series 
being  convergent  provided  only  that  P  —  Q  ^  Xo  >  0. 
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ON  RICHARDSON’S  METHOD  FOR  SOLVING  LINEAR  SYSTEMS  WITH 
POSITIVE  DEFINITE  MATRICES 

By  David  Young* 

1.  Introduction.  In  1910  L.  F.  Richardson  [6]*  presented  an  iterative  method 
for  solving  systems  of  linear  equations  which  arise  in  the  finite  difference  solu¬ 
tions  of  boundary  value  problems  associated  with  elliptic  partial  differential 
equations.  For  a  linear  system  of  the  form 

(1)  ZaijUi  +  di^O,  (t  =  1,2, 

where  ui,ut,  ,Uii  are  the  unknowns,  the  iterative  formula  for  Richardson’s 
method  is 

(2)  uj"'  -  III"-”  -h  jz  Oi.itij"-”  +  di|,  (n  ^  1),  (*  -  1,  2,  •  • .  ,  N) 

where  the  trial  values  Ui”,  Ut\  •  •  •  ,  are  arbitrary  and  where  the  con¬ 
stants  fin  are  “relaxation  factors”  to  be  chosen. 

It  appears  that  even  though  Richardson’s  method  was  proposed  more  than 
forty  years  ago  it  had  been  used  very  little  until  quite  recently.  Richardson  gave 
only  rough  suggestions  for  choosing  the  fin,  and  if  the  choice  of  these  numbers  is 
based  only  on  the  suggestions  given,  then  the  rate  of  convergence  is  not  much 
larger  than  that  of  the  method  wherein  one  uses  a  single  hxed  fin  for  all  itera¬ 
tions.  Recently  Flanders  and  Shortley,  [2],  used  a  method  similar  to  Richard¬ 
son’s  method  for  problems  of  Ending  by  iteration  the  smallest  eigenvalues  of 
certain  matrices.  They  used  a  theorem,  proved  by  Markoff,  [5],  on  Tschebyscheff 
polynomials  to  choose  numbers  analogous  to  the  fin  of  (2)  and  thereby  obtained 
more  rapid  convergence. 

This  theorem  on  Tschebyscheff  polynomials  was  applied  to  the  solution  of 
linear  systems  independently  by  Lanczos,  [13],  by  Shortley,  [14],  and  by  the 
author,  [12].  The  method  used  by  Lanczos  differs  from  Richardson’s  method  and 
does  not  appear  to  be  quite  as  simple  from  a  computational  point  of  view,  al¬ 
though  the  possible  gain  in  rate  of  convergence  should  be  the  same.  Shortley 
used  Tschebyscheff  polynomials  in  the  solution  of  the  difference  equation  ana¬ 
logue  of  Laplace’s  equation  in  two  and  three  dimensions.  He  also  obtained 
asymptotic  estimates  for  the  gain  in  the  rate  of  convergence.  His  procedure, 
while  ultimately  equivalent  to  Richardson’s  method,  differs  in  a  practical  ccnn- 
putational  aspect  since  it  involves  the  use  of  linear  operators  which  are  poly¬ 
nomials  in  a  single  linear  transformation  defined  on  an  N-dimensional  vector 
space.  In  most  cases  the  method  requires  the  storage  of  many  numbers  and, 

'  This  paper  was  prepared  in  part  by  research  assigned  to  the  Ballistic  Research  Labora¬ 
tories,  Aberdeen  Proving  Ground,  Maryland,  by  the  Office  of  the  Chief  of  Ordnance  under 
Project  No.  TB3-0007K.  It  was  completed  under  contract  DA-36-034-ORD-966,  placed  by 
the  Office  of  Ordnance  Research  with  the  University  of  Maryland. 

*  Numbers  in  brackets,  [  ],  refer  to  the  bibliography  at  the  end  of  the  paper. 

243 


244 


DAVID  YOUNG 


although  useful  for  computing  machines  with  large  storage  capacities,  it  does 
not  appear  to  be  as  promising  as  Richardson’s  method  for  use  on  faster  machines 
having  fairly  limited  storage  capacities. 

In  the  present  paper  we  shall  assume  that  the  N  X  N  matrix  A  of  coefficients 
aij  in  (1)  is  symmetric  and  positive  definite.  We  shall  use  Tschebyscheff  poly¬ 
nomials  to  select  the  0»  which,  in  a  certain  sense,  yield  the  fastest  possible  con¬ 
vergence  for  Richardson’s  method.  If  the  are  suitably  chosen,  then  the  rate 
of  convergence  is  as3rmptotically  proportional  to  the  square  root  of  the  rate  of 
convergence  of  the  method  using  the  best  single  fin  ,  as  the  latter  rate  of  conver¬ 
gence  tends  to  zero.  For  a  linear  system  associated  with  the  usual  difference 
analogue  of  the  Dirichlet  problem,  the  number  of  iterations  varies  inversely  as 
the  first  power  of  the  mesh  size  as  compared  to  the  second  power  of  the  mesh 
size  for  the  method  using  a  fixed  fin .  Hence  the  gain  in  using  Richardson’s 
method  is  large  for  problems  involving  a  fine  mesh. 

The  best  choice  of  the  fin  depends  on  having  good  estimates  of  the  maximum 
and  minimum  eigenvalues  of  A.  Upper  bounds  present  little  difficulty,  but 
lower  bounds  are  often  difficult  to  estimate.  In  Sec.  3  the  dependence  of  the  rate 
of  convergence  on  the  accuracy  of  the  estimated  lower  bound  of  the  eigenvalues 
of  A  is  considered.  The  relative  decrease  in  the  rate  of  convergence  is  shown  to 
be  nearly  proportional  to  the  relative  error  in  the  estimated  lower  bound.  In 
Sec.  4  the  problem  of  the  control  of  roundoff  errors  is  discussed. 

It  is  believed  that  the  theorem  on  the  gain  in  the  rate  of  convergence  for 
Richardson’s  method  is  new,  as  are  the  theorems  on  the  effects  of  errors  in 
estimating  the  minimum  eigenvalue  of  A. 

In  Sec.  5  we  give  a  brief  comparison  of  Richardson’s  method  and  other  methods  * 
including  the  Successive  Overrelaxation  Method  and  gradient  methods.  The 
order-of-magnitude  gain  in  the  convergence  rate  is  the  same  for  Richardson’s 
method  as  for  the  Successive  Overrelaxation  Method,  and  Richardson’s  method 
can  be  shown  to  apply  under  more  general  conditions.  On  the  other  hand,  the 
other  method  is  better  adapted  for  machines  since  it  requires  less  storage,  is 
simpler,  has  a  much  smaller  tendency  to  accumulate  roundoff  errors,  and  in 
many  cases  it  can  be  shown  to  converge  at  least  twice  as  fast. 

2.  Convergence.  Let  t;  =  (ri ,  v* ,  •  •  •  ,  vy)  denote  generically  a  vector  in  the 
vectiH*  space  F  of  ^  -  tuples  of  real  numbers.  Since  the  matrix  A  is  symmetric 
and  positive  definite,  there  exist  N  positive  eigenvalues  vi,  vt,  •  •  • ,  i»y  and  N 
linearly  independent  eigenvectors  ,  •  •• ,  such  that 

(3)  Z  v?\  «  -  1,  2,  . .  ■  ,  AT),  (fc  -  1,  2,  •  •  •  ,  N). 

>-i 

Moreover,  the  eigenvectors  are  orthogonal  under  the  inner  product  defined  by 

(x,  y)  -  Z  x<  Vi 

<>t 

and  hence  form  an  orthogonal  basis  for  . 
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Since  the  determinant  of  A  does  not  vanish  there  exists  a  unique  solution  of 
(1)  which  we  denote  by  u.  Let  us  define  the  error  of  the  n-th  iterated  vector  by 

(4)  -  u. 

Evidently,  by  (1),  (2),  and  (4)  we  have 

(5) 


e»  "  ■'  +  /3i« 


or 

(50 


»<») 


(t-1,2,  ....iST) 


where  Y (/3,)  is  a  linear  operator  in  . 

Given  any  there  exist  constants  cj ,  cj ,  •  •  •  ,Ch  such  that 


(6) 

t-i 

Using  (5)  and  (6)  we  obtain,  for  any  integer  p 

(7)  ■»  ^  ft  (1  + 

fc-i  t>-i 

and  by  the  orthogonality  of  the  eigenvectors  we  have 

,  (8)  II  e"’  ir  -  e"')  -  E  cJ  11 II*  (ft  (1  + 

k-\  j 


or 

(9) 

where 

(10) 


-O)  II* 


^  II 


CO)  II*  %  t 


Max 


n  (1  +  ^nVk) 


(k  -  1,2, 


N). 


For  a  given  integer  m,  in  order  to  make  the  least  upper  bound  for  all  c  Vn 
of  the  ratio  ||  ||  /  ||  ||  as  small  as  possible  we  would  choose  the  jSlT’  such 

that  is  a  minimum.  (Here  the  superscript  m  is  introduced  to  indicate  the  de¬ 
pendence  on  m).  However,  if  we  know  only  that  for  some  numbers  a,  h 


(11) 


0  <  a  ^  Ft  ^  6, 


(fc-  1,2,  ...,Ar) 


then  it  appears  natural  to  consider  as  the  optimum  set  of  those  which  mini¬ 
mize  ,  where 


(12) 


Xm  ■■  Max 

ajjrSO 


n  (1  +  «?•’-) 

Ha^l 
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Brauer  [1]  has  shown  that  for  all  k 

r*  ^  Max  I  aij  ||,  (»  «  1,  2,  •  •  •  ,  AT); 

hence  we  have  an  upper  bound  for  the  eigenvalues  of  A.  There  do  not  appear  to 
be  in  the  literature  any  explicit  formulas  for  lower  bounds,  however. 

For  convenience,  let  us  introduce  the  new  variable  y  defined  by 


(13) 


2y  ,6  +  0 
^  “  6-0  6  —  o’ 


The  interval  o  ^  f  ^  6  is  mapped  onto  the  interval  —  1  ^  y  1  in  such  a 
way  that  7  —  1  corresponds  to  y  ■*  o  and  7  —  —  1  corresponds  to  r  “  6.  Next, 
let  Pmiy)  denote  the  polynomial 

(14)  Pji')  -  na  +/9l"‘’i') 

and  let  Qmiy)  be  defined  by 

(15)  QM  »  PM. 

Since  P«,(0)  «  1  we  have  Qi»[(6  +  o)/(6  —  o)]  *  1.  The  problem  of  mini¬ 
mizing  is  thus  equivalent  to  the  problem  of  finding  a  pol}momial  in  7  of  degree 
m  which  equals  unity  for  7  (6  +  o)/(6  —  o)  and  which  has  the  smallest 

maximum  absolute  value  in  the  interval  — 1  ^7  ^  l.Bya  theorem  of  Markoff 
[5],  (A  proof  is  given  by  Flanders  and  Shortley,  [2].),  the  desired  polynomial  is 
S«(7),  where  • 

(16)  5«(7)  -  !r-.(7)/'r-.(^4-H)- 

Here  TM)  is  the  m-th  order  Tschebyscheff  polynomial  given  by 

(17)  Tm(7)  *  cos  (m  C08"‘  7). 

We  note  that  (17)  is  valid  even  when  7  is  greater  than  unity,  for  although 
cos“‘  7  is  complex,  r*(7)  is  real.  In  fact,  for  7  >  1  we  can  replace  (17)  by 

(18)  TJci)  =  i[(7  +  (7*-  1)*)"  +  (t  +  (7*  -  1)*)""]  =  cosh  (mcosh-*  7). 

In  order  to  make  Qmh)  ==  5«(7),  we  equate  corresponding  zeros.  Let 

.(in)  ,(*1)  .(m) 

M  ,  tj  •  ,  •  ’  •  f  Im 

denote  the  zeros  of  Tmh) ;  these  are  given  by 

(19)  =  cos  [(2n  —  l)T/2m],  (n  *»  1, 2,  •  •  •  ,  m). 

Evidently  the  are  the  zeros  of  jSai(7)-  Next,  the  zeros  of  Q«(7)  are  the  values 
of  7  corresponding  to  those  values  of  y  which  are  the  roots  of  the  equation 
Pm(i')  =  0.  By  (14)  the  roots  of  the  latter  equation  are 

vn  -  -(|8$r’)“‘  (n  =  1,  2,  •  •  •  ,  m). 
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and  by  (13)  the  corresponding  zeros  of  Sm(y)  are  given  by 

(20)  y.  -  r-?-  or’)-'  +  . 

Equating  the  zeros  of  Qm(y)  and  Sm(y)  and  solving  for  we  get 

(21)  -  2[(6  -  a)ilr^  -  (6  +  o)r\  (n  -  1,  2,  ■  ■  •  ,  m). 

In  the  interval  —1  ^  y  ^  1,  the  maximum  absolute  value  of  Tm(y)  equals 
unity;  hence  by  (12),  (14),  (15),  (16),  and  (18)  we  get 

(22)  x:-_M.xJS.(.)|-[t.(^-±-“)]-<1. 

In  the  sense  that  is  minimized,  the  choice  of  the  given  by  (21)  is  the 
best  possible  if  exactly  m  iterations  are  to  be  performed.  On  the  other  hand,  if 
after  m  iterations  have  been  completed  it  is  felt  that  more  accuracy  is  needed, 
one  can  perform  m'  more  iterations,  where  m'  may  equal  m,  using  the  appro¬ 
priate  /3jr’\  However,  although  it  would  presumably  have  been  more  efficient 
to  have  used  from  the  start,  once  the  have  been  used,  it  is  not  ef¬ 

ficient  to  do  this  since  for  m"  >  m,  very  few  of  the  jSi"’  will  be  included  among 
the  /3|r'\  It  therefore  appears  best  to  choose  a  reasonable  value  of  m  and  to  use 
the  in  a  cyclic  order  such  as 

(23) 

where  r  is  an  integer  such  that  r  s  n(mod  m)  and  1  ^  r  ^  m. 

Since  \m  ^  it  follows  from  (9),  (18)  and  (22)  that  with  the  choice  of 
determined  by  (23),  the  method  converges  for  any  m.  Incidentally,  if  0  >  > 

—2/6  for  all  n,  then  the  method  converges,  since  for  0  <  y  ^  6,  we  have 

I  1  -I-  /3,v  1  <  1. 

However,  this  condition  is  by  no  means  necessary  for  convergence. 

We  remark  that,  although  once  a  value  of  m  has  been  chosen,  the  are 
determined  by  (21),  nevertheless  the  order  in  which  the  are  used  within  a 
cycle  of  m  iterations  is  arbitrary.  This  ordering  does  not  affect  the  theoretical 
rate  of  convergence,  but,  as  we  shall  see  in  Sec.  4,  it  may  be  important  because 
of  the  growth  of  roundoff  errors. 

3.  Rate  of  convergence.  We  define  the  rate  of  convergence  of  a  linear  transforma¬ 
tion  T  on  the  vector  space  Fw  by 

(24)  R(.T)  -  -log  A 

where  A  is  the  spectral  norm  of  T,  that  is,  A  is  the  maximum  of  the  absolute 
values  of  the  eigenvalues  of  T.  It  is  easy  to  show  that  if  A  <  1,  then  the  rate  of 
convergence'  of  T  is  approximately  inversely  proportional  to  q,  the  number  of 
times  T  must  be  applied  to  an  arbitrary  vector  v  so  that  |1  7^[vl  H  will  be  less 
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than  a  specified  fraction  of  ||  v  ||,  see  for  instance  [11].  Thus  if  v  were  the  initial 
error  vector  and  an  iteration  scheme  with  transformation  T  were  used  repeatedly, 
the  number  of  iterations  needed  to  achieve  a  desired  accuracy  would  be  approxi¬ 
mately  inversely  proportional  to  R(T). 

However,  in  Richardson’s  method,  using  the  /SlT’  in  a  cyclic  order,  one  does 
not  use  the  same  transformation  repeatedly  but,  rather,  a  product  of  trans¬ 
formations.  Therefore,  it  seems  reasonable  to  consider  the  average  rate  of  con¬ 
vergence 

(25)  Rm  -  -(1/m)  log  r, 

where  r«  is  the  spectral  norm  of  the  transformation  117-1  F(^»"^).  The 
are  defined  by  (5)  and  (5’). 

Evidently,  if  v  is  an  eigenvector  of  A  with  eigenvalue  v,  then  v  is  also  an  eigen¬ 
vector  of  V(0)  with  eigenvalue  (1  +  /Sr).  Therefore,  by  (12)  and  (22)  we  have 


and  by  (18)  and  (25) 


-- log¬ 
in  \b  —  a/  m  1 


where,  for  convenience,  we  let 


^  1  +  (1  -  d*)* 

>Q\  b  -  a 

’-bT-a- 

But  since  a  is  an  eigenvalue  of  A,  it  follows  from  (13)-(17)  that 

r.  s  r.[(6  +  «)/(6  -  o)r'i 


1  ,  2a" 

m  1  +  o*« 


-  log 

Jti 


For  the  method  using  a  single  relaxation  factor,  m  —  1  and  by  (19)  and  (21) 
we  have  —  —2/(6  +  o)  for  all  n.  The  spectral  norm  of  F(j8i?^)  is  given  by 


and  the  rate  of  convergence  is 


R\  ■■  —log  a. 
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Let  US  now  compare  Rm  with  as  a  approaches  unity. 

Theorem  1.  Let  r  be  an  integer  not  less  than  2  and  let  m  m((r)  denote  an 
integer  such  that  m  ^  log  2V(— log  a),  where  a  is  given  by  (28).  If  Rm  and  Ri 
satisfy  (30)  and  (32)  respectively,  then 

(33)  (RJRl)  ^  (1  -  r-')2*. 

Proof.  Since  m  ^  log2V(— loga)  and  r  ^  2,  it  follows  from  (30)  that 
Rm  ^  {1  —  »•”*)(— log  a).  Therefore  by  (32)  we  have 

Lim,-.!-  (««/«!)  ^  (1  -  r“*)  Lim,_i_  [(-log  o)/(-log  <r)*]. 

But,  using  L’Hoepital’s  rule  and  the  identity 

' da/de  -  (1  -  (r*)“*Il  +  (1  -  <r*)*r‘ 
the  limit  in  the  right  member  of  the  last  expression  equals 
2Lim.^,_[(-log<r)V(l  -  «r*)*]  -  2|Lim.^t_  [(-log  <r)/(l  -  <r*)]}* 

-  2(Lim.^i-  (2<r*)-M*  -  2* 

and  the  theorem  follows. 

For  sufficiently  large  r,  the  right  member  of  (33)  can  be  made  arbitrarily  close 
to  2^  On  the  other  hand,  since  at  least  m  iterations  must  be  performed,  it  would 
not  be  efficient  to  require  that  m  be  much  larger  than  —log  p/Rm  where  p  is  that 

*  fraction  of  ||  ||  to  which  the  norm  of  the  error  must  be  reduced.  This  is  true 

*  since  (— 1(%  p)/Rm  is  the  approximate  number  of  iterations  which  would  be  re¬ 
quired  for  convergence  if  each  iteration  affected  the  convergence  equally.  If 
p  ^  2~*,  for  some  integer  g,  then  r  may  be  as  large  as  g  -f-  1  without  m  being 
excessive. 

As  an  illustration,  let  us  consider  the  set  of  linear  equations  one  obtains  in 
the  numerical  solution  of  the  Dirichlet  problem  for  the  unit  square  by  finite 
differences,  see  for  instance  [7],  [8]  or  [11].  Let  us  assume  that  there  are  JV  interior 
net  points  and  assign  to  each  an  integer  i  such  that  1  ^  t  ^  iV,  and  denote  the 
value  of  the  difference  equation  solution  at  the  t-th  point  by  u,- .  Then  in  (1) 
we  have  a<,<  >■  4  for  all  t  and  if  t  ^  J  then  a<,>  »  0  or  —  1  depending  on  whether 
the  points  «,  j  are  adjacent  or  non-adjacent.  The  di  of  (1)  are  functions  of  the 
boundary  values,  and  do  not  affect  the  convergence  of  the  iteration  process. 

It  is  not  difficult  to  show,  see  for  instance  [11],  that  if  h  is  the  mesh  size,  then 
exact  upper  and  lower  bounds  for  the  eigenvalues  of  A  are,  respectively,  a 
4(1  —  cos  rh)  and  6  -  4(1  -H  cos  rh).  Therefore  by  (29)  we  have  s-  «  cos 
rh  and  -  —  log  <r  -  jvV  -f  0(h*).  If  m  ^  log  27(— log  a),  where 

o  —  cos  rh/(l  +  sin  wh) 

and  r  ^  2,  then  by  Theorem  1  we  have,  as  h  — ►  0 

Rm  irh. 
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Since  the  required  number  of  iterations  is  approximately  inversely  proportional 
to  the  rate  of  convergence,  it  follows  that  the  number  of  iterations  varies  as 
with  Richardson’s  method  using  m  ^  log  2'/(—  log  a),  (with  r  ^  2),  as 
h  —*  0,  compared  with  using  m  =  1. 

These  results  were  found  to  hold  reasonably  well  when  a  problem  involving 
h  =  1/20  was  solved  on  theORDVAC  computing  machine,  (See  [15]).  The  num¬ 
ber  of  iterations  required  to  satisfy  a  given  convergence  criterion  with  m  =*  20 
w'as  about  one-ninth  the  number  of  iterations  required  with  m  »  1. 

In  general,  however,  we  are  not  so  fortunate  as  to  have  exact  upper  and  lower 
bounds  for  the  eigenvalues  of  A.  As  we  have  seen,  lower  bounds  are  the  most 
diflScult  to  obtain  and  we  therefore  proceed  to  discuss  the  effect  on  the  rate  of 
convergence  of  using  Ci  in  (21)  to  determine  the  instead  of  the  true  value  a. 

Let  C,  denote  the  set  of  symmetric  positive  definite  matrices  such  that  if 
A  e  C,  then  a  (b  —  a)/(b  -f  a),  where  a,  b  denote  respectively  the  minimum 
and  maximum  eigenvalues  of  A.  Further,  for  any  matrix  A  eC,  let  0,  A) 
denote  the  rate  of  convergence  of  Richardson’s  method  for  a  linear  system  with 
matrix  A  such  that  the  m  relaxation  factors  /SlT’  are  determined  from  (21)  using 
the  correct  value  of  b  but  replacing  a  by  0a.  Evidently  by  (30)  we  have 

(34)  Rmiv,  1,  A)  -  (1/m)  log  r«(<r“'). 

First  let  us  consider  the  case  6  ^  1.  If  Oi  0a  then  all  eigenvalues  of  A  lie 
in  the  range  ai  ^  v  ^  b;  hence  we  have 

(35)  RM,  e,  A)  ^  (1/m)  log  T^{aT'),  (0  ^  1),  ' 

0 

where  cn  »  (6  —  ai)/(5  +  oi).  We  now  prove 
Theorem  2.  If  m  =  m(<r)  is  an  integer  such  that  m  ^  log4/(— loga),  where 
a  is  given  by  (28),  and  if  0  ^  1,  then 

(36)  ns  (i  -  jA  s  (1  - «)«'. 

Proof.  From  (34)  and  (35)  it  follows  that  Rm(<r,  1,  A)  —  Rmi<r,  0,  A)  ^ 
(l/m)[log  r«(<r“‘)  —  log  7\,(<rr‘)].  Let  Ci  «  (1  —  <ri)/(l  -|-  <ri)  and  c  -  (1  —  a)/ 

(1  +  ff).  By  the  mean  value  theorem  we  have 

1  log  r.(,-)  -  i  log  r.(,r-)  -d-e)  {i  [I  log  r.(.r')]} , . , 

where  0  <  0  <  1.  But 

7’«((rr') j  «  ^  -cij*  co8h"'(<rr‘)][ffr*  -  ii“‘ 
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Therefore 

(37)  -  log  -  i  log  TMT')  ^  (I -e)  r‘ 

m  m  1  —  Cl 

where  Ci  ^  2i  ^  c.  Moreover,  since  m  ^  log  4/(— log  a),  it  follows  that 

Rm(<T,  1,-4)  ^  —  J  log  a. 

Also,  by  using  L’Hospital’s  rule  we  get  Liin«-.i-  [(—log  a)/2c*]  =>  1 ;  hence  if  we 
divide  both  sides  of  (37)  by  m~^  log  r«(<r~*)  and  take  the  limit  superior,  we  ob¬ 
tain  the  desired  result. 

Next,  let  us  consider  the  case  where  ^  ^  1.  The  rate  of  convergence  is  equal 
to  —log  r»,  where  r«  =  Max  \  IIr_i  (1  |  the  maximum  being 

taken  over  all  eigenvalues  v  of  A,  and  where  *  2[(6  —  —  (6  +  ai)]“‘ 

with  Cl  *  6a.  Letting  71  »  (— 2i'  -|-  6  +  ai)(6  —  oi)~*  we  obtain  as  before 

n  (l-b  i8i-^)  -  TM/T„(cT'). 


But  since  71(a)  »  1  +  2(oi  —  o)/(6  —  oi),  and  since  r»(x)  is  an  increasing 
function  for  x  ^  1,  it  follows  that  r«  «  Tm{yi(a))/Tm{(rT^)  and  that 

(38)  R„{<r,  ^  [jog  T«(<rr‘)  -  log  (l  -H  ,  (»  ^  D, 

where  c  =  a/b  »  (1  —  <r)/(l  +  <r)  and  Ci  =■  Oi/b  *  (1  —  <ri)/(l  -1-  vi).  We 
now  prove 

Theorem  3.  If  m  —  m(<r)  is  an  integer  such  that  1(%  4  ^  m/(— log  a)  ^  K, 
where  K  is  a  constant,  and  if  0  ^  1,  then 


IT-  (‘  -  Ira)  s  »-•)(«-  if «"')  • 


Proof.  For  fixed  m,  we  have  by  (18)  and  (38) 

(«.(„  A)l  -  tanh  [m  coah-  (l  +  ?^))] 

•  [(1  +  - »]  -  I”* ‘^«l>-‘(ar‘)l «  - 'f)'*- 

Since  tanh  x  ^  x  and  log  (1  -f  x)  ^  x  for  x  ^  0,  we  have 
[RJ<r,  6,  A)]  ^  m  [1  -I-  (^4r7,)  ] 

c 

(1  -b  cOcjffi 


—  tanh  [m  co8h”‘(<ri  ‘)1 
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But  me*  ^  [KcV(— log  a)]  —  K/2,  as  in  the  proof  of  Theorem 

2.  Therefore,  using  the  mean  value  theorem  we  get 


(‘  -  ^  [<*  -  •>  am)  fa- 

•  J  ~  tanh  (m  cosh  *(dr*)Kc/8i)*(l  +  2i)  * 


where  c  ^  2i  ^  Ci .  Since  cosh"*  (»r*)  ^  cosh"*  (<r"*)  «  —log  a,  we  have 
tanh  [m  cosh"*  (^r*)]  ^  tanh  (log  4)  »  15/17.  Passing  to  the  limit  and  recall¬ 
ing  that  Lim,_i-  [A«(<r,  1,  A)/(}]  ^  1,  and  Lim,-,i-  (c/8i)*  ^  0~^,  the  theorem 
follows. 

From  Theorems  2  and  3  we  may  conclude  that  the  relative  decrease  in  the 
rate  of  convergence,  due  to  using  Oi  instead  of  a,  is  approximately  proportional 
to  the  relative  error  in  estimating  a,  and  that  the  constant  of  proportionality  is 
not  large.  This  is  true  whether  the  error  is  the  result  of  overestimation  or  of 
underestimation . 


4.  Effect  of  roundoff.  On  the  majority  of  large  automatic  computing  machines 
all  quantities  must  have  modulus  less  than  unity.  Unless  a  floating  decimal,  or 
binary,  point  routine  is  used,  at  the  expense  of  a  large  part  of  the  storage  ca¬ 
pacity  of  the  machine,  numbers  with  modulus  greater  than  unity  must  be  pre¬ 
multiplied  by  a  suitable  scaling  factor.  However  if  in  a  certain  storage  register, 
the  sizes  of  the  numbers  vary  over  wide  ranges,  in  order  to  insure  that  the  largest  * 
number  has  modulus  less  than  unity,  few  significant  digits  can  be  available  for  « 
the  smaller  numbers.  For  this  reason  in  our  problem  it  is  desirable  that  the 
should  not  vary  too  much  in  magnitude. 

This  situation  is  not  easy  to  achieve,  however,  if  the  quantities  |  |  are 

large,  as  in  the  case  where  a,  the  lower  bound  of  the  eigenvalues  of  A,  is  small. 

In  fact,  by  (21)  we  find  that  —*  —oT^  as  m  -*  oo .  Thus  in  the  example  of  the 
preceding  section,  if  h"*  =»  20,  then  a  =  .0492,  and  if  m  »  20  then  /Ji"*  * 

— 16.28.  For  larger  m,  |  /Si"*’  |  increases  but  never  exceeds  20.32. 

Let  us  now  consider  the  error  given  by  (7).  Although  the  product 

ft  (1  + 

n^l 

which  is  theoretically  equal  to  the  coefficient  of  in  the  expansion 

e  *»  2^k-iCk  V 

tends  to  zero  as  p  —*  <x>,  the  actual  coefficient  Ct'*  may  not  tend  to  zero.  For, 
because  of  rounddf  there  exists  some  positive  6  such  that,  in  general,  the  actual 
coefficient  will  exceed  S  in  magnitude;  thus  one  is  led  to  consider  the  product 

(40)  ’ff’ll 

"-P1 
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for  all  X;,  Pi ,  pj  .  This  product  gives  a  more  realistic  estimate  for  the  upper 
bound  of  and  may  become  so  large  that  the  convergence  of  the  method 

will  be  slowed  or  even  prevented,  and  in  severe  cases  the  capacity  of  the  machine 
will  be  exceeded. 

The  growth  of  roundoff  errors  may  be  inhibited  by  using  the  jSiT’  in  a  certain 
order  within  each  cycle.  It  is  clear  that  to  use  the  in  descending  order  of 
magnitude,  as  in  (21),  is  not  suitable  since  for  large  f*  the  largest  of  the  factors 
1 1  +  /3i"’F*  1  in  (40)  are  used  first.  It  is  somewhat  better  to  use  the  order  of 
ascending  magnitudes.  In  this  case  the  product  XIS-i  1  (1  +  1  is  reduced 

somewhat  before  the  large  factors  are  used.  However  the  product  cannot  be¬ 
come  smaller  than  8  because  of  roimdoff.  Then  as  the  large  are  used  the 
coefficient  of  may  become  as  large  as 

n  1 1  +  I « 

f» 


where  the  product  is  taken  over  all  factors  such  that  i  1  +  0%  vk  \  ^  1- 
A  better  method,  which  has  been  more  successful,  is  to  use  the  ordering 


Mm)  Mm)  Mm) 

Plmlt+1)  ,  Pmit  ,  Pimli+i)  , 


(m)  Mm) 


when  m  is  even,  and 


„(»•)  a(«)  a(**) 

Pim+D/i  ,  Pt(iiM-l)/H-lI  >  P((iiM-l)/*-ll  » 


Mm)  n(m) 
I  Pm  t  Pi 


when  m  is  odd.  Here  we  assume  that  the  /Si,'"’  are  labeled  with  descending  mag¬ 
nitude,  i.e.  I  I  ^  I  I  •  ^1  I .  This  procedure  has  the  advantage 
of  using  alternately  large  and  small  thus  preventing  uninterrupted  growth 
of  rovmdoff  errors.  Of  course,  still  further  improvements  are  possible. 

We  remark  that  the  growth  of  roundoff  errors  can  be  considerably  reduced  if 
one  uses  polynomial  operators,  as  was  done  by  Shortley,  [14].  However,  as  al¬ 
ready  noted,  this  requires  the  storage  of  many  additional  numbers. 


6.  Comparison  with  other  methods.  We  now  discuss  briefly  the  relation  of 
Richardson’s  method  with  other  iterative  methods  such  as  the  Gauss-Seidel 
method,  the  Successive  Overrelaxation  Method  [11],  and  gradient  methods  in¬ 
cluding  the  method  of  steepest  descent  [10]  and  [4]  and  the  method  of  conju¬ 
gate  gradients,  [9]  and  [4]. 

With  gradient  methods  one  modifies  the  tentative  solution  at  each  stage  in 
such  a  way  as  to  reduce  the  value  of  a  certain  positive  definite  quadratic  form. 
These  methods  appear  to  be  very  promising,  especially  the  method  of  conjugate 
gradients  where  theoretically  one  obtains  the  exact  solution  after  N  iterations. 
Nevertheless,  a  considerable  amount  of  further  study  and  testing  on  computing 
machines  remains  before  these  methods  can  be  accurately  evaluated  as  tools  for 
solving  linear  systems.  Of  course  the  same  is  true  of  Richardson’s  method,  but 
it  appears  that  the  gradient  methods  require  more  ccHnputations  per  iteration. 
Furthermore,  although  estimates  of  the  maximum  and  minimum  eigenvalues 
are  not  needed  to  insure  theoretical  convergence  for  the  gradient  methods,  never- 
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theless,  these  estimates  may  be  necessary  in  actual  practice  in  order  to  control 
the  growth  of  roundoff  errors. 

In  [11]  it  is  shown  that  under  certain  assumptions  on  A,  the  Successive  Over¬ 
relaxation  Method  (S.O.R.  Method)  defined  by 

=  —  (w/a,-.,)  4-  2 

\i-»  I-i+l  / 

-(«-1)m|"\  (t  -  1,2,  ..-.iST) 

4®’  arbitrary,  (i  *=  1, 2,  •  •  •  ,  iV) 

gives  the  same  order-of -magnitude  gain  in  convergence  rate  as  Richardson’s 
method,  provided  u  is  suitably  chosen.  In  fact,  it  can  be  shown  that  if  a,-,{  is 
independent  of  i,  then  the  rate  of  convergence  of  the  method  is  given  by 

(42)  «  =  -2  log  o 
provided 

(43)  Cl)  =  1  -b  a*. 

If  in  (41)  we  let  w  —  1  we  obtain  the  Gauss-Seidel  method.  Under  the  same 
assumptions  on  A  it  is  shown  in  [11]  that  the  Gauss-Seidel  method  converges 
twice  as  fast  as  Richardson’s  method  with  *  —2/(6  -|-  a)  for  ail  n,  provided 
a,,c  is  independent  of  ».  Thus  Richardson’s  method  with  larger  m  is  certainly 
superior  to  the  Gauss-Seidel  method. 

The  assumptions  on  A  which  were  made  to  prove  the  preceding  results  are 
that  A  be  symmetric  and  positive  definite  and  also  have  Property  (A)  defined 
as  follows: 

There  exist  two  disjoint  subsets  P  and  Q  of  W,  the  set  of  the  first  N  positive 
integers,  such  that  if  a,.,  9^  0,  then  t  “  j  or  t  «  P  and  j  tQ  or  i  (Q  and  j  t  P. 

Evidently  Richardson’s  method  applies  under  more  general  conditions.  Never¬ 
theless,  as  shown  in  [11],  for  linear  systems  associated  with  many  elliptic  partial 
difference  equations,  the  matrix  does  have  Property  (A).  In  these  cases  the 
S.O.R.  Method  has  the  following  advantages  for  use  on  large  automatic  com¬ 
puting  machines: 

1.  The  storage  problem  is  simpler  since  new  iterated  values  are  used  as  soon 
as  obtained;  hence  the  old  values  need  not  be  retained  until  after  a  whole  itera¬ 
tion  has  been  completed,  as  is  necessary  with  Richardson’s  method. 

2.  If  the  diagonal  elements  of  A  are  equal,  then  the  S.O.R.  Method  converges 
at  least  twice  as  fast  as  Richardson’s  method.  This  follows  from  (42)  and  (30). 
It  appears  likely  that  the  S.O.R.  Method  is  faster  in  all  cases  but  this  remains  to 
be  proved. 

3.  The  S.O.R.  Method  is  simpler  since  only  one  value  of  u  is  needed  while  for 
Richardson’s  method  many  different  /3»  are  used.  Moreover,  roundoff  errors  do 
not  build  up  appreciably  with  the  S.O.R.  Method  since  w  ^  2.  On  the  other 
hand  roundoff  is  a  very  serious  problem  with  Richardson’s  method. 
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A  SYSTEM  OF  NON-LINEAR  PARTIAL  DIFFERENTIAL  EQUATIONS 
ARISING  IN  HEAT  TRANSFER 

By  S.  Katz  and  A.  M.  Peiser 

1.  Introduction.  The  differential  equations  which  describe  the  transfer  of 
heat  or  of  mass  from  a  fluid  to  a  bed  of  particles  through  which  the  fluid  is 
flowing  may  be  written  [2]* 

f(u)  du/dx  —  M  —  w  —  g{v)  dv/dy, 

»(o^,  y)  -  Hy),  vix,  0*)  -  }f^(x),  x>  0,y>  0, 

where  x  is  distance  along  the  bed  and  y  is  time.  In  these  equations,  u  -■  u(x,  y) 
and  V  »  p(x,  y)  represent  the  temperature  (in  the  case  of  heat  transfer)  or  the 
concentration  (in  the  case  of  mass  transfer)  in  the  fluid  and  the  bed  respectively. 
The  functions / and  g  describe  physical  properties  of  the  materials  involved;  heat 
capacities  in  the  case  of  heat  transfer  and  equilibrium  adsorption  isothenns  in 
the  case  of  mass  transfer. 

In  certain  ranges  of  temperature  or  concentration,  satisfactory  approxima¬ 
tions  may  be  obtained  by  supposing  /  and  to  be  constant.  In  this  case,  the 
solutions  are  well-known  [3].  However,  when  this  assumption  cannot  be  made,  as, 
for  example,  in  the  case  of  very  low  temperatures,  solutions  must  be  found  by 
numerical  methods.  The  differential  equations  (1.1)  are  replaced  by  the  dif¬ 
ference  equations 

/(u«..)  (c;«+..,  -  u«..)A  - 

-  g(V,.n)  (V^.n+l  -  V^.n)/k,  (1.2) 

Uo.«  -  ¥>(nk),  Vm.o  -  Hfnh),  m,  n  »  0,  1,  2,  •  •  •  , 

in  which  the  continuous  variables  x  and  y  have  been  replaced  by  the  discrete 
variables  mh  and  nk  respectively. 

In  this  paper  we  are  concerned  with  the  existence  and  uniqueness  of  the  solu¬ 
tion  of  (1.1)  and  with  the  convergence  of  Um.» ,  Vm.n  to  this  solution  as  the 
interval  lengths  h,  k  approach  zero.  We  shall  assume  throughout  that  the  bound¬ 
ary  functions  ^  and  yff  are  ‘continuous,  and  that  the  functions  /  and  g  are  con¬ 
tinuous  and  satisfy  the  inequalities 

1/(0  I  ^  a  >  0,  1^(0  |^a>0,  -«<<<oo. 

Under  these  assumptions  we  prove: 

(A)  There  exists  a  unique  pair  of  functions,  u(x,  y)  and  vix,  y),  continuous  in 
X  ^  0,  y  ^  0,  which  satisfy  the  differential  equations  (1.1). 

(B)  If  m  —  [x/h\  and  n  «  \y/k],  then 

lim*,*^  Um.n  -  m(x,  y), 
lim».*_o  Vm.n  -  »(x,  y)', 

*  Numbers  in  brackets  refer  to  the  bibliography  at  the  end  of  the  paper. 
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that  is,  the  solution  of  the  difference  equations  approaches  the  solution  of  the 
differential  equations  as  the  “mesh  diameter”  approaches  zero. 

Consider  the  integral  equations 

/(«)  ds  »  /*  [«({,  y)  - 
Jo 

I  gis)  ds  =  /  [tt(x,  ij)  -  »(x,  i»)]  dij,  x  ^  0,  y  ^  0. 

>(*)  Jo 


(1.5) 


/. 


«(>.») 

«(») 


With  the  assumption  of  continuity  of  /  and  g,  it  is  clear  that  if  u,  v  is  a  con¬ 
tinuous  solution  of  (1.5),  then  du/dx  and  dv/dy  exist  and  u,  v  satisfies  (1.1). 
Conversely,  if  u,  v  is  a  continuous  solution  of  (1.1),  then  du/dx  and  dv/dy  are 
continuous.  Hence  integration  of  (1.1)  with  a  simple  change  of  variables  shows 
that  u,  v  is  a  solution  of  (1.5).  Accordingly,  to  prove  (A),  it  is  sufficient  to  prove 
that  (1.5)  has  a  unique  continuous  solution.  This  is  proved  in  Section  2. 

The  convergence  theorem  (B)  is  proved  in  Section  3.  It  seems  to  be  extremely 
difficult  to  get  good  error  estimates  for  the  differences  in  (1.4)  in  the  non-linear 
case.  With  the  additional  assumption  of  a  Lipechitz  condition  on  /  and  g,  the 
method  of  Section  3  can  be  made  to  yield  error  estimates  which  grow  exponen¬ 
tially  with  X  and  y.  In  the  linear  case,  however,  where  the  solution  is  known, 
much  better  estimates  may  be  obtained.  In  the  important  case/(0  »  —g{t)  s  l, 
^(x)  s  0,  ip{y)  K  1,  we  shall  show  in  Section  4  that 


u(x,  y)  —  Um.n  -  ifc  Ki(y,  x)  +  +  k)  [yKi(y,  x)  -  xKo{y,  x)] 


-I-  0[(h  -H  k)% 

v{x,  y)  -  -  ih  Ki(x,  y)  +  §(h  -f  k)  [xKi{x,  y)  —  yKoix,  y)] 


(1.6) 


+  OKA  +  A)*], 

where 

Kn(x,  y)  -  iy/x)*'*  In(2y/xy)e~^. 


The  function  Knix,  y)  decreases  exponentially  with  increasing  x  and  y  except 
in  the  neighborhood  of  x  —  y  where  it  goes  to  zero  like  x~‘^*. 


2.  Existence  of  Solutions.  This  section  presents  a  proof  that  the  integral 
equations  (1.5)  have  solutions,  unique  and  continuous  in  x  ^  0,  y  ^  0.  It  will 
be  convenient,  here  and  in  the  next  sections,  to  have  the  following  lemma. 

Lemma  1.  Let  a,(x,  y)  and  6,(x,  y),  n  —  1,  2,  •  •  •  ,  be  non-negative  in  the 
rectangle  O^x^A*,  O^y^  Y,  and  satisfy  there  the  inequalities 

oa^-Kx,  y)  ^  p  +  f  [o,((,  y)  -f  6,((,  y)]  di, 

io 

a5»+i(x,  y)  ^  p  +  [  [a,(x,  ij)  +  K(x,  n)l  dti,  n  -  1, 2,  •  •  •  , 
Jo 
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where  a  >  0,  p  ^  0.  Then  in  this  rectangle,  both  o»+i(x,  y)  and  bn+i(x,  y)  are 
less  than  or  equal  to 

vS{.x,y)  +  Lu.b  (0,({,,)  +!>,(£,  n-  . 

0SIS»  (lw/2]!)* 


where 


Proof:  Let 


S(x,  y)  =  (2/a)  [1  +  (x  +  y)/a\e 


Anix,  y)  =  Lu.b.  On(f,  ri), 

Bnix,  y)  =  Lu.b.  hJX,  n), 
0$t£« 


((X +*)/«]  « 


n  =  1,2, 


Then  the  int^ral  inequalities  in  the  h3rpothesis  imply 

aan+i((,v)  ^  p  +  f  {.d,(s,i7)  +  ds, 

Jo 

a6,+i({,  v)  ^P+  f  t)  +  t)}  dt 

Jo 

Taking  upper  bounds  over  0  ^  ^  x,  0  ^  ^  y,  we  get,  on  account  of  the 

monotonicity  of  i4„  and  , 


With 


so  that 


o^»+i(x,  y)  ^  p  +  {An(s,y)  +  B„(8,y)]  da, 

aBn+i(x,y)  ^  p  +  f  {i4«(x,  0  +  Bn(x,t)}  dt, 
Jo 


n  =  1, 2, 


f  y)  +  9i(y,  «)]  da  «  a9i+i(x,  y), 

Jo 

it  may  readily  be  verified  by  induction  that 

An+i(x,  y)  ^  ^  [^1  +  2  2  0{(x,  y)  j  +  [Ai(x,  y)  +  Bi(x,  y)]ffn(x,  y), 

B,y+i{x,  y)  ^  ^  [^1  +  2  £  0<(y,  x)  j  +  [Ai(x,  y)  +  Bi(x,  y)]»,(y,  x), 

n  -  1,  2, 


(2.1) 
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Now 


SO  that 


^  [(X  -h  y)/aY 


0,  •  •  •  ,  t, 


(2.2) 


and 


(lt/2]!)* 


i-o  ([*72]!)* 

.  X  +  ^  [(x  +  y)/ar 

\  ^  a  Jh  {k\y 


(2.3) 


J(x+il)/al* 


Equations  (2.1),  (2.2),  (2.3)  imply  the  lemma. 

A  formal  iterative  procedure  for  solving  the  integral  equations  (15.)  in  x  ^  0, 
2/^0  may  be  set  up  as 

«o(x,  y)  *  0,  i>o(x,  y)  =  0, 

/  fis)  ds  ^  I  {w,({,  j/)  -  t>,({,  y)|  di  (2.4) 

Jo 

/••■+!  (».*)  rV 

/  ff(<)  dt  I  '  {u,(x,i;)  -  w«(x,ij)}  dt),  n  «  0,  1,  •  •  •  . 

J*(«)  Jo 

That  (2.4)  really  defines  an  iterative  process  is  guaranteed  by  the  fact  that 
each  of  the  functions  /  and  g  is  of  one  sign  and  bounded  away  from  0.  Thus 
each  of  the  integrals 


j  f(s)  ds,  g(t)  dt, 


is  either  a  strictly  increasing  or  a  strictly  decreasing  function  of  its  upper  limit, 
between  +  at  one  end  of  the  real  axis  and  —  «  at  the  other.  It  may  be  noted 
further  that  since/,  g,<p,>f/,Uo  ,vo  are  all  continuous  functions  of  their  arguments 
in  the  appropriate  ranges,  successive  convergents  u«(x,  y),  t;«(x,  y)  defined  by 
(2.4)  are  continuous  as  well. 

To  establish  the  convergence  of  the  iterative  process  (2.4),  consider  the  dif¬ 
ferences  between  these  equations  for  successive  values  of  n: 


/(«)  ds  «  /  I{u,(f,j/)  -  u,_,({,y)}  -  {i>,({,y)  -  i»«-i({,  y)  j  I  d{, 
>'0 


>(««) 
r»»+ !(»•*) 


/  g{i)  dt  -  /  [|m,(x,ij)  -  w_i(x,ij)}  -  {«;,(x,ij)  -  t>,_j(x,ij)|]dij, 

•'»■(»*)  •'0 

n  -  1,2,  ••• 


(2.5) 
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With 


Onix,  y)  -  I  Unix,  y)  -  y)  | ,  6,(x,  y)  -  |  «;,(x,  y)  -  Vn-i(x,  y)  | , 

these  equations,  together  with  (1.3),  give 

ao*+i(x,  y)  ^  y)  +  bn((,  I/)}  d(, 


ab,^iix,  y)  ^  [  {a,(x,  ij)  +  Kix,  if)  |  di?,  n  »  1,  2,  •  •  •  . 
Jo 


(2.6) 


Lemma  1,  with  p  »  0,  then  states  that  both  a»+i(x,  y)  and  bn+i(x,  y)  are  dom¬ 
inated  by 


Lu.b.  f  I  ^  \  I  ,  I  ,f,.\  I  I  [ix  y)/oir* 


n  -  1, 2, 


smce 


aiix,  y)  -  wi(x,  y)  -  viy),  biix,  y)  -  e;i(x,  y)  -  ^(x). 

Hence  the  series 

tt(€,  v)  “  v)  -  «»(€,  n)}. 

»(€»  If)  “  *»)} 

converge  uniformly  in  every  interval  0^(^x,  O^if^p.  The  functions  u 
and  V  accordingly  exist  and  are  continuous  for  every  x  ^  0,  y  ^  0.  Since  the 
uniform  convergence  permits  the  passage  to  the  limit  under  the  integral  sign 
in  (2.4),  u  and  v  satisfy  the  integral  equations  (1.5). 

To  show  that  the  solution  of  (1.5)  is  unique,  consider  two  solutions:  u,  v 
and  u,  v'.  The  difference  between  the  equations  (1.5)  for  these  two  solutions  is, 
as  in  (2.5), 

I  fia)  da  -  /  [{m'(L  y)  -  w({,  y)\  -  {»'(?.  y)  -  vii,  y)}]  dL 

/  git)  dt  -  i .  P{m'(x,  n)  -  vix,  if)  j  -  {»  (x,  n)  -  vix,  if)|]  dif. 

•'0 

Taking  absolute  values  gives,  as  in  (2.6),  the  inequalities 


aaix,  y)  ^  f  {o({,  y)  +  6(f,  y)}  d{, 
•'0 

a6(x,  y)  ^  v)  +  bix,  If)  I  dif. 


where 


a(x,  y)  -  I  uix,  y)  -  ti(x,  y)  | ,  6(x,  y)  -  |  vix,  y)  -  »(x,  y)  | . 
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Lemma  1,  with  p  =  0  and 

Onix,  y)  =  a(x,  y),  6,(x,  y)  -  6(x,  y),  n  =«  1,  2,  •  •  •  , 

then  states  that  both  a(x,  y)  and  h(x,  y)  are,  for  every  n,  less  than  or  equal  to 


l.u.b.  ,,,  [(x  +  y)/aT 

o|t|.  {a({,>,)  +  ([„/2]i)* 


n  -  1,2, 


Hence 


o(x,  y)  -  6(x,  y)  -  0, 


and  uniqueness  is  proved. 


3.  Convergence  of  Um.n  And  Vm,n  •  This  section  presents  a  proof  that  the 
solution  Um.n  >  Vm.n  of  the  difference  equations  (1.2)  approaches  the  solution 
m(x,  y),  »(x,  y)  of  the  differential  equations  (1.1)  aa  h,  k  -*  0.  Fix  a  rectangle 
0  ^  X  ^  X,0  ^  y  ^  Y,  and  suppose  throughout  this  section  that  all  values 
of  the  continuous  variables  x,  y  and  of  the  discrete  variables  mh,  nk  lie  within 
this  rectangle.  We  require  first  a  bound  on  Um.n  —  Vm.n  ■ 

Lemma  2.  For  all  h  and  k, 

1  Um.n  -  ^  Rix,  Y)  -  {  Wiy)  1  +  U(x)  I  }  . 

o^v^r 

Proof: 

We  shall  prove  the  stronger  inequality, 

^m.n  -  I  Um.n  -  Vm.n  \  ^  {♦(»»*:)  +  (3.1) 

where 

4>(nA:)  “  max.  |  <pijk)  ] ,  *  max.  ]  i^(tA)  | . 

Now  (1.2)  may  be  summed  to  give 

V...  -  rm  +  L  (V,,.  -  V,, 

i-0  f{Ui.n) 

r...  -  Mmh)  +  E  -J—,  (U...J  -  v.j). 

i-o  g{Vmj) 

Subtracting  the  second  equation  from  the  first,  it  is  easy  to  see  that 

A..«  ^  *(nk)  +  nmh)  +  (/»/«)  A,.,  +  (k/a)  A,.y .  (3.2) 

We  prove  (3.1)  by  induction.  In  the  case  n  >■  0,  (3.2)  reduces  to 

Aa.o  ^  *(0)  +  Sifimh)  +  (h/a)  A<,a . 

That  Aa.o  satisfies  the  inequality  (3.1)  may  be  seen  by  an  induction  on  m. 
Clearly  (3.1)  holds  for  Ao.o  and  if  it  holds  for  A<,o,  0  ^  t  ^  m  —  1,  then 
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A..0  ^  {1>(0)  +  ♦M)}  1^1  +  (h/a)  Z 

r  (ila)mk 

-  I*™  +  ♦W)!  [i  +  (V«)  _/J. 

With  the  inequality 

w/(e*  -  1)  <  1,  u>  >  0.  (3.3) 

we  have 

A,,o  ^  {<t(0)  +  'I'CmA)}  [1  +  JCc'*'"’"*  -  1)1  ^  l-l^CO)  +  ^(mA)}c‘*'“‘"\ 

Similarly,  it  may  be  shown  that  Ao,»  satisfies  (3.1). 

Suppose  now  that  (3.1)  holds  for »  =  m,  0  ^  j  ^  n  —  1,  and  for^‘  =  n,  0  ^ 
t  ^  m  —  1. 

Then  (3.2)  yields 

.  k 
e 


Am,,  ^  {<l>(nA:)  +  ^(mA)} 
=  {Mnk)  +  ♦(m/i)} 


"  K  m— I 

i+^Z 

a  1-0 


+  -  2  g(»/«)  ("*+>■*) 

a  y-o 


[■*; 


(t/a)m*  II. 

^lt/a)nk  ®  ^  I  ™  _ltla)mh  C 

gd/.)*  _  1  ®  •; 


lila)nk 


With  the  inequality  (3.3),  we  obtain 
Am.,  ^  {*(11*)  +  ’J'(mA)) 

•[1  +  -  1)  +  -  1)] 

^  {«f(nJb)  +^(»nA)}e‘*'“’‘’^+"*’. 

This  proves  the  lemma. 

Lemma  2,  together  with  the  difference  equations  (1.2),  have  two  immediate 
consequences:  the  boundedness  of  the  difference  quotients  of  (7m.,  and  Fm.,  , 

I  C7m+1.,  -  t/m.,  I  ^  {h/a)R{X,  Y),  I  Fm.,+1  -  Fm.,  1  ^  {k/a)R{X,  F);  (3.4) 

and,  as  a  result,  the  boundedness  of  Um.n  and  Fm.,  for  all  h  and  k, 


I  C/«.-  I  ^  l.u.b.  \<p{y)  I  +  {\/a)XR{X,  F), 

I  Fm.,  I  ^  Lu.b.  I  m  1  +  (l/a)Ffl(X,  F). 

os.sx 

Now  if  we  write,  for  a  fixed  h  and  k, 

C7(x,  y)  »  C7m.,l  mh  ^  X  <  (m  +  l)h 
V(x,  y)  “  F».,J  nh  ^  y  <  (n  +  l)k,  m,  n  =  0,  1, 

the  difference  equations  (1.2)  sum  to 


(3.5) 


(3.6) 
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Z  fiUi,n)(U^,.n  -  Ui,n)  «  r  [U(^,  nk)  -  V(i,  flk)]  d^, 

iwmO  Jo 


i«*0 

«— 1 


Z  -  V^,i)  =  f  luimh,  v)  -  Vimh,  r,)]  dr,. 

i-O  Jo 


(3.7) 


The  integrals  in  the  left  members  of  (1.5)  can  be  broken  up  into  sums  like  those 
in  (3.7),  giving,  for  x  =*  mh,  y  •«  nk, 

/  /(«)  ds+  f  f(a)  ds  =  /  [m({,  nk)  -  v((,  nk)] 

Ju(mh,Hk)  •W)  JUi,n  Jo 

/  git)  dt  +  2l  I  g(t)  dt  =  /  [t<(wA,  )j)  -  i)(mA,  ij)]  di;. 

./rCmA.iti:)  i-0  .If.,/  .Io 

Subtracting  (3.7)  from  (3.8)  gives 

pulmk,»k)  ,mh 

/  f(8)  d8  -  [P(f,  nk)  -  Q({,  nfc)]  df 

Jvimk.nk)  Jo 

-  Z  /  {/(«)  -/(c^<.-)U«, 

(3  9) 

/  y(0  d<  *  /  [P(mA,  ij)  -  Q(mA,  i;)]  dij 

JF(m*.<ik)  .lO 

rr'»,,/+j 

-  E/  (»(i)  -  cB. 

>.0  Jf.,/ 

where 

P(x,  y)  =  m(x,  y)  -  V(x,  y),  Q(x,  y)  -  i»(x,  y)  -  F  (x,  y).  (3.10) 

Now  /  and  g  are  uniformly  continuous  in  the  closed  intervals  (3.5).  Hence, 
corresponding  to  an  arbitrary  c  >  0,  we  can  select  h  and  k  small  enough  to 
ensure  that 


(3.11) 


with  the  R  of  Lemma  2  and  the  S  of  Lemma  1.  The  inequalities  (3.4)  then  give 

In^X 

Z/  {fi8)  -nUi.n)]ds 

i-0  JVi. 


^  m-  -  R{X,  Y)-  Y)SiX,  Y)  “  4S(X,  Y)  ’ 


Zf  ly(0 -y(F../)}d/ 

>-0  •'r,./ 


(3.12) 


^  n-  „  4yi2(x,  Y)SiX,  Y)  “  45(X,  F)  ' 
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Also,  the  lower  bounds  (1.3)  on  |  / 1  and  |  g  |  imply  that 

I  «(fnA,»A) 

^  o  I  P{mh,  nk)  I , 


/  /(«)  ds 

Ju{mk,nk) 

•wimh.nk) 

]  git)  dt 


(3.13) 


Applying  (3.12)  and  (3.13)  to  (3.9)  gives 


^  a  I  Qimh,  nk)  \ . 


a  I  Pimh,  nk)  |  ^  ^ 

a  1  Qimh,  nk)  \  ^ 


(I  P({,  nk)\-\-\Qi^,nk)\]  d^, 
(I  Pimh,  n)  I  +  I  Qimh,  ij)  |]  dij. 


(3.14) 


To  rewrite  (3.14)  in  terms  of  the  continuous  variables  x,  y,  we  note  that  u(z,  y) 
and  vix,  y)  are  uniformly  continuous  in  the  rectangle  Y. 

Hence,  for  the  arbitrary  positive  c  of  (3.11),  h  and  k  can  be  chosen  small  enough 
to  satisfy 


I  u(i,  y)  «({,  ||)  I  S  yj  mm.  („ .  .  y)  . 

I  Kx,  y)  -  v((, ,)  1  S  mio.  (i.  i)  ' 


I  z  -  f  I  g  h, 

(3.15) 

\y  -  ii  \  ^  k 


as  wel)  as  (3.11).  By  (3.6)  and  (3.10),  the  variation  of  P  or  Q  over  a  rectangle 
of  the  mesh  is  simply  the  variation  of  u  or  t;  over  the  rectangle.  Thus  (3.14) 
with  m  —  [x/h]  and  n  —  \y/k],  together  with  (3.15),  imply 


a  I  Pix,  y)  I  ^  Y)  i  I  I 

a  I  Qix,  y)  1  ^  gg/  Y)  i  I  I 

Applying  Lemma  1  to  (3.16),  with 


(3.16) 


V  -  Y)  ’  “  'I  I  ’  ”  I  I '  n  -  1, 2,  •  •  •  , 

gives,  on  account  of  the  monotonicity  of  S, 

I  p(x, »)  I  s .  +  i.u.b.  (I  i>(£, ,)  I  + 1 0(1, ,)  I)  ■ 

ostS«  (lw/2]!)* 

o$«£» 

10(x,»)|  S«  +  Lu.b.  (lP({,,)|  +  lC(f,,)||i^±^M,  1,2,  . 

os*s«  (l»/2]!)* 

Hence 

I  Pix,  y)\^t,  I  Qix,  y)  I  ^ 

which  completes  the  proof. 
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4.  Error  Estimates  in  the  Linear  Case.  A  case  of  considerable  practical 
importance  occurs  when  f(x)  and  g(x)  are  taken  as  constants  of  opposite  sign 
and  the  boundary  values  are  also  assumed  to  be  constant.  In  this  case  explicit 
solutions  may  be  found  for  both  the  differential  and  difference  equations,  and 
we  shall  obtain  bounds  for  the  difference  between  them.  There  is  no  loss  of 
generality  in  taking  the  equations  (1.5)  in  the  form 


—duldx  —  M  —  ■«  dv/dy,  m(0,  y)  “  1,  v(x,  0)  *  0. 

The  solution  in  this  case  is  known  to  be  [3] 

m(x,  y)  =  1  -  f  Kois,  y)  ds, 

Jo 

v(x,  y)  f  Ko(s,  x)  ds, 


(4.1) 


(4.2) 


where 

Knix,  y)  -  (y/x)‘"'»6-^/,(2v^),  n  -  0,  1,  2,.*..  (4.3) 

The  corresponding  difference  equations  are 

i  -  I  (F«.,h-i  - 


Uo.H  1>  "  0, 

*  and  it  is  easy  to  see,  upon  elimination,  that  both  Um.n  and  Vm.n  satisfy  the 
'  equation 

r.+i.,+i  -  (1  -  h)T^.n+i  +  (1  -  A)r«+i.,  -  (I -h-  k)T,,.n  ,  (4.4) 
with  the  boundary  conditions 

Uo.n  =  1,  Un,.o  -  (1  -  hr,  (4.5) 

and 

Vo.n  -  1  -  (1  -  kr,  r«.o  -  0,  (4.6) 

respectively.  We  suppose  0</i<l,  0<I:<  1. 

Equation  (4.4)  may  be  solved  by  the  method  of  separation  of  variables. 
Writing  T  “  we  find 

“  (1  —  A)z  +  (1  —  k)w  —  (I  —  h  —  k), 


so  that 


z  ^  I  —  k  —  [hk/(l  —  h  —  u?)]. 


Hence,  for  any  appropriate  function  /(u;)  of  the  complex  variable  w,  the  integral 
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is  a  solution  of  (4.4).  The  contour  C  and  the  function  /  must  be  chosen  so  as 
to  satisfy  the  conditions  (4.5)  or  (4.6).  To  satisfy  (4.6),  let  C  encircle  the  point 
IP  “  1  —  ft.  Putting  n  “  0,  we  see  that  f(w)  may  be  taken  to  be  anal3rtic  at 
IP  ■=  1  —  h  with  C  chosen  so  as  to  exclude  the  singularities  of  /(tr).  Thus,  we 
can  write 

/(ip)  -  Z  7-0  Piil  -  h  -  toy, 

and,  putting  m  -=  0,  the  pj  must  be  chosen  so  that  the  residue  of  the  resulting 
integrand  at  tp  =  1  —  A  is  [1  —  (1  —  A)"].  But  it  is  clear  that  this  residue  is 
given  by  the  coefficient  of  (tp  —  1  +  A)“‘  in  the  sum 

t  (”)  (1  -  kr-‘(-hk)‘  t,  py(l  -  A  -  to)'-'. 

t-0  \»/  y-o 

SO  that 

g  (1  -  A)-‘(-l)'-'(AA)‘p„  -  1  -  (1  -  A)". 

This  equation  is  satisfied  with  py  (— 1)VA^''’*,  so  that 


ti-iy 


(1  —  A  —  ip)^ 


1 


1  —  IP* 


Hence 


V 


hk  Y 

1— A  —  tp/  1  —  tp’ 


(4.7) 


where  C  includes  the  point  tp  —  1  —  A,  and  excludes  the  point  tp  =  1. 

As  may  be  seen  from  a  comparison  of  the  boundary  conditions  (4.5)  and 
(4.6),  an  expression  for  Um.n  may  be  obtained  directly  from  (4.7)  by  replacing 
y  by  1  —  (/,  interchanging  m  and  n,  and  interchanging  A  and  k: 


The  contour  C'  must  now  also  include  the  point  ip  *  1  —  A. 

To  facilitate  a  comparispn  between  v(x,  y)  and  ,  for  example,  it  is  con¬ 
venient  to  express  p(x,  y)  as  a,  contour  integral.  This  may  be  accomplished  by 
means  of  the  Laplace  transform.  By  standard  integration  formulas  [1], 


I  *  -  rn  (mh)  ■ 

so  that,  from  (4.2), 

By  the  complex  inversion  formula  [5], 

y)  -  2^.  /,  exp  («)  [l  -  exp  (^-^)]  f , 


Rz  >  —  1, 


Rz  >  —  1. 
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where  F  is  any  vertical  line  Rz  ^  X  >  —  1,  and  where  the  principal  value  of 
the  int^ral  is  to  be  taken.  By  an  application  of  Cauchy’s  theorem,  F  may  be 
replaced  by  a  closed  contour  C  encircling  the  point  z  =■  —  1.  If  C  excludes  the 
origin,  then 


- -ji;- ifl)?' 


(4.9) 


We  suppose  now  that  x  —  mh,  y  **  nk,  with  0<A<1,  0<k<l.  With 
the  change  of  variables  tr  «  \  hz,  (4.7)  becomes 

z 


-24;' /o  “  + 


(4.10) 


The  contour  C,  which  includes  the  point  z  =  —  1  but  excludes  the  point  z  =  0, 
may  be  taken  the  same  in  (4.9)  as  in  (4.10).  Now, 

(1  +  hzY"'  -  exp  log  (1  +  hz)  j 

-exp[||te- Y+0(»')}] 

-  exp  l^xz  -  ^  +  0(h*)  j 

-  exp  (xz)  j^l  -  ^  +  0(h*)  j , 
and  applying  this  and  a  similar  result  to  (4.10),  we  find 

-4;/o  “•>(”- rfi) 

Thus,  from  (4.9),  with  x  »  mh,  y  »  nk, 

»(x, v)  -  V...  -  ^ i L * “p (“ ■  r+i) * 

+  T  4}  y  (7TT?  “P  (“  -  rfl)  *  +  OK*  +  *)■! 


(4.11) 


■J  V„(x,  y)  +  Y  +  0{(h  +  A:)*}. 


Returning  to  (4.2)  and  (4.3),  the  elementary  properties  of  the  Bessel  functions 
[4]  yield 

».(*,»)  - 

Jo 


'v„(x,y)  =  - 


dx 

dKi(x,  y) 
dx 


ds  =  —Ki(x,y), 

(l  +  i)  ii:i(x,  y)  -^Ko(x,y), 
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and 

Vwix,  y)  «  y)  -  y). 

dy  y 

Substitution  of  these  results  in  (4.11)  yields  (1.6).  The  result  for  u{x,  y)  — 
Um.n  is  obtained  in  a  similar  way. 
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RECURRENCE  RELATIONS  FOR  PROLATE  SPHEROIDAL 
WAVE  FUNCTIONS 

Imakuel  Marx 

1.  Introduction.  Recent  investigations  of  electromagnetic  problems  in  regions 
bounded  by  spheroids  have  led  to  an  increased  interest  in  the  spheroidal  wave 
functions.  These  functions  Smn(c,  v),  Rmn(c,  {)  result  from  the  solution  of  the 
scalar  wave  equation  by  separation  in  spheroidal  coordinates.  The  properties  of 
Smn  and  Rmn  aTO  discussed  in  [1]  and  [6].  The  notation  throughout  this  paper  will 
follow  that  of  [1]. 

Recurrence  relations  among  the  spheroidal  wave  functions  cannot  be  estab¬ 
lished  by  the  methods  for  functions  of  hypergeometric  type,  because  the  differ¬ 
ential  equation  satisfied  by  these  fimctions  has  an  irregular  singular  point  at 
infinity  in  addition  to  regular  singular  points  for  the  values  of  the  respective 
variable.  However,  a  method  suggested  by  E.  T.  Whittaker  [7],  but  apparently 
not  fully  exploited  by  him,  leads  to  recurrence  relations  for  the  radial  functions 
Rmn{c,  {)  as  well  as  for  the  non-integral  separation  constants  that  appear  in  the 
differential  equations  of  both  the  radial  and  the  angular  functions.  Formulas  are 
obtained  in  detail  for  the  prolate  spheroidal  wave  functions.  A  simple  substitu¬ 
tion  [4,  p.  151]  formally  gives  the  corresponding  relations  for  the  oblate  spheroidal 
functions,  and  the  validity  of  these  relations  can  be  established  by  a  suitable 
modification  of  the  proof. 

Whittaker  observes  that-  in  the  case  of  the  two-dimensional  wave  equa¬ 
tion  d*u/dx*  -f  d*u/dy*  -f  M  —  0  the  derivative  du/dx  of  a  solution  u(x,  y)  is 
likewise  a  solution.  After  separation  of  the  equation  in  polar  coordinates, 
du/dx  can  be  expanded  in  a  series  of  separated  solutions  Jnir)  cos  nd.  Write 
du/dx  —  cos  du/ dr  —  sin  d  du/dd,  and  equate  to  the  series  of  Bessel  fimctions. 
The  resulting  identity,  when  multiplied  by  cos  pd  and  integrated  from  —r  to  t, 
yields  recurrence  relations  for  the  Bessel  functions  in  terms  of  the  coefficients  in 
the  expansion  of  du/dx.  Whittaker  does  not  show  how  to  obtain  these  coefficients. 
In  the  present  three  dimensional  case,  the  analogous  coefficients  are  represented 
as  integrals  of  products  of  the  spheroidal  wave  functions.  Since  these  integrals 
involve  the  functions  whose  recurrence  relations  are  being  investigated,  the 
existence  of  these  relations  and  their  nature,  rather  than  a  practically  applicable 
form,  are  demonstrated.  For  practical  applications,  an  evaluation  of  the  coeffi¬ 
cients  by  some  independent  method  (such  as  is  furnished  for  many  known  func¬ 
tion^  by  the  hypergeometric  series)  would  seem  to  be  necessary.  It  is  hoped  that 
further  investigation  will  lead  to  such  a  method. 

Procedures  similar  to  those  used  in  this  paper  may  lead  to  recurrence  relations 
in  other  cases  of  separable  partial  differential  equations  with  constant  coefficients. 
As  long  as  the  separated  equations  are  of  Sturm-Liouville  type,  and  the  solutions 
can  be  shown  to  have  suitable  orthogonality  properties,  an  analogous  method 
may  be  developed. 
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2.  Properties  of  Wave  Functions.  The  solutions  ^(x,  y,  z)  of  the  scalar  wave 
equation 


(1) 


3**  « 


are  to  be  obtained  by  a  separation  of  the  form 

♦(».  J/f  *)  “  if  0)  -  <S(’»)ft(i)*(0), 

where 

X  =*  §d(l  —  n*)*({*  —  l)*cos^, 
y  »  id(l  -  ij*)*(|*  -  1)*  sin  0, 


*  - 


The  surfaces  n  ■■  const.,  ~  1  ^  ^  1,  are  confocal  hyperboloids  of  revolution  of 

two  sheets,  the  surfaces  {  »  const.,  1  ^  ,  are  confocal  prolate  spheroids, 

and  d  is  the  focal  distance  common  to  both  sets  of  surfaces.  The  surfaces  ^  » 
const.,  0  ^  0  <  2t,  are  half>planee  containing  the  e^axis  and  terminated  by  it. 

In  terms  of  the  spheroidal  coordinates,  equation  (1)  becomes 


an  '*■  a{  ({*  -  i)(i  -  ,*)  a^ 


+  c*({*  -  n*¥  “  0, 


where  c  =  Jfcd.  The  separation  of  ♦(<>)  leads  to  the  equation  4*"  +  m**  =  0. 
The  separation  constant  m  must  be  integral  or  zero  to  satisfy  the  condition  of 
periodicity.  Further  separation  gives  a  separation  constant  and  the  differ¬ 
ential  equations 

®  I  <*-’■) 

(3,  I  ({■  -  ,)  +  X..  -  .-f)  .  0. 

The  separation  constant  is  chosen  so  as  to  ensure  that  the  solution  of  equation 
(2)  which  is  free  of  logarithmic  terms  is  regular  in  the  entire  range  —  1  ^  n  2^  I> 
These  solutions  form,  for  given  m,  a  countable  sequence  of  “angular  wave  func¬ 
tions  of  the  first  kind”  Sml{c,  if),  n  «*  0, 1,  •  •  •  >  The  solutirau  of  (3)  for  the  same 
values  of  \m»  and  which  are  also  free  of  logarithmic  terms  are  chosen  as  the 
“radial  wave  functions  of  the  first  kind”  {).  Since  only  functions  of  the 

first  kind  will  be  treated  here,  and  since  the  parameter  c  will  remain  fixed  in  the 
discussion,  the  superscript  (1)  and  the  argument  e  will  be  omitted.  The  properties 
of  these  functions  are  easily  deduced  from  explicit  series  expansions  given  in  [1]. 
Page  references  to  this  report  are  given  below. 

The  angular  wave  functions  have  the  following  behavior  at  the  end  points  of 
their  interval  of  definition:  as  u  — »  1, 
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(4) 


Sm»(v)  =  0(1  —  v),  dSmn{v)/dri  “  0(1),  wi  0,  1 ; 

■  5^(r,)  «  0(1),  dSM/dr,  -  0(1); 

SM  »  (1  -  i?)*[a,  +  0(1  -  ir)l.  dSM/dv  ~  i»-(l  -  n)"* 

[p.  32],  The  behavior  as  ij  — »  —  1  is  analogous,  with  1  —  ij  replaced  by  1  +  ij. 

The  radial  functions  behave  as  follows  at  the  finite  end  of  their  interval;  as 
{-^1, 

Rmnii)  “  0({  -  1),  dR^n{i)/di  -  0(1),  m  0,  1 ; 

««({)  -  0(1),  dR^{i)/dk  -  0(1); 

R,n  ({)  -  (t  -  l)‘[o'.  +  0(f  -  1)1,  dR,.(i)/!li  ~  (I  -  ir'lt;  +  0({  -  1)1 

[pp.  34-35].  As  (  — »  00 ,  the  as3rmptotic  behavior  is  described  by: 

Rmnii)  ^  (c^)"‘  cos  [c{  -  i(n  +  l)v], 

(6) 

dfi— ({)/d|  -c(c^)  ‘  sin  (c{  -  ^{n  +  l)ir]. 


(5) 


[p.  24.] 

The  existence  of  the  integrals 


^  Rmn  m  mp  («)d{ 


is  easily  established  from  (5)  and  (6).  Forn  ^  p,  the  standard  Sturm<Liouville 
method  leads  to  the  partial  orthogonality  relations 


(7)  f"  «.„({)fi.,(|)  di 


0,  n  —  p  even, 

(,l)(-^»)/*/c(X«,  -  X«,),  n  -  p  odd 


[cf .  3,  p.  237-238] ;  the  behavior  at  infinity  detailed  in  (6)  gives  the  stated  values 
for  the  integrated  term.  The  case  n  ^  p  gives  the  normalization  integral 

(8)  ^"«L({)d{  - 

Similarly,  one  finds  that 

(9)  Sm»(n)'S«p(l»)  dri  »  ilNmn, 
where  is  the  Kronecker  4  s3rmbol. 

3.  Expansion  of  Solutions.  The  methoxls  described  in  [2,  Ch.  IV]  or  [5,  Ch. 
VI,  ^],  and  in  [3,  Ch.  XI],  show  that  an  arbitrary  regular  solution  of  the  scalar 
wave  equation  may  be  expressed  in  a  termwise  integrable  double  series  of  the 
functions 


f,  <t>)  -  Smn(v)Rmn{^)  C08  WUf) 
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and 


Umniri,  <>)  -  S  mn  iv)R  mn  (0  sin  nu^. 

Write  imn(v,  (f  y,  2).  The  functions  d*mn/dz,  d*^n/dy,  d9„,n/dz 

are  continuous  solutions  of  the  scalar  wave  equation  (1).  The  derivatives  d^«,»/dx 
and  di^Jdz  are  even  functions  of  ^  and  may  be  expanded  in  a  series  of  functions 
'1'^, ,  while  99mn/dy  is  an  odd  fimction  of  ^  and  may  be  expanded  in  a  series 
of  functions  .  The  first  set  of  formulas  will  be  obtained  in  detail  from  the 
expansion 

(10)  99^n/dz  -  2::LoLr-.  (7:.v.r(n, 0). 

For  the  other  two  sets  of  formulas  only  an  indication  of  certain  modifications  of 
the  method  and  the  final  results  will  be  given. 

Expansion  of  the  left  member  of  (10)  gives: 

[{(1  -  ri*)SmnRmn  cos  ni4>  +  1j($*  -  1  )S«  COS  —  !»*) 

-  yj"  S>.»(n)f?*»(f)  cos  iut>. 


Multiply  both  members  of  (11)  by  cos  p0  and  integrate  from  0  to  2t.  On  the 
left  there  is  a  non-zero  result  only  for  p  »  m,  on  the  right  Mily  for  p  —  ti: 


(12) 

0  -  zr^g'::sMRM, 

p  ^  m 

and 

(13) 

[{(1  -  i7*)S:,i?.,  +  i7(f*  -  l)S^nRL]/dif 

-  v) 

t 

0 


Next  multiply  by  »S^(ii)  or  SmtMt  respectively,  integrate  from  —1  to  1  with 
respect  to  ri,  and  apply  (9).  From  (12)  one  obtains 

gl*  -  0,  V  ^  m, 

i.e.  in  the  expansion  of  d^««/dz  only  the  functions  need  have  been  used. 
In  (13)  there  is  a  non-zero  result  on  the  right  only  for  k  »  y.  The  left  member  is 
the  sum  of  the  integrals  ^ 

/r(t)  - 1  /' «..({){ i-E-p  si-ws-w  ir, 

2  r’  *■  - 1 

JTii)  S-WS-W 


The  existence  of  these  integrals  must  be  demonstrated.  For  m  9^  I,  the  only 
difficulty  which  might  arise  comes  from  the  functions  (1  —  n)/if  ~  *>*) 

(I*  —  !)/(!*  —  n*)  near  17  —  1,  {  —  1,  or  i>  —  —  1,  {  —  1.  However,  since  the 
functions  are  bounded  near  these  points,  the  int^rals  exist.  For  m  -*  1,  by 
virtue  of  (4),  (5)  the  integrand  of  I  near  17  1,  (  ~  1  may  be  written  as: 


b.(((  -  1)V.  +  0(t  -  1)1  i — 5 14-5  lo.  +  0(1  -  ?)1 
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while  the  integrand  of  J  has  the  form: 

({  -  !)*[&'.  +  0({  -  l)]i,  Ko,  +  0(1  -  n)]. 

Similar  estimates  hold  near  r\  =  —  1,  f  *=  1.  The  integrands  are  again  seen  to  be 
bounded,  and  the  integrals  converge. 

The  series  representations  in  [1,  p.  32]  show  that  the  integrands  in  the  integrals 
/,  J,  are  odd  functions  of  if  forn  —  m  and  v  —  m  both  even  or  both  odd,  and 
the  coefficients  gZ'i  are  accordingly  zero  when  v  —  n  is  an  even  integer  or  zero. 

4.  Recurrence  Relations  for  Radial  Functions.  The  formulas  obtained  can 
now  be  written  as 

(2/d)  f  -  i,*)-‘[{(i  -  v*)SLn(ri)SMRU^) 

(15) 

+  ,({’  -  DSMSMRUmdv 

for  n  =*  0, 1,  •  •  •  ,  and  for  v  —  n  odd.  The  relations  in  (15)  display  as  a  linear 
combination  of  Rmn  and  RZn ,  with  coefficients  that  are  continuous  functions 
of  (  in  any  finite  subinterval  of  the  range  1  ^  <  <» . 

For  evaluation  of  the  constant  gZ7  ,  an  integration  over  { is  r^uired.  For  large 
(,  the  significant  factors  in  TT"  are 

if-  fr'mui)  =  i/{(i  -  f/fr'RU^), 

while  those  in  J7"  are 

({*  -  Dtt*  -  vT'RL(()  -  (1  -  iVsT'd  -  i/£’)b:.  (0.  ■' 

It  follows  from  (6)  that  the  integrals  converge  at  infinity.  Near  (  »  1,  the  esti¬ 
mates  established  previous  to  the  integration  with,  respect  to  i;  are  adequate  to 
prove  the  existence  of  the  integrals.  The  integration  yields 

gZ:  -  2/dN„M^  r  f  if  -  nmi  -  f)R..nR^S'^nS^ 

(16)  ... 

-t-  iiif  -  l)RLnRM,S^nS^,]  drtdi.  . 

Alternatively,  after  dividing  both  sides  of  (15)  by  NmwRmwif)  one  may  note  that 
the  right  hand  member  is  constant.  Therefore  the  left  hand  member  is  inde¬ 
pendent  of  and  substitution  of  a  convenient  value  gives  gZ7  in  terms  of  the 
integral  over  if. 

6.  Recurrence  Relations  for  Index  m.  Relations  connecting  the  radial  func¬ 
tions  Rmnif),  Rmnif),  and  RmkiAf)  are  obtained  by  an  application  of  the  method 
to  the  expansion  of  in  functions  ^^,(if,  0).  The  expansion  of  d^mn/9y 

in  functions  <ii,.r(if,  4>)  would  lead  to  the  same  relations.  Similarly  to  (11),  the 
expansions  give 
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(17) 

where 

(18) 


£r-. 

=  (27’/dD)(-nSl»i2m*  +  cos  cos  7n<6 

+  {2m/dT)SmnRmn  sio  4>  sin  m4», 

D  -  f*  -  n*,  T  -  (1  -  nW  -  D*. 


Trigonometric  transformation  changes  the  right  hand  members  to  linear  com¬ 
binations  of  cos  (m  db  1)0,  and  multiplication  by  cos  p0  and  integration  with 
respect  to  0  from  0  to  2t  eliminates  one  summation: 


(19) 

and 


^pifRpp  “  0,  Tfi  ^  0, 

T.I^K^Spjtp,  -  0, 


p  ^  m  db  1; 
P  5^  1» 


hZZl,rSm±l,pRmi:t.f  “  ^  ^  ivSmnRm»  —  ^SmnRmn) 


(20) 


m 

df 


SmnR 


mn  f 


m  >  0, 


The  procedure  of  section  3  gives  the  following  recurrence  relations  for  the  radial 
functions: 


^ (i/d)  (r/z))(,s:,««,  -  Rmi^Sm±l,»  dll- 

(21)  -(m/d)  £  (l/r)S«,fl«,  dt,,  m  >  0, 

K:N„R„  -  -(2/d)  jf|  (T/DHriS'opRon  -  {5o,ft;«)S»±,.,dT,. 

These  relations  are  valid  forn  =  0, 1,  •  •  • ,  and  forn  —  v  an  odd  integer.  The  co¬ 
efficients  corresponding  to  i*  —  n  zero  or  even,  as  well  as  all  coefficients  not  ap¬ 
pearing  in  formulas  (21),  are  zero.  The  evaluation  of  the  non-zero  coefficients 
may  be  carried  out  as  suggested  in  section  4. 


6.  Recurrence  Relations  for  Separation  Constants.  Because  of  the  incomplete 
orthogonality  (7)  of  the  radial  functions,  the  procedure  of  the  foregoing  sections 
does  not  appear  to  yield  recurrence  relations  for  the  angular  functions  Smniri)- 
However,  a  related  procedure  can  be  used  to  derive  a  recurrence  relation  for  the 
(non-integral)  separation  constants  Xmh  .  Estimates  similar  to  those  in  the  dis¬ 
cussions  of  the  integrals  (14)  and  (16)  show  that  multiplication  of  both  members 
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of  (13)  by  RmtiO  and  integration  with  respect  to  {  from  1  to  oo  is  a  valid  opera¬ 
tion.  Hie  result  is  the  formula 

,  ^  (2/d)  r  (l/DMl  -  d{ 

(22) 

-  +  £yi„.,  X«,), 

where  D  ^  f  —  i;*  as  before,  and  where  the  summation  symbol  denotes  a  sum 
over  even  p  if  i'  is  odd,  a  sum  over  odd  p  if  v  is  even.  Next  both  members  are 
multiplied  by  Smp(n)  and  integrated  with  respect  to  v  from  —  1  to  1  to  produce 
the  relation 

c*  -  -  x„). 

where  d^r  stands  for  the  integral  of  the  left  member  of  (22)  with  respect  to  ij. 
The  ratio  of  d^^  and  gZp  is  evidently  independent  of  n.  Writing 

c;,  - 

one  has  finally 

(23)  Xmp  “•  Xmr  *  Cpr 

for  any  integers  p,  v  whose  difference  is  an  odd  integer.  More  generally, 

(24)  X«,  -  X«o  +  E;.,  . 

A  similar  procedure  applied  to  the  formulas  of  section  5  leads  to  no  essentially 
different  results. 

Some  further  details  about  the  coefficients  in  the  recurrence  relations  will  ap¬ 
pear  in  UMM  126,  a  forthcoming  publication  of  the  Willow  Run  Research  Center. 
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DYNAMIC  ANALYSIS  OF  THE  BUCKLING  OF  LATERALLY.  LOADED 

FLAT  ARCHES* 

By  N.  J.  Hoff  and  Victor  G.  Bruce 

Introduction.*  There  is  a  type  of  buckling  which  sometimes  occurs  when 
curved  elastic  elements  are  so  loaded  that  the  load  tends  to  reduce  the  curva¬ 
ture.  The  buckling  consists  of  a  sudden  change  of  curvature  or  “jump”  of  the 
element  and,  upon  subsequent  removal  of  the  load,  the  element  may,  or  may 
not,  return  to  its  original  configuration.  A  familiar  example,  in  which  the  ele¬ 
ment  is  a  shell,  is  the  convex  bottom  of  an  oil  can.  Another  example,  which  is 
simpler  from  the  standpoint  of  analysis,  and  which  illustrates  the  essential 
features  of  the  phenomenon,  is  the  laterally  loaded,  slightly  curved  bar  or  arch. 
It  is  this  example  that  will  be  treated  here. 

This  typo  of  buckling,  called  “Durchschlag”  in  German  literature,  has  been 
discussed  by  a  number  of  authors.  The  significance  of  the  problem,  in  so  far  as 
it  illustrates  certain  important  features  in  more  complicated  buckling  problems 
of  plates  and  shells,  was  pointed  out  by  Marguerre  (1,  2)*,  who  constructed  a 
simplified  model  to  demonstrate  these  features.^  The  question  was  also  discussed 
by  Timoshenko  (3,  4)  and  by  Biezeno  (5,  6).  More  recently,  the  problem  has 
been  treated  by  the  authors  of  this  paper  (7,  8),  and  by  Y.  C.  Fung  (9). 

In  the  present  papor  the  problem  is  approached  from  the  dynamical  point  (rf 
view,  in  contrast  to  the  usual  statical  treatment.  This  pormits  a  more  rigorous 
analysis  of  the  stability  under  constant  load.'  In  addition,  one  can  calculate 
certain  other  d3rnamic  features  of  interest,  such  as  the  critical  value  of  a  suddenly 
applied  load  of  infinite  duration.  Although  both  the  shap)e  of  the  bar  and  the 
lateral  load  distribution  are  assumed  to  be  sinusoidal,  the  results  are  qualita¬ 
tively  and,  within  limits,  quantitatively  applicable  to  cases  in  which  both  the 
shapie  and  load  distribution  deviate  from  these  assumptions.  This  can  be  shown 
by  comparing  the  results  of  this  analysis  with  those  obtained  by  Biezeno,  who 
considered  a  bar  of  parabolic  shap>e  loaded  at  the  mid-p)oint  with  a  concentrated 
load. 

Problem  and  assumptionk.  A  slightly  curved  bar,  free  to  move  in  the  hori¬ 
zontal  (x,  y)  plane,  is  acted  on  by  a  distributed  time  dep>endent  load  Q(x,  /)  as 
shown  in  Figure  1.  The  bar  is  pinned  at  its  ends,  which  are  held  a  fixed  distance 
L  apiart.  The  curve  y  —  yo(x)  defines  the  unloaded  equilibrium  p>08ition,  and  in 
this  p)osition  the  suppmrt  reactions  vanish.  It  is  desired  to  find  the  motion  of 
the  bar. 

It  is  assumed  that  the  curvature  is  small  and  that  the  axial  stress  is  constant 

*  Paper  presented  before  the  Eighth  International  Congress  on  Theoretical  and  Applied 
Mechanics  in  Istanbul,  Turkey,  August  20-28,  1002. 

*  The  contents  of  this  paper  are  based  on  research  carried  out  at  the  Polytechnic  In* 
stitute  of  Brooklyn  under  Contract  No.  Nonr*267(00),  Project  No.  NR  064-363  sponsored 
by  the  Office  of  Naval  Research  of  the  U.  S.  Navy. 

*  Numbers  in  parentheses  refer  to  the  bibliography. 
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FIG.  I  ARCH  DEFLECTED  UNDER  LOAD 

along  the  bar  and  is  thus  a  function  only  of  the  time  t.  The  effects  of  rotatory 
inertia  and  shearing  deformations  are  neglected  and  damping  forces  are  ex¬ 
cluded.  Strains  are  assumed  to  remain  within  the  elastic  limit  and  Hooke’s  law 
is  valid.  The  bar  is  uniform  in  cross  section  with  cross  section  A,  volume  mass 
density  <r,  and  with  one  principal  axis  lying  in  the  plane  of  motion.  I  is  the  mo¬ 
ment  of  inertia  of  the  section. 

Derivation  of  the  equations.  Because  of  the  assumed  small  curvature,  and 
constancy  of  the  axial  load  P  with  respect  to  the  x  coordinate,  the  differential 
equation  of  motion  can  be  written  as 

-  yD  -  Py"  +  aAy  -  Qix,  0-0  (1] 

where  the  axial  load  P  is 

P  -  {l/2)(EA/L)  r  [(y')*  -  (yi)*]  dx  [2] 

The  primes  indicate  differentiation  with  respect  to  x,  and  the  dots  with  respect 
to  the  time  t.  These  equations  may  be  put  into  dimensionless  form  by  means 
of  the  substitutions 
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Li  =  nx,  prf  =  y,  pvo  -  Vo ,  where  Ap*  -  /; 

(t/0  »  (x/L)  V (Be*/<r),  where  c#  ■*  (xp/L)*;  [31 

g(e,  r)  -  {p/AEt\)Q{x,  t). 

It  should  cause  no  confusion  if  primes  and  dots  are  again  used  to  denote  differ¬ 
entiation  with  respect  to  i  and  r.  Equations  [1]  and  [2]  then  become 

-  (£/£.),"  +  ij  -  9  -  0,  [41 

{e/e.)  -  (l/2x)  /'  [(,0*  -  (ni)*l  di  [5] 

Jo 

It  should  be  remarked  that  {e/e.)  is  the  ratio  of  the  axial  strain  to  the  first 
Euler  strain,  consequently  the  load  P  can  be  expressed  by  means  of  the  relation, 

P  -  PBie/e.)  -  EI{x/L)\e/e.) 

A  solution  is  assumed  in  the  form  of  a  Fourier  series  with  coefficients  which 
depend  on  r  and  which  satisfies  the  boundary  conditions: 

V  =  Vo  +  sin  n{.  [61 

It  is  also  assumed  that 

1^)  «  e  sin  so  that  pe  -  (yo)mM , 

and 

q  =  Qnir)  sin 

With  these  assumptions  the  variables  can  be  separated.  Because  of  the  ortho¬ 
gonality  relations  for  the  sines.  Equation  [51  simplifies  to 

(e/e.)  -  {H)Jln~i  n'ai  +  2eai . 

Equation  [4]  becomes, 

n*an  sin  +  {e/ea)(^n~i  n'<u  sin  n{  +  c  sin  |) 

+  5Z"-x  sin  nf  -  9» 

By  successively  equating  to  zero  the  coefficients  of  sin  i,  sin  2(,  « •  •  ,  etc.,  one 
obtains  the  following  set  of  equations: 

di  +  Oi  +  (l4)(Sr  n*al  -|-  2eai)(ai  +  c)  “  9i  [7.11 

dt  -f  2*01  +  ■[*  2eai)2*Oj  —  gj  [7.21 


Ak  +  +  G4)(£*  "I"  2e0i)A:*0t  “  g* 


[7.31 
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Equilibrium  under  quasi-stetie  half-sine-waTe  load  distribution.  If  the  lateral 
load  is  distributed  according  to  a  half  sine  wave,  all  the  qi,  except  qi  are  identi¬ 
cally  zero.  If,  furthermore,  qiir)  varies  slowly  (as  compared  to  the  period  of 
small  oscillations  the  bar),  such  loading  is  called  quasi-static.  Under  these 
conditions  the  problem  is  a  static  equilibrium  problem.  If,  then  the  differentiated 
terms  in  Equations  [7  ■  *  •  ]  are  omitted,  solutions  of  the  resulting  algebraic 
equations  represent  equilibrium  positions  under  the  load  qi. 

Evidently  there  are  two  possible  solutions  of  this  set  of  equations.  In  the 
first  solution,  oi  3^  0  while  Oj  =■  Oi  *  •  •  •  =-  a*  =  •  •  •  =  0.  In  the  second  solu¬ 
tion,  ai  9^  0,  Ok  ^  0  while  a„  0  if  n  1  or  ft.  Furthermore,  it  is  not  possible 
to  have  a  solution  in  which  at  9^  0,  a/  ^  0,  k  9^  j  9^  1,  for  then  the  two  equa¬ 
tions  in  ft  and  j  would  be  contradictory.  There  are  thus  two  possible  solutions 
determining  the  equilibrium  configurations  corresponding  to  different  values 
of  qi  and  e. 

In  the  first  case, 

oi  +  (H)(ai  +  2€ai)(oi  +  c)  =  gi ,  a*  =«  0  [8] 

In  the  second  case, 

“1"  "1“  +  2eai)(oi  +  c)  =*  91 , 

[9] 

k*  +  (K)(oJ  +  k'al  +  2eai)  -  0. 

A  more  symmetrical  result  is  obtained  through  the  introduction  of  the  notation 
ai  =*  eiz  —  1),  a*  =*  ext ,  and  qi  =  e(w  —  1).  Then  the  equations  become 

(e/2W  -  1  +  (2/c)*]  -  w,  X*  -  0;  [10) 

and 

(e/2)*2[2*  -  1  +  (2/e)*l  -  u;  -  ft*(e/2)*xjz , 
c*[z*  -  1  +  ft*(2/e)*]  -f  eVxJ  -  0. 

The  physical  significance  of  the  new  variables  can  be  directly  found  from  the 
definitions  of  the  non-dimensional  quantities.  One  has, 

Z  “  yi-tamx/y0-mtx‘ 

This  is  the  ratio  of  the  amplitude  of  the  first  harmonic  of  the  total  displacement 
to  the  amplitude  of  the  initial  displacement.  Similarly 

Xk  “  yk-max/yo-mn 

is  the  ratio  of  the  amplitude  of  the  ftth  harmonic  of  the  total  displacement  to 
the  amplitude  of  the  initial  displacement.  Finally,  the  non-dimensional  load 
parameter  (half  sine  wave  distribution)  can  be  expressed  as 

tc  -  (Hx)(L/j/o.«„)(Pt,/P.)  +  1, 
where  Ptr  is  the  total  transverse  load, 

P.,  -  (2/t)LQ„„. 
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The  unloaded  condition,  Q  0,  corresponds  to  v  »  1.  When  w  vanishes,  the 
total  transverse  load  is 

Pu  *  —2ir(yo.m»x/L)PM. 

The  two  equations  following  Equations  [10]  may  be  written  in  an  equivalent 
form,  in  which  it  is  evident  that  the  result  holds  only  when  e  ^  4. 

(1  -  k*)z  -  tx>,  2*  +  k*xl  -  1  -  k*i2/e)\  Jfc  -  2,  3  •  •  •  .  [11] 

Equation  [10]  has  been  solved  for  values  of  e  «  1,  2,  3  and  4,  and  is  plotted  in 
Figure  2.  Evidently,  all  curves  pass  through  the  points  (z,  w)  —  (0, 0),  +1) 


FIG.  2  EQUILIBRIUM  POSITIONS  UNDER 
QUASI -STATIC  LOAD 
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and  (—1,  —1).  The  results  represent  load-deflection  characteristics  of  the  arch 
for  various  values  of  the  parameter  e,  which  is  a  measure  of  the  initial  eccen¬ 
tricity  of  the  arch. 

Not  all  of  these  equilibrium  positions  are  stable,  however,  and  the  question 
of  stability  will  now  be  discussed  in  a  little  more  detail.  If  the  acceleration  terms 
are  retained,  the  considerations  and  substitutions  that  led  earlier  to  Equations 
[9]  result  in  the  following  simultaneous  equations: 

(2/c)*l  -}-  [z*  — ’  1  -H  (2/e)*]z  —  (2/c)*tr  -f*  k*xl^  *  0, 

[121 

£k  +  k*[k*  -|-  (e/2)*(s*  —  1  -H  k*xl)]xk  ”  0. 


Suppose  now  that,  s  »  Zi ,  St  or  z*  and  z*  »  0  are  the  equilibrium  positions  cor¬ 
responding  to  t<^  as  given  by  Equation  [10],  (Figure  2).  To  examine  the  stability 
of  any  such  equilibrium  position,  disturbances  (or  variations)  h{t)  and  p{t) 
are  introduced. 


z  —  z<  -f  h{t),  »  »  1,  2  or  3. 

Xk  -  v{t). 


[13] 


The  values  of  tot  and  z,  are  constant,  while  ft  and  p  are  small  deviations  from  the 
equilibrium  position.  Introducing  [13]  into  [12],  and  retaining  only  first  order 
terms,  one  gets 


i2/e)*H  +  [3zV-  1  -f  (2/c)*]m  -  0 

(2/e)*P  +  kVi  -f  k\2/e)*  -  l]r  -  0  (k  ^  2) 


If  e  ^  2,  the  coefficients  of  m  and  p  in  [14]  are  never  negative  and  the  equilib- 
riiun  is  always  stable.  If  e  >  2,  and  if  the  abbreviation  /*  »  1  —  (2/e)*  is  used, 
it  is  seen  that  the  equilibrium  is  unstable  when  3z*  <  /*.  It  is  easy  to  show  that 
this  inequality  holds  for  the  root  Zt ,  (see  Figure  2).  In  fact,  one  can  prove  that 
the  value  of  z  at  which  the  curves  have  horizontal  tangents  is  just  z  >■  sbzor  i 
db  //\/3.  The  corresponding  value  of  tc  is  tc„.i  —  ±(2/*/3\/3)(e/2)*.  The  equi¬ 
librium  represented  by  Equations  [14]  is  also  unstable  when  z*  <  1  —  X;*(2/e)*. 
Since  k  ^  2,  this  inequality  can  only  hold  when  e  >  4. 

From  the  preceeding  it  may  be  seen  that  if  s  ^  2,  no  sudden  jump  can  occur. 
If  2  <  e  ^  4,  a  sudden  jump  takes  place  when  w  reaches  the  value  Wer-i  i  and 
the  only  stable  equilibrium  configurations  under  the  load  w  v>o  are  those  corre¬ 
sponding  to  z  >■  zi  or  Zt ,  (see  Figure  2).  If  e  >  4  one  must  consider  also  the 
solution  given  in  Equation  [11]. 

In  Figure  3,  for  example,  there  has  been  plotted  the  equilibrium  configura¬ 
tions  for  the  case  when  e  8.  The  solution  corresponding  to  Equation  [10]  is 
shown  as  well  as  the  solution  corresponding  to  Equation  [11],  with  k  2.  To 
examine  the  stability  of  the  second  solution  one  must  use  the  following,  instead 
of  [13],  in  the  dynamical  equations  [12]: 

’  z  -  — iPo/3  +  ftir),  z  -  Xi  -b  i»(t),  t  «  1  or  2. 


[15] 
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t  m  Q 

The  equilibrium  values  for  z  and  x,  i.e.  —  tOo/S  and  Xi ,  are  those  obtained  from 
Equation  [11],  with  —  2.  The  notation  g*  »  1  —  (4/e)*  is  introduced;  so  that 
the  intersection  point,  (z„.f ,  has  the  coordinates  (y,  —3^).  ^ 

The  equations  for  the  disturbances,  m  and  v,  are,  to  the  first  order  in  n  and  v, 

A  +  [(2/9)(e/2)*iflo’  -  31m  -  (2/3)e*WoXi^ 

[lo] 

P  +  8e*x*i>  —  (2/3)e*iOoXfM. 

These  can  be  written  in  the  following  form: 

A  +  om  "  ft**,  P  +  ci'  ■■  6m 
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The  characteristic  equation,  obtained  by  letting  n  m  M  exp  \t,  p  =•  N  exp 
and  solving  the  resulting  homogeneous  linear  equations,  is 

X*  +  (o  +  c)X*  +  (oc  —  h*)  "  0. 

Since  oc  —  6*  =«  —  24€*x*  ^  0,  the  equilibrium  represented  by  these  equations 
is  always  unstable,  i.e.  the  second  mode  is  only  temporary. 

By  equating  Ztr  i  to  z«  i ,  i.e.//-\/3  —  g,  one  obtains  e  Consequently, 

all  equilibrium  configurations  characterised  by  z  si ,  x  —  0  are  stable  if  4  < 
e  <  y/^  (see  Equation  14).  If  e  >  some  equilibrium  configurations  z  <» 
Zi ,  X  0  are  not  stable. 

Figure  3  includes  the  result  of  these  stability  calculations  for  the  case  e  =  8. 
Unstable  equilibrium  configurations  are  shown  in  dashed  lines  and  stable  con¬ 
figurations  in  full  lines.  It  may  be  noted  that  if  4  <  e  <  the  straight  line 
z  »  —w/3  intersects  the  cubic  curve  to  the  left  of  the  point  Zw  i ,  whereas  if 
e  >  the  intersection  lies  to  the  right,  as  shown  in  Figure  3. 

If  the  jump  is  associated  with  instability  of  the  equilibrium  z  ->  Zi ,  x  «■  0,  it 
follows  that  if  «  <  2,  no  jump  occurs.  If  2  <  e  <  V^,  the  critical  load  is 
tPgr  i .  If  e  >  y/^  the  critical  load  is  w„.t .  Furthermore,  it  is  seen  that  if  2  < 
«  <  4  a  jump  in  the  first  mode  alone  occurs,  whereas  if  e  >  4  deflections  in  both 
the  first  and  second  modes  take  place. 


The  transient  problem  with  a  half-sine-wave  distributed  load.  Although  the 
quasi-static  treatment  is  sufiicient  to  enable  one  to  calculate  buckling  loads 
when  the  load  is  applied  slowly,  there  are  other  problems  of  interest.  For  in¬ 
stance,  will  a  suddenly  applied  sub-critical  load  cause  buckling  or  will  a  short- 
duration  super-critical  load  lead  to  failure?  An  explicit  analytical  solution  of 
this  problem  does  not  seem  to  be  possible,  but  some  results  of  interest  can  be 
obtained  for  a  special  type  of  load  application  if  some  simplifying  assumptions 
are  introduced. 

The  load,  $({,  r),  has  been  assumed  as  a  step  function  of  magnitude  qi  and 
duration  ArC^i  <  0): 


9(fi  r) 


f^isinf, 

10 


0  <  T  <  At, 
r  <  0  and  T  >  At. 


One  may  obtain  an  energy  integral  by  assuming  that  only  the  first  and  second 
modes  can  be  different  from  zero.  Thus,  in  Equations  [12]  let  Xt  »  xi ,  in  which 
case 


(2/e)*z  -b  (z*  —  1  +  4/c*)z  —  (2/c)*io  +  4x»z  =■  0 
it  +  4(4  +  (€/2)*(z*  -  1  -1-  4xJ)]x,  *=  0 

If  the  first  equation  is  multiplied  by  z(e/2)*  dr,  the  second  by  dr,  and  if  the 
equations  are  added  and  integrated  the  result  is 

z*  +  x*  -1-  —  e*)z*  +  (16  -  e')x\  -h  {e' /S)z* 


-|-  2c^xt  -f-  e*Xiz*  “2  J  w  dz  E' 
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where  £'  is  a  constant  of  integration  which  depends  on  the  initial  conditions. 
Uri  B  ez,  Os  »  ext ,  and  Q  »  eto  »  constant,  then  the  above  equation  becomes 

r?  +  +  (H)(rJ  +  4  -  «*)’  -  2Qri  +  (i(2ai  +  r?  +  16  -  e*)  -  E,  [17] 

where  £  is  a  new  integration  constant. 

Equation  [17]  is  the  energy  int^ral  of  the  system  under  a  constant  external 
load  Q  —  e  *  gi .  The  system  is  conservative  and  is  dynamically  essentially 
equivalent  to  a  system  consisting  of  a  particle  (of  mass  2)  sliding  without  fric¬ 
tion  on  a  surface  E{ri ,  Ot)  described  by  the  equation 

+  4  —  e*)  —  2Qri  -|-^oj(2a4  r*  16  —  e*)  ■=  E{ri ,  Oj).  [18] 

E{ri ,  Oj)  represents  the  potential  energy  while  r*  -|-  a\  represents  the  kinetic 
energy. 

In  general  the  surface  described  by  Equation  [18]  will  contain  “hills,”  “de¬ 
pressions,”  and  “vallesrs”  and  the  character  of  the  surface  will  differ  greatly  if 
Q  takes  on  different  values.  For  a  given  value  of  Q  the  equilibrium  positions  will 
be  located  at  points  for  which  dE/dri  and  dE/dot  both  vanish.  These  points  are 
the  tops  of  the  hills,  the  bottoms  of  the  depressions,  and  the  saddle  points.  In 
general,  for  a  fixed  value  of  Q  there  may  be  as  many  as  five  equilibrium  positions. 
For  example,  if  reference  is  made  to  Figure  3  it  is  seen  that  if  |  to  |  <  |  w„.i  | 
there  are  equilibrium  positions  at  the  following  points  (x,  z):  (0,  zi)  and  (0,  Zs) 
are  “depressions,”  (0,  Zi)  is  a  “hill,”  and  (±Xi ,  —  u>/3)  are  “saddle  points.” 
The  sketch  in  Figure  4  shows  qualitatively  the  nature  of  the  contours  of  con¬ 
stant  potential  energy  of  the  surface  E(ri ,  at)  for  this  case. 

When  any  initial  conditions  ri(0),  ai(0),  ri(0),  (ij(0)  are  prescribed,  the 
motion  of  the  point  mass  on  the  surface  E(ri ,  oj)  is  completely  determined. 
However,  small  disturbances  during  the  motion  and  slight  deviations  from  the 
assumed  initial  conditions  may  occur  with  the  result  that  the  actual  motion 
will  be  one  in  which  the  path  followed  will  approach  that  one  for  which  the  slope 
of  descent  is  eversrwhere  a  maximum.  This  “path  of  steepest  descent”  is,  of 
course,  well  defined  anal3rtically  but  it  has  not  been  computed  here.  One  can 
see  from  Figure  4  though  that  this  path  goes  through  the  saddle  point.  Further¬ 
more,  of  all  paths  connecting  the  two  stable  equilibrium  positions  it  is  the  one 
along  which  the  maximum  potential  energy  has  the  smallest  value.  These  con¬ 
siderations  form  the  basis  for  the  determination  of  the  critical  value  of  a  sud¬ 
denly  applied,  infinite  duration,  load  Q„  . 

Suddenly  applied  load  of  infinite  duration.  A  suddenly  applied  load  of  the 
type  specified  in  the  last  section  might  be  expected  to  cause  buckling  even 
though  I  u>  I  <  I  Wci.i  I  provided  At  is  very  large  (infinite).  Before  applying  the 
load  the  initial  conditions  are  di(0)  =»  ri(0)  -■  ai(0)  »  0,  and  ri(0)  »  e.  After 
the  load  is  applied  the  energy  surfaces  will  have  the  general  character  shown  in 
Figure  4.  The  problem  then  is  to  find  that  value  of  Q  >■  Qcr  for  which  the  po¬ 
tential  contour  passing  through  the  point  specified  by  the  above  initial  condi¬ 
tions  will  also  pass  through  the  saddle  point.  If  Q  has  this  value  one  can  say  that 
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FIG.  4  SCHEMATIC  SKETCH  INDICATING  CONTOURS  OF  EQUAL 

POTENTIAL  ENERGY  (e-8).  CURVES  SHOWN  ARE  FOR  THE 
CRITICAL  VALUE  OF  A  SUDDENLY  APPLIED,  INFINITE 
DURATION,  LOAD. 

it  is  possible  for  the  initially  undisturbed  system  to  be  displaced  to  the  stable 
“buckled”  equilibrimn  configuration,  (0,  ezs)  if  it  follows  the  appropriate  path 
on  the  energy  surface. 

Equation  [17],  with  the  initial  conditions  corresponding  to  the  undisturbed 
state,  gives 

.  E  -  2  -  2eQ„ . 

The  contour  of  constant  potential  energy  defined  by  Equation  [18]  when  E 
has  the  above  value  must  also  pass  through  tiie  saddle  point,  for  which  the  coor¬ 
dinates  are,  ri  «  — Qer/3  and  ch  «  (1/2)  Ve*  —  16  —  Qi/9.  These  values  are, 
of  course,  obtained  from  Equations  [11],  where  A;  2,  if  it  is  remembered  that 
ri  —  cz,  oi  —  ext ,  and  Q  ->  etc.  The  contour  referred  to  is  the  one  in  Figure  4 
which  passes  through  point  “1”  (initial  position)  and  point  “2”  (saddle  point). 
Equation  [18]  thus  becomes 

(l/3)<^,  +  2eQ„  -  32  +  3e’  -  0. 

The  solution  of  this  quadratic  and  selection  of  the  appropriate  root  gives  the 
result 

9»  =  Qor  -  e  -  -4e(l  -  y/^)  [19] 

If  e  »  8  the  critical  value  of  a  suddenly  applied,  infinite  duration  load  is 

9"(«idd*alx  applM)  “  —22.20. 

This  may  be  compared  to  the  critical  value  of  a  slowly  appUed  load  (as  given 
by  w„.i)  for  which  the  value  is 


9»(da«lT  IPIIIM) 


-28.78 
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Suddenly  applied  loads  of  very  short  duration.  A  suddenly  applied,  rectan¬ 
gular  load  pulse  of  very  short  duration  (as  compared  to  the  natural  period  of 
small  oscillations)  might  not  cause  buckling  even  if  |  w  |  >  |  w„.t  |  provided 
the  duration  Ar  is  sufficiently  brief.  The  significant  factor  in  such  a  loading  is 
the  value  of  the  impulse,  ^lAr,  and  the  following  question  might  be  asked:  What 
is  the  minimum  value  of  the  impulse,  (9iAr)er ,  which  will  impart  sufficient  initial 
velocity  (or  kinetic  energy)  to  the  system  to  carry  it  from  the  unloaded,  un¬ 
disturbed  equilibrium  position  to  the  stable,  displaced,  unloaded  equilibrium 
position? 

Figure  5  is  a  sketch  which  shows  the  location  of  the  equilibrium  positions  for 
no  load  (upper  diagram),  and  the  contours  for  a  particular  value  of  the  poten¬ 
tial  energy  (lower  diagram).  The  potential  energy  at  ezi  and  ezt  will  be  lower, 
whereas  that  at  ez>  will  be  higher  than  this  value.  The  initial  position  is  at  ezi . 


FIG.  5  CONTOURS  OF  EQUAL  POTENTIAL  ENERGY 
PASSING  THROUGH  THE  SADDLE  POINT 
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The  value  of  E  associated  with  the  contours  passing  through  the  saddle  point 
may  be  computed  from  [18]  through  introduction  of  the  coordinates  r\  =  —e/3 
and  Ot  -*  y/2^1^  —  4  of  the  saddle  point.  The  value  of  E  at  the  point  ri  * 
ezi  -=  e,  Oj  *  0,  is  just  2(1  —  e*).  The  difference  in  potential  energy  in  going 
from  the  initial  point  to  the  saddle  point  is 

E  -  16(eV3  -  2). 

The  impulsive  velocity  imparted  to  the  system  by  the  short-duration  load 
Dulse  is 


The  kinetic  energy  associated  with  this  velocity  is  (giAr)*. 


If  the  kinetic  energy  acquired  as  a  result  of  the  impulse  is  equated  to  the 
increase  in  potential  energy  in  going  from  ezi  to  the  saddle  point,  a  critical 
value  of  the  impulse  (9iAr)or  is  defined  which  amounts  to 


With  e  *■  8 

-  -17.52 

To  illustrate  the  significance  of  this  result  consider  a  value  of  Ar  =  ro/10 
where  ro  is  the  natural  period  of  small  oscillations  which,  for  e  »  8,  has  the  value 
•  To  -=  1.094.  The  critical  value  of  the  load  for  this  duration  is  thus  — 160  which 
0  is  seen  to  be  of  much  greater  'magnitude  than  the  critical  value  of  a  slowly  ap¬ 
plied  load. 

Discussion  and  summary.  It  was  shown  in  the  paper  that  with  very  flat 
arches  {e  ^  2)  no  jump  can  occur.  If  the  parameter  e  characterizing  the  arch 
rise  (e  »  yo/p)  has  a  value  between  2  and  4  a  jump  (buckling)  can  occur  but 
there  is  only  one  unloaded  equilibrium  position.  The  critical  load  is 
tCcT  i  (Figure  2).  If  4  <  e  <  \/^  the  critical  load  is  still  given  by  tCer.i  but 
there  are  two  stable  unloaded  equilibrium  positions.  If  c  >  y/^  the  critical 
load  is  given  by  w„.t  (Figure  3)  and  there  are  two  stable  unloaded  equilibrium 
positions. 

If  e  >  4  the  problem  can  not  be  idealized  as  a  system  with  only  one  degree 
of  freedom  and  the  shape  during  buckling  may  be  nonsymmetrical  even  under 
symmetrical  loading.  One  should  note,  however,  that  the  final  equilibrium  buck¬ 
led  shape,  either  under  load  or  with  the  load  removed,  is  always  symmetrical. 
This  is  an  interesting  result  inasmuch  as  it  shows  that  buckling  loads  which  are 
calculated  by  assuming  the  deflected  shape  may  be  incorrect,  even  though  the 
assumed  deflected  shape  does  accurately  represent  the  final  buckled  configu¬ 
ration. 

The  critical  value  of  a  suddenly  applied  load  of  infinite  duration  was  also 
calculated.  For  the  particular  case  considered  (e  —  8)  the  value  was  found  to 
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be  about  25  %  less  than  the  critical  value  of  a  slowly  applied  load.  Loads  of  an 
impulsive  tyi)e  (suddenly  applied,  short  duration)  may,  on  the  other  hand,  have 
values  which  are  much  greater  than  the  critical  value  of  a  slowly  applied  load 
without  precipitating  a  jump.  The  critical  value  of  the  impulse  necessary  to 
cause  buckling  was  calculated. 

Acknowledgment.  The  writers  wish  to  acknowledge  their  indebtedness  to  the 
Office  of  Naval  Research  of  the  U.  S.  Navy  for  permission  to  present  and  pub¬ 
lish  this  paper  written  as  part  of  the  research  work  carried  out  under  the  sponsor¬ 
ship  of  the  Office.  They  are  also  indebted  to  James  Sheng  and  William  Berks 
for  their  assistance  in  checking  the  calculations  as  well  as  to  Matthew  G.  Forte 
and  Thomas  J.  Toomey  for  drawing  the  diagrams. 

REFERENCES 

(1)  Mabouerbe,  K.,  Neuere  FesligkeiUprobleme  dta  Ingtnieura,  (edited  by  Marguerre), 

Springer,  (1960),  Ch.  V. 

(2)  Mabouerbe,  K.,  Die  Durchachlagakrafl  einee  schwach  gekrUmmfen  Balktna,  Sitz.  Berlin 

Math.  Gesa.,  87.  (1938),  p.  22. 

(3)  Timoshenko,  S.  P.,  Buckling  of  Curved  Bara  with  Small  Curvature,  J.  Appl.  Mech., 

2,  (1935),  p.  17. 

(4)  Timoshenko,  S.  P.,  Theory  of  Elaatic  SUdnlity,  McGraw  Hill,  (1936),  p.  230. 

15)  Biezeno,  C.  B.,  Daa  Durchachlagen  einea  achwach  gekrUmmten  Siabea,  Z.  a.  M.  M.,  18, 

(1938),  p.  21. 

16)  Biezeno-Grammel,  Techniache  Dynamik,  Springer  (1939),  (Lithoprinted  by  Edwards 

Bros.,  1944),  p.  526. 

(7)  Hoff,  N.  J.  and  Bruce,  Victor  G.,  Dynamic  Analyaia  of  the  Buckling  of  Laterally 

Loaded  Flat  Archea,  Polytechnic  Institute  of  Brooklyn  Aeronautical  Labora¬ 
tories  (PIBAL)  Report  No.  191,  October,  1951. 

(8)  Bruce,  Victor  G.,  Further  Inveatigationa  on  the  Problem  of  the  Buckling  of  a  Laterally 

Loaded  Flat  Arch,  Polytechnic  Institute  of  Brooklyn  Aeronautical  Laboratories 
PIBAL  Report  No.  199,  May  1952. 

After  completion  of  this  paper  the  manuscript  of  a  report  dealing  with  the  same  subject 
but  using  the  static  equations  of  equilibrium  was  received.  It  will  be  published  as  an  NACA 
Technical  Note  under  the  following  title; 

(9)  Fung,  Yuan-Cheno,  Buckling  of  Low  Archea  or  Curved  Beama  of  Small  Curvature. 
Polytechnic  Institute  of  Brooklyn 

t 


(Received  September  26,  1952) 


$ 


ON  THE  NUMERICAL  SOLUTION  OF  VOLTERRA 
INTEGRAL  EQUATIONS 

By  Carl  Wagner 

1.  Introduction.  Prasad’,  Carson*,  Huber*,  Collatz*,  and  others  have  shown 
that  Volterra  integral  equations  may  be  solved  numerically  by  a  stepwise  calcu¬ 
lation.  The  integral  equation  may  have  the  general  form 

0(x)  =  /(x)  -  Q^x)  I  <t>(z)K{x,  z)  dz  (1) 

where  <t»(x)  is  an  unknown  function  and/(x),  g{x),  and  K(x,  z)  are  given  functions. 
Using  intervals  of  width  h  and  letting  x  =  nh  and  z  »  vh,  one  may  approximate 
the  integral  in  Eq.  (1)  by  a  sum, 

I  <t>(z)K(x,  z)  dz  =  J^’ZoAin,  v)4>(.vh)  (2) 

Jo 


where  the  coeflBcients  A(n,  v)  are  determined  by  the  kernel  K(x,  z)  and  the  value 
of  h.  Special  formulae  for  the  values  of  A(n,  v)  are  given  below.  Upon  substitut¬ 
ing  Eq.  (2)  in  Eq.  (1)  and  solving  for  <l>inh),  we  obtain  the  recurrence  formula 


f(nh)  -  g(nh)  J2Z^-'A(n,  v)<i>{vh) 
1  -1-  g{nh)Ain,  n) 


According  to  Carson*  and  Collatz*  the  product  <(t(z)K(x,  z)  may  be  approxi¬ 
mated  by  a  linear  function  in  each  interval.  Thus 


A(n,0)  =  i/»A:(n/»,0) 

A{n,  v)  —  hK(nh,  vh)  for  1  ^  i»  ^  n  —  1  >  (4) 

A(n,  n)  =  ^hK(nh,  nh).  J 


Approximation  of  the  product  <f>{z)K(x,  z)  by  a  quadratic  expression  in  each 
two  consecutive  intervals  has  been  suggested  by  Collatz*;  cf.  also  Section  3, 
Eqs.  (32)  to  (39). 

The  approximation  in  Eq.  (4)  does  not  apply  if  the  kernel  K(x,  z)  tends  to 
infinity  at  z  —  x. 

Huber*  approximates  the  unknown  function  ^(z)  by  a  linear  expression  in 
each  interval, 

0(z)  “  0(i'A)  +  ({‘/h)li^(yh  +  h)  —  ^(vh)]  if  vh  ^  z  ^  vh  +  h  (5) 

where 

f  =s  z  —  vA.  (6) 

This  paper  is  based  in  part  upon  work  sponsord  by  the  Atomic  Energy  Commission 
under  Contract  AT-30-Gen-1002. 
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Hence 

•rk+h 

/  it»(z)K(nh,  z)  dz  ^  <l>(vh)[ioin,  v)  —  »i(n,  i»)]  +  <l>ivh  +  h)ii(n,  p)  (7) 

J»k 

where 

to(n,  !»)-=[  Kinh,  vh  +  f)  (8) 

Jo 

*i(n,  v)  •  [  {i/h)K{.nh,  vh  +  f)  df.  (9) 

Jo 

Adding  up  expressions  in  Eq.  (7),  one  obtains  the  general  form  of  Eq.  (2)  with 
the  following  special  values  of  the  coefficients  A(n,  v) 

A(n,  0)  “  io(n,  0)  —  ti(n, 0)  (10) 

A(n,  v)  =  io(n,  v)  +  ti(n,  i»  —  1)  —  tx(n,  v)  if  1  (11) 

A(n,  n)  «=  ti(n,  v  —  1).  (12) 

To  account  for  deviations  of  the  function  ^(x)  from  linearity,  Huber  has  worked 
out  a  special  procedure  by  means  of  which  corrections  for  the  values  obtained 
from  Eqs.  (3)  and  (8)  to  (12)  are  calculated. 

Huber’s  method  is  especially  helpful  if  the  kernel  tends  to  infinity  at  z  ==  x. 
Since  this  case  is  particularly  important  in  problems  of  physics  and  engineering, 
approximation  of  ^(x)  by  a  quadratic  expression  is  considered  in  the  following  ^ 
in  order  to  obtain  a  higher  accuracy  than  with  the  aid  of  a  linear  approximation. 

2.  Solution  of  an  Integral  Equation  If  the  Unknown  Function  Is  Approximated 
by  a  Quadratic  Function.  If  a  quadratic  expression  for  ^(x)  in  each  two  consecu¬ 
tive  intervals  is  assumed,  we  have  the  interpolation  formula 

<>(2)  =  it>{vh  +  f)  *  -h  (S/h)[4>{yh  A-  h)  —  0(vA)] 

-  i[f(A  -  ^yh^Myh  +  2h)  -  Mvh  +  h)+  <l>iph)] 

=  H>{yh)  +  (r//»)l20(i^h  +  h)  -  Hi^ivh)  -  ^{vh  +  2h)]  (13) 

-f  hQ:/hy[<l>iyh  +  2h)  -  2d>{yh  +  h)  +  0(vh)] 

for  vh  ^  z  ^  vh  +  2h. 

Hence 

.ph+ih  .lA 

/  <t>U)Kix,  z)dz=  <l>ivh  -I-  !:)K(nh,  vh  f)  df 

Jph  Jo 

=  <l>(.yh)[jo(.n,  v)  —  %ii(n,  v)  +  §jj(n,  v)] 

-f  ^{vh  -|-  h)[2ji(n,  v)  —  jt(n,  i»)] 

-f-  <^ivh  +  2h)[—\ji(,n,  v)  -f  ijj(n, !»)] 


(14) 
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where 


join,  v)  -  / 

•'0 

,JA 

;i(n,  v)  =  / 

Jo 

fih 

ji(n,  v)  =  / 

Jo 


/iC(nA,  yA  +  f)  df 
m)Kinh,  vh  +  f)  df 
(!:/hfK(nh,  vh  -}-  f)  df 


(15) 

(16) 
(17) 


Use  of  Eq.  (14)  for  the  evaluation  of  the  integral  in  Eq.  (1)  requires  an  even 
number  of  intervals.  We  may  therefore  calculate  (h{\h)  separately,  e.g.,  with  the 
help  of  the  Liouville-Neumann  series.  If  n  is  even,  we  disregard  the  value  of 
and  add  up  expressions  in  Eq.  (14)  for  f  =■  0,  2,  •  •  •  ,  (n  —  2).  If  n  is 
uneven,  we  add  up  expressions  in  Eq.  (14)  for  i»  =  1,  3,  •  •  •  ,  (n  —  2)  and  evalu¬ 
ate  the  integral  j  <l>{z)K(x,  z)  dz  from  z  =  0  to  z  =  h  with  the  aid  of  Eq.  (14) 
and  h'  »  ^k, 


f  il>(z)K(x,  z)  dz  ^  [  il>U)K(nh,  f)  df 
Jo  Jo 


“  0(O)[to(»,  0)  -  3ti(n,  0)  -1-  2ii(n,  0))  (18) 

+  </>(iA)[4i,  (n,  0)  -  4tj(n,  0)] 

+  <^(A)[-n(n,  0)  -{-  2ti(n,0)] 

where  io(n,  0)  and  ii(n,  0)  are  defined  by  Eqs.  (8)  and  (9)  and 

t*(n,  0)  -  f  *  (t/h)'K(nh,  f)  df.  (19) 

Jo 


Thus  we  obtain  the  general  formula 


f  <h(z)K(x,  z)  dz  =■  X  Mn,  v)4>{yh)  v  =  0,  J,  1,  2,  •  •  •  (n  -  1),  n  (20) 

Jo 


where 

A(n,  0)  =  join,  0)  —  ^'1(11,  0)  -I-  ^jtin,  0)  if  n  is  even  (21) 

i4(n,  0)  —  io(n,  0)  —  3ti(n,  0)  4-  2t*(n,  0)  if  n  is  uneven  (22) 

A(n,  4)  ™  0  if  n  is  even  (23) 

^(n,  i)  "  4ii(n,  0)  —  4ij(n,  0)  if  n  is  uneven  (24) 

A(n,  1)  »  2ji(n,  0)  —  jj(n,  0)  if  n  is  even  (25) 


A(n,  1)  -  -ii(n,  0)  +  2i,(n,  0)  +  ja(n,  1)  -  Hji(n,  1) 

+iii(»».  1)  if  n  is  uneven  and  n  ^  3 


(26) 
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A{n,  v)  “  2ji(n,  i»  —  1)  —  jj(n,  v  —  l)ifn  —  yis  uneven  and 

,  (27) 

1  ^  ^  n  -  1 

Ain,  y)  »  -ijiin,  y  -  2)  +  i;,(n,  y  -  2)  +  join,  y)  -  %ji(n,  y) 

(28) 

+  ijj(n,  p)  if  n  —  p  is  even  and  2  ^  p  ^  n  —  2 

^(1,  1)  -  -ti(l,  0)  +  2t,(l,  0)  (29) 

Ain,  n)  -  —  iii(n,  n  —  2)  +  ^tin,  n  —  2)  if  n  ^  2  (30) 

If  the  kernel  tends  to  infinity  at  z  x  but  elsewhere  is  a  smooth  function  and 
the  width  of  the  interval  is  not  exceedingly  small,  Eq.  (14)  may  be  used  only 
for  the  last  two  intervals  from  z»nh  —  2htoz  —  nh,  and  integrals 
(or  z  ^  nh  —  2h  may  be  calculated  with  the  aid  of  Simpson’s  rule,  i.e.,  by  ap¬ 
proximating  the  product  ^iz)Kix,  z)  by  quadratic  expressions  in  each  two  con¬ 
secutive  intervals, 

.rk+tk 

I  ipiz)Kinh,  z)  dz  ^  hl}’'^iyh)Kinh,  yh)  •+•  ^^iyh  -|-  h)Kinh,  yh  -{-  h) 

(31a) 

"I"  J'^(>'h  +  2h)Kinh,  yh  -b  2h)]  if  p  ^  n  —  4 
f  *  <f>iz)Kinh,  z)dz^  h[HmKinh,  0) 

•'»  (31b) 

-f  ^ifhmKinh,  ih)  +  HmKinh,  h)]  if  n  ^  3 

If  Eqs.  (31a)  and  (31b)  are  used  in  conjunction  with  Eq.  (14)  for  p  —  n  —  2 
and  Eq.  (18)  for  n  »»  1,  then  Eq.  (23)  for  i4(n,  ^)  if  n  is  even,  Eq.  (29)  for  .4(1,  1), 
and  Eq.  (30)  remain  unchanged.  Values  of  4(1,  0),  4(2,  0),  4(1,  J),  and 
4(n,  n  —  1)  are  to  be  calculated  from  Eqs.  (22),  (21),  (24),  and  (27),  respec¬ 


tively.  In  addition,  the  following  equations  hold 

4(n,  0)  *  y^hKinh,  0)  if  n  is  even  and  n  ^  4  (32) 

4(n,  0)  —  ^hK(nh,  0)  if  n  is  uneven  and  n  ^  3  (33) 

■^(w,  i)  “  %hKinh„  ih)  if  n  is  uneven  and  n  ^  3  (34) 

4(3,  1)  -  HkKiZh,  h)  +  joiZ,  1)  -  ^^ii(3,  1)  +  ii,(3,  1)  (35) 

4(n,  1)  —  ihKinh,  h)  if  n  is  uneven  and  n  ^  5  (36) 

4(n,  p)  =■  fihKinh,  yh)  if  n  —  p  is  uneven  and  1  ^  p  ^  n  —  3  (37) 

4(n,  p)  =*  %hKinh,  yh)  if  n  —  p  is  even  and  2  ^  p  ^  n  —  4  (38) 


4(n,  n  —  2)  ■*  }/ihKinh,  nh  —  2h)  -f-  join,  n  —  2)  —  %ii(n,  n  —  2) 

(39) 

+  n  —  2)  if  n  ^  4. 

Calculation  of  coefficients  4(n,  p)  from  Eqs.  (32)  to  (39)  will  in  general  re¬ 
quire  less  labor  than  use  of  Eqs.  (21)  to  (30)  and  therefore  is  preferable  if  ap¬ 
plicable. 
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3.  The  Choice  of  the  Width  of  Intervals.  It  is  desirable  that  minor  errors  dis¬ 
appear  automatically  when  the  calculation  is  continued.  Practically,  we  may 
demand  that  the  amount  of  the  error  e(nh)  in  ^(nh)  be  less  than  half  the  amoimt 
of  the  error  f(n^  —  h)  in  the  preceding  value  <^(nh  —  h).  From  Eq.  (3)  it  follows 
that 


e(nh) 


g(nh)A(n,  n  —  1) 
1  +  g(nh)A(n,  n) 


e(nh  —  h). 


Hence  we  obtain  the  condition 


(40) 


i  1  1  +  g(nh)A(n,  n)  j  >  |  g(nh)Ain,  n  -  1)  |  . 

(41) 

for  1  e{nh)  |  <  i  |  sink  —  h)  |  . 

In  general,  it  is  possible  to  satisfy  Eq.  (41)  by  choosing  a  sufficiently  small 
value  of  h.  Difficulties  may  occur  if  the  function  g(x)  is  not  bounded,  e.g.,  in¬ 
creases  exponentially  as  in  Eq.  (90),  and  a  quadratic  approximation  is  used. 
Use  of  a  linear  approximation  according  to  Huber*  may  be  preferable  for  large 
values  of  X  in  Eq.  (90). 


4.  Non-linear  Integral  Equations.  The  procedure  outlined  above  may  also  be 
used  to  obtain  a  numerical  solution  of  the  non-linear  integral  equation 

^(x)  -  /(x)-  g(x)  ^  PMz),  z]K(x,  z)  dz.  (42) 

If  P[<^{z),  z]  is  approximated  by  a  quadratic  expression  in  each  two  consecu¬ 
tive  intervals,  we  have  instead  of  Eq.  (2) 

r  P[^(r),  zmx,  z)  -  Z  Ain,  p)P[<l>ivh),  ^h]  ^  ^ 

•'»  (43) 

I-  -  0,  i,  1, 2,  •  •  •  ,  (n  -  1),  n 

where  the  coefficients  are  the  same  as  in  Eq.  (20).  Upon  substituting  Eq.  (43)  in 
Elq.  (42)  for  x  »  nh,  we  have  instead  of  Eq.  (3)  the  non-linear  equation 

<l>inh)  +  ginh)Ain,  n)P[<l>inh),  nh] 

^  (44) 

-  finh)  -  ginh)  Ain,  p)P[<l>iph),  vh] 

with  ^(nh)  as  unknown.  Eq.  (44)  may  be  solved  for  ^(nh)  numerically  by  con¬ 
ventional  methods*. 

The  labor  required  for  the  calculation  of  0(nh)  from  Eq.  (44)  will  in  general 
be  insignificant  in  comparison  to  the  labor  required  for  the  calculation  of  co¬ 
efficients  il(n,  v)  and  the  sums  in  Eq.  (44).  Non-linearity  is  therefore  not  a  serious 
complication  provided  that  an  approximation  of  P[^(z),  z]  by  a  quadratic  ex¬ 
pression  in  each  two  consecutive  intervals  is  adequate. 

6.  Special  equations  if  the  kernel  is  a  function  of  (x  —  z)  only.  If  the  kernel  is 
a  function  of  (x  —  z)  only,  we  introduce 
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8  X  —  Z 


as  the  variable  of  integration.  Thus  Eq.  (1)  becomes 


0(x)  »  fix)  -gix)  f  0(x  -  8)Ki8)  da 

JQ 


The  integral  in  Eq.  (46)  for  x  nh  may  be  approximated  by  a  sum 

0(x  -  8)K(8)  ds  -  Z  -  nh)  (47) 

•'0  0-0 

where  m  is  a  serial  number  and  the  coefficients  are  determined  below.  Sub¬ 
stituting  Eq.  (47)  in  Eq.  (46)  for  x  ■*  nh,  we  obtain  the  recurrence  formula 

|b«f» 

finh)  -<l>ginh)  X  A^<l>inh  -  nh)  .  -v 

/„L\  _  0-1  _ 

1  -f  g(nh)Ao 

We  assume  that  ^(x  —  a)  can  be  represented  by  a  quadratic  expression  in 
each  two  consecutive  intervals.  Thus,  letting 

a  =“  «  —  fih,  (49) 

we  have  the  interpolation  formula 

^(x  —  «)  “  «t>inh  —  fih  —  a) 

»«  ^(nh  —  fih)  (<r//i)[0(nh  —  nh  —  h)  —  <ftinh  —  /ih)] 

-  i[<r(h  -  <r)A*][0(nh  -  nh  -  2h) 

-  24>inh  -  fih  -  h)  +  </»(nh  -  m*)] 

(50) 

*  <l>inh  —  fih)  (ff/h)[20(nh  —  fih  —  h) 

—  ^‘^{nh  —  fih)  —  ^(nh  —  fih  —  2h)] 

"b  i(®'/h)*[0(Rh  —  fJi  —  2h)  —  20(n/)  —  fih  —  h) 

-f-  ^(nh  —  fJi)]  if  fih  ^  a  ^  fih  ’i'  2h. 


fl*+U  i-ih 

I  <f>ix  —  s)X(«)  da  =  ^(nh  —  fih  —  <T)Kifih  -|-  <t)  da 

J0k  Jo 

*  0(nA  —  Mh)[oo(M)  —  H  «i(m)  +  a2(M)l 
-f  <t»inh  —  fih  —  h)[2aiifi)  —  oi(ai)1 
-H  (ftinh  —  fJi  —  2h)I— H«i(m)  +  H«*(m)] 


/■** 

otoifi)  =*  (  Kifih  a)  da 


(52) 
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ctiin)  =  [  (<r/h)K(nh  +  (t)  d<r  (53) 

Jo 


(a/hyK(^  +  <r)  da 


(54) 


To  obtain  the  integrals  in  Eq.  (52)  to  (54)  in  a  most  convenient  way,  we  may 
calculate  first  the  following  integrals 


Ri^)  =  /  Kia)  da 

Jo 

(55) 

PIA 

Siuh)  =  /  aKia)  da 

Jo 

(56) 

Ti^)  -  r  a^Kia)  da. 

Jo 

(57) 

Hence 

ooifi)  ■■  Riiih  -f-  2h)  — 

Rinh) 

(58) 

ai(M)  »  h“‘[S(M  -t-  2h) 

-  Sink)]  -  nlRinh  +  2h)  -  Rinh)] 

(59) 

a,(M)  «  h-^[Tiixh  -f  2h) 

-  Tinh)]  -  2nh-'[Sinh  +  2h)  -  Sink)] 

(60) 

-f  +  2h)  -  Rinh)]. 

If  n  is  even,  the  integral  on  the  left-hand  side  of  Eq.  (47)  is  obtained  directly 
as  the  sum  of  expressions  in  Eq.  (51).  If  n  is  uneven,  the  integral  from  s  »  0 
to  8  ^  nh  —  hia  calculated  in  the  same  fashion  and  the  integral  from  8=*nh  — 
h  to  8  ^  h  ia  calculated  separately  with  the  aid  of  Eq.  (51)  for  h*  »=  ^h.  Thus 


ftik  h 

I  ^(x  —  8)K(8)  da  I  <l>(h  —  a)Kinh  —  A  -f-  <r)  d<r 
Jtih-h  Jo 


-  0(A)[i8o(n  -  1)  -  3/3i(n  -  1)  2/3*(n  -  1)]  (61) 

+  ^(MM[4/3i(n  -  1)  -  4/3, (n  -  1)] 

+  0(O)[— /3i(n  —  1)  -f-  2/3, (n  —  1)] 


where 

/3o(n  —  1)  —  f  Kinh  —  A  -f  <r)  da  =«  Rink)  —  Rinh  —  h)  (62) 

Jo 


/3i(n  -  1)  -  f*  (a/h)Kinh  -  h  -  a)  da 
Jo 

-  h~\S{nh)  -  Sink  -  h)]  -  (n  -  l)[Rinh)  -  Rinh  -  h)] 

|3,(n  -  1)  =  f*  ia/h)'Kinh  -  h  -  a)  da 
Jo 

=  h-*[Tinh)  -  Tinh  -  h)]  -  2(n  -  l)fc"‘[S(nA)  -  Sink  -  A)) 

-h  (n  -  l)*[«(nA)  -  Rinh  -  h)]. 


(63) 


(64) 
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We  obtain  the  general  formula 

I  ^(.X  ~  8')K(,8)  ds  “  — \),n  “  (ihi) 

Jo 

where 


(65) 


Ao  -  /3o(0)  -3/3i(0)  +  2ft(0)  if  n  -  1  (66) 

Ao  -  ao(0)  -  %ai(0)  +  ia,(0)  if  n  ^  2  (67) 

A^  »  2ai(ji  —  1)  —  oj(m  —  1)  if  M  is  uneven  and  1  ^  m  ^  w  —  1  (68) 

A^  -  —  iai(M  —  2)  +  iaj(M  —  2)  +  ao(M)  —  Hai(ji)  +  iat(M) 

if  M  is  even  and  2  ^  M  ^  n  —  2 
An-i  -  -ia,(n  -  3)  +  |a,(n  -  3)  +  |8o(n  -  1)  -  3,8i(n  -  1) 

+  2/3*(n  —  1)  if  n  18  uneven  (70) 

An-i  —  0  if  n  ia  even  (71) 

An-\  “  4/5i(n  —  1)  —  4/8*(n  —  1)  if  n  is  uneven  (72) 

An  »  —  iai(n  —  2)  +  iaj(n  —  2)  if  n  is  even  (73) 

An  “  -*/3i(n  —  1)  +  2/3j(n  —  1)  if  n  is  uneven.  (74) 


If  the  kernel  tends  to  infinity  at  z  —  x  but  elsewhere  is  a  smooth  function  and 
the  width  of  the  interval  is  not  exceedingly  small,  Eq.  (51)  may  be  used  only  for 
the  first  two  intervals  from  «  —  0  to  «  *  2h,  and  integrals  for  a  >  2h  may  be 
calculated  with  the  aid  of  Simpson’s  rule,  Eqs.  (31a)  and  (31b).  Then  Eqs.  (66), 
(67),  and  (71)  remain  unchanged  and  the  following  equations  are  to  be  used 


Ai  ~  4/3i(0)  -  4/3,(0)  if  n  -  1  (75) 

Ar  -  -^i(0)  +  2ft(0)  if  n  -  1  (76) 

Ai  -  2a, (0)  -  0,(0)  if  n  ^  2  (77) 

A,  -  -iai(0)  +  ia,(0)  if  n  -  2  (78) 

At  -  -MO)  +  §0,(0)  +  HhK(2h)  if  n  -  3  (79) 

At  -  -ia,(0)  +  ia,(0)  +  }4hKi2h)  if  n  ^  4  (80) 

An  “  %hK(nh)  if  M  is  even  and  4  ^  n  ^  n  —  2  (81) 

An  ■=  %hK(jJi)  if  fi  is  uneven  and  3  ^  m  ^  w  —  1  (82) 

An-i  *  ^hKinh  —  h)  U  n  is  uneven  and  n  ^  5  (83) 

An-i  **  %hK{nh  —  ^h)  if  n  is  uneven  and  n  ^  3  (84) 

An  =*  }4,hK{nh)  if  n  is  even  and  n  ^  4  (85) 

An  ^  \ihK{nh)  if  n  is  uneven  and  n  ^  3  (86) 
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6.  Application  to  Heat  Conduction  Problems.  The  temperature  7  in  a  semi¬ 
infinite  solid  with  uniform  initial  temperature  To  at  time  t  »  0  and  a  heat  flux 
q{t)  as  a  given  function  of  time  from  the  surface  into  the  interior  of  the  solid  is 
according  to  Carslaw  and  Jaeger* 

T(i,  0  -  To  +  [a}/(v^k)]  f  qit  -  t)  exp  (-{* /4aT)T“*  dr  (87) 

where  |  is  the  distance  from  the  surface,  a  is  the  thermal  diffusivity  of  the  solid, 
k  its  heat  conductivity,  and  r  is  an  auxiliary  variable  with  the  dimension  of 
time. 

In  practical  cases,  the  heat  flux  is  frequently  not  directly  given  but  is  known 
to  be  equal  to  the  product  of  a  heat  transfer  coefficient  H  and  the  difference  of 
the  temperature  Ta  of  an  ambient  fluid  and  the  surface  temperature  T, ,  plus 
terms  accounting  for  heat  transmission  due  to  radiation.  The  values  of  Ta  and 
H  are  supposed  to  be  given  functions  of  time  t.  Then  ^(0  has  the  general  form 

qit)  -  Hit)[Tait)  -  7.(0]  +  r,[7:(0]  -  r,[7.(0]  (88) 

where  ri(7a)  is  the  heat  received  by  radiation  per  unit  surface  area  per  unit  time 
from  an  another  solid  of  temperature  7a  ,  and  ri(7,)  is  the  heat  released  by 
radiation  per  unit  surface  area  per  unit  time. 

Substituting  Eq.  (88)  in  Eq.  (87)  for  {  »  0  and  using  the  auxiliary  variable 
—  r,  we  obtain  the  following  Volterra  int^ral  equation  for  the  surface 
temperature  7,  as  imknown  function  of  time  t 

Tait)  -  7o  +  [aV(ir*fc)]  f  ‘  {HmTai^)  -  Tm  +  nM^)]  -  rATM)])  , 

•'0  (89) 

■it  - 

which  has  the  general  form  of  Eq.  (42). 

For  instance,  Eq.  (89)  may  be  used  in  order  to  calculate  the  surface  tempera¬ 
ture  of  a  meteor  traversing  the  atmosphere  of  the  earth.  At  high  altitudes,  aero¬ 
dynamic  heating  is  negligible  since  the  density  of  the  ambient  air  is  extremely 
low.  With  increasing  time  the  heat  transfer  coefficient  H  increases  quasi-ex- 
I>onentially.  The  unknown  expression  in  braces  as  a  fimction  of  under  the  in¬ 
tegral  in  Eq.  (89)  may  therefore  be  approximated  by  a  quadratic  expression  in 
each  two  consecutive  intervals. 

If  the  heat  transfer  coefficient  H  is  independent  of  temperature  and  heat 
transmission  due  to  radiation  is  negligible,  i.e.,  the  terms  ri  and  ft  are  disre¬ 
garded,  Eq.  (89)  may  be  transformed  into  a  linear  integral  equation  as  stated 
in  Eq.  (1)  or  (46). 

A  similar  diffusion  problem  is  encountered  in  polarography.  With  the  aid  of 
the  procedure  outlined  in  Section  5,  Delahay^  has  solved  the  integral  equation 

0(x)  -  r  <l>iz)ix  -  2)-‘  dz  (90) 

Jo 


where  c  is  a  constant  parameter. 
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7.  Special  Procedure  If  the  Unknown  Function  Cannot  be  Approximated  by  a 
Quadratic  Expression.  If  the  heat  flux  in  Eq.  (87)  is  finite  from  <  »  0  on,  the 
surface  temperature  initially  increases  proportionally  to  the  square  root  of  time 
Thus  a  linear  or  quadratic  approximation  for  T,{t)  at  t  =  0  is  inadequate  and  the 
procedure  outlined  above  fails. 

This  difficulty  may  be  overcome  by  using  and  as  the  independent  variable 
and  the  variable  of  integration,  respectively.  Then  the  kernel  assumes  the  form 
22/  (x*  —  2*)*,  which  is  not  a  function  of  (x  —  2),  and  thus  the  computation  of 
the  coefficients  A(ri,  v)  becomes  rather  cumbersome. 

Another  approach  seems  more  profitable.  If  the  first  derivative  of  the  unknown 
function  0(x)  tends  to  infinity  at  x  »  0,  we  may  set  ^(x)  equal  to  the  sum  of 
an  appropriately  chosen  function  ^(x)  accounting  for  the  singularity  at  x  «  0 
and  a  function  w(x),  which  has  to  be  determined  by  stepwise  calculation, 

f  (x)  +  w(x).  (91) 

Substituting  Eq.  (91)  in  Eq.  (1)  with  K{x,  2)  K(x  —  2),  we  obtain 

«(x)  “  f*ix)  —  g(x)  f  u(x)K(x  —  z)  dz  (92) 

Jo 

where 

/•(x)  “  fix)  —  yj/ix)  —  gix)  f  ^(z)K(x  -  2)  dz.  (93) 

•'O 


The  function  ^(x)  is  supposed  to  give  an  adequate  approximation  for  4>(x) 
at  X  =  0  so  that  at  least  the  first  derivative  of  u(x)  at  x  0  is  finite,  but  other-  * 
wise  the  function  ^(x)  may  be  chosen  at  will.  If  possible  the  function  ^(x)  should  * 
be  chosen  so  that  a  closed  solution  for  the  integral  in  Eq.  (93)  is  obtainable.  In 
addition,  ^(x)  should  be  chosen  so  that  ^(x)  remains  finite  for  large  values  of 
X,  or  vanishes  for  x  ^  . 

To  find  ^(x),  we  may  use  the  first  two  terms  of  the  Liouville-Neumann  series. 
For  Eq,  (1)  with  K(x,  2)  «=  (x  —  z)~*  we  have 

yf>(x)  =/(x)  -  g(x)  f  f(0)Kix  -  z)  dz  •  fix)  -  2xV(0)p(x)  for  x^O.  (94) 

Jo  I 

Since  the  kernel  (x  —  2)“*  has  a  peak  for  2  —  x,  we  may  also  use  an  approxi¬ 
mation  suggested  by  Wagner’  for  Fredholm  integral  equations  but  likewise 
applicable  to  Volterra  integral  equations.  Thus 


vix)  ^ 


fix) 


1  +  gix)  j  Kix,  2)  dz 


fix) 

1  +  2x*gix) 


(95) 


8.  Illustrative  Example.  For  illustration,  we  shall  solve  Eq.  (89)  with  constant 
values  of  Ta  and  H  and  vanishing  values  of  n  and  rj.  Introducing  into  Eq.  (89) 
the  dimensionless  groups 

X  -  H'al/iirk*)  (96) 
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‘  2  -  H'o^/{irk')  (97) 

^(x)  «  (Ta  -  r.(0/(r.  -  To)  (98) 

we  obtain 


^(x) 


1  —  f  4>(z)(x  —  z)  ^  dz. 
Jo 


(99) 


Since  T,  necessarily  tends  to  Ta  for  <  «  and  thus  «^(x)  vanishes  for  x  — ♦  « , 

we  shall  not  use  the  right-hand  member  of  Eq.  (94)  for  ^  —  (x)  since  it  tends  to 
infinity  for  x  — »  «  if  ^(x)  remains  finite.  Instead,  we  may  use  Eq.  (95)  and  there¬ 
fore  let 

^  -  (1  -f  2x‘)-‘.  (100) 

Substituting  Eqs.  (91)  and  (100)  in  Eq.  (99),  we  obtain 

«(x)  “  /*(x)  —  f  w(x)(x  —  z)~*dz  (101) 

Jo 

where 


rix)  - 1  - 


-f 


dz 


1  -f  2x*  Jo  (1  -1-  2x»)(x  -  2)‘  ■ 
Evaluation  of  the  integral,  I*,  in  Eq.  (102)  gives 

/*  *  ix  —  (1  —  4x)*  cos”*  (2x*)  if  X  <  ^  1 


/*  =  ix  if  X  -  M 

/*  =  ix  —  (4x  —  1)*  cosh”*  (2x*)  if  x  >  ^ 


(102) 


(103) 


The  unknown  function  w(x)  determined  by  Eq.  (101)  may  be  computed  with 
the  aid  of  Eq.  (48)  and  coefficients  according  to  Eqs.  (65)  to  (74)  or  (75) 
to  (86).  Then  the  function  0(x)  is  obtained  from  Eqs.  (91)  and  (100)  as 

«(x)  -  (1  -H  2x*)”*  -h  «(x).  (104) 

Two  different  intervals,  h  “  0.2  and  h  =  0.1,  were  used.  Values  of  were 

obtained  with  the  aid  of  the  Liouville-Neumann  series.  Values  of  0(x)  for  x  = 
h,  2h,  •  ■  •  obtained  by  step-wise  calculation  agree  satisfactorily  with  the  values 
of  the  analytical  solution  of  Carslaw  and  Jaeger* 

0(x)  =«  1  —  [1  —  erf(x*x*)]  exp(xx)  (105) 

as  is  shown  in  Table  I. 


9.  Modified  Procedure  If  a  Stielt  jes  Integrimeter  is  Available.  The  evaluation  of 
sums  in  Eqs.  (3)  or  (48)  is  rather  cumbersome  if  the  number  of  intervals  becomes 
large.  In  the  following  it  is  assumed  that  the  kernel  is  a  function  of  (x  —  z). 
Calculating  first 
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TABLE  I 

Solution  of  integral  equation  (99) 


♦(x)  -  1  -  /  -  z)-*dz 

Jo 


X 

1  a(>)  obUined  by  ttcpwite  cmicuktion 

exact  aolution  accordinf 
to  £q.  (105) 

A-OJ 

1  A  -  0.1 

0.0 

1.0000 

1.0000 

1.0000 

0.05 

— 

0.6730 

0.6730 

0.10 

0.5859 

0.5860 

0.5859 

0.2 

0.4916 

1  0.4916 

0.4917 

0.3 

— 

1  0.4357 

0.4358 

0.4 

0.3965 

0.3966 

0.3967 

0.5 

— 

0.3672 

0.3671 

0.6 

0.3437 

0.3436 

0.3437 

0.7 

— 

0.3244 

0.3244 

0.8 

0.3079 

0.3081 

0.3082 

0.9 

— 

0.2942 

0.2942 

1.0 

0.2821 

0.2820 

0.2821 

we  obtain 

f  ^(nh  —  8)K(8)  d8  »  f  ^(nh  —  «)  (107) 

JU  J$m.U 

with  the  aid  of  the  Stieitjes  integrimeter/*’.  Substituting  Eqs.  (107)  and  (51) 
for  M  0  in  Eq.  (46),  we  obtain  in  view  of  Eqs.  (67)  and  (68) 

^(nh)  - 

f(nh)  —  ff(nh)  ^Ai  ^(nh  —  h)  -j-  Ai^(nh  —  2h)  +  ^(nh  —  s)  di?(s) J  (108) 

1  +  g(nh)Ao 

where  according  to  Eq.  (51) 

»  A?  -  -iai(0)  +  4a,(0)  (109) 

and  Ao  and  Ai  are  given  by  Eqs.  (67)  and  (68). 
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A  NOTE  ON  SETS  OF  MATRICES  SIMULTANEOUSLY  REDUCIBLE 
TO  THE  TRIANGULAR  SKELETON  ‘ 

By  J.  C.  Eaves 

1.  Introduction.  Many  writers  have  considered  the  simultaneous  reduction 
of  square  matrices  of  a  set  to  the  triangular  skeleton  [1,  2,  3,  4,  5].  It  is  usually 
more  convenient  both  in  application  and  in  theory  to  use  partitioned  matrices. 
It  is  the  purpose  of  this  paper  to  show  that  a  necessary  and  sufficient  condition 
that  a  set  of  n  X  n  matrices  be  reducible  simultaneously  by  the  same  similarity 
transformation  to  matrices  having  the  triangular  skeleton  is  that  they  be  simul¬ 
taneously  reducible  to  a  set  of  regularly  partitioned  matrices  having  completely 
triangular  blocks.  This  property  is  particularly  advantageous  in  applied  work 
where  the  matrices  are  often  of  very  large  order  (6,  7].  For  example,  a  600  X  600 
matrix  may  be  so  partitioned  that  300  X  300  block  matrices  or  matrices  of  even 
smaller  dimension  may  be  considered.  In  this  way  the  desired  results  may  be 
computed  on  the  pr^nt  available  computers. 

2.  Notation.  In  the  first  sections  of  this  i)aper  we  shall  deal  with  a  matrix  of 
restricted  order  Jn(n  -1-  1).  Later  this  restriction  is  removed.  It  is  convenient 
here  to  use  a  double  subscript,  double  superscript  notation  on  the  elements  of 
the  matrices  considered.  The  block  matrix  A,  of  order  in(n  +  1),  is  partitioned 
so  that  the  diagonal  blocks  Au ,  An ,  *  **  ,  Ann  are  of  orders  n,  n  —  1,  *  •  *  ,  1 
respectively.  Thus,  the  block  matrix  is  of  dimension  (n  —  i  -|-  1)  X  ( n  —  j  +  1). 
The  elements  of  An  are  denoted  by 

-  1,  2,  ...  ,  n  -  i  -h  1;  «  -  1,  2,  ,  n  -  j  -H  1). 

The  superscripts  of  an  element  indicate  both  the  block  in  which  the  element  is 
located  and  the  row-column  dimension  of  that  block.  The  subscripts  indicate 
the  row-column  position  of  the  element  within  the  block  An  •  The  element 
is  in  the  0-row,  ^-column  of  the  block  Ax+^+i  which  is  of  dimension 
(n  —  X)  X  (n  —  m).  We  shall  deal  with  matrices  having  elements  in  an  alge¬ 
braically  closed  field.  ‘ 

3.  A  transformation  matrix.  Let  the  matrix  T,  of  order  (n  -f  1),  be  defined 
as  follows: 

T  -  (no  =  (LV”-'*)  (p,  g  »  0,  1,  ...  ,  n  -  l;t  -  1,2,  ...  ,n  -  p; 

(1)  j  -  1,  2, . . . ,  n  -  g;  A,  f  -  1,  2,  . . .  ,  n) 

=  1,  =  0  (t,;)  3^  (g  -I-  1,  p  +  1). 

Since  f  =  1,  it  is  evident  that  T  is  S3rmmetric  and  orthogonal. 

Thus,  T  “  7’^  Also,  T  is  a  permutative  matrix. 
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4.  Completely  triangular  matrices.  We  extend  the  definitions  of  triangular 
matrices  and  strictly  triangular  matrices  to  include  rectangular  matrices. 

Definition.  If  ihe  m  X  n  matrix  A  is  bordered  either  on  the  right  by  columns,  or 
below  by  rows,  of  zeros,  until  it  becomes  a  square  matrix  U  and  if  U  is  a  triangular 
matrix  then  we  shall  say  A  is  an  m  X  n  triangular  matrix.  If  U  is  stricUy  tri¬ 
angular,  then  we  shall  call  A  anmXn  strictly  triangular  matrix. 

Definition.  If  A  =  (An)  is  a  regularly  partitioned  matrix  having  m  X  n(m  ^  n) 
triangular  matrices  as  ihe  block  matrices  in  and  above  the  main  diagonal  and  having 
P  X  q(p  ^  q)  strictly  triangular  matrices  as  the  block  matrices  below  the  main 
diagonal,  then  we  shall  call  A  a  completely  triangular  matrix. 

We  first  consider  the  completely  triangular  matrix  A  of  restricted  order 
Jn(n  +1),  defined  by 

A  ~  (An)  -  (a:7""~'‘)  (X,  M  =  0,  1,  •••  ,n  -  1;0  -  1,2,  •••  ,n-  X; 

(2)  0  -  1, 2,  •  •  •  , n  -  u;i,j  =  1,  2,  •  •  •  ,  n) 

^  Q  fQj.  X  g  X  >  M,  0  ^ 

Then,  using  the  transformation  matrix  T,  defined  in  3,  we  have 

(3)  T'AT  - 

where  the  element  of  1/  is  the  element  of  A.  The  con¬ 

ditions  on  the  p,  q,  i,  j,  satisfjdng  the  restriction  that  u^’’^  be  an  element 
below  the  main  diagonal  of  f7  are:  (a)  p  —  g  and  *  >  j,  (b)  p  >  9.  However, 


these  conditions,  imposed  upon 

-  Q 

»— ^,i»— »i 

**  1 

,  give 

(i) 

0=0 

and 

\  >  u 

for 

P  -  ? 

and 

i  >  j, 

(ii) 

0  >  0 

and 

\  >  ft 

for 

p>  q 

and 

i  >  f 

(iii) 

it>>  e 

and 

X  ^  M 

for 

p>  q 

and 

i  ^  j. 

Results  (i)  and  (ii)  may  be  written  as 


(iv)  0^9  Rnd  X  >  /X. 

Conditions  (iii)  and  (iv)  are  precisely  the  restriction  (2).  Consequently  T'AT 
is  a  triangular  matrix. 

By  a  similar  argument,  T'UT  is  a  completely  triangular  matrix  if  C/  is  any 
^(n  +  1)  X  hn(n  +  1)  triangular  matrix.  Thus  we  have: 

Theorem  1.  Lcf  S  »  {Ai ;  »  =  1,  2,  •  •  •  ,  r}  6e  o  finite  set  of  in(n  +  1)  X 
}n(n  +  1)  matrices.  A  necessary  and  sufficient  condition  that  the  matrices  of  1  be 
reducible  simultaneously  to  triangular  matrices  is  that  they  be  reducible  by  the  same 
similarity  transformation  to  completely  triangular  matrices. 

Just  as  in  the  triangular  matrix,  the  characteristic  roots  of  a  completely 
triangular  matrix  are  the  diagonal  elements.  For,  from  (3),  the  diagonal  element 
of  diagonal  element  of  T'AT.  From  this  it 
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follows  that  the  value  of  the  detenninant  of  a  completely  triangular  matrix  A 
is  the  product  of  the  diagonal  elements. 

6.  Removal  of  the  order  restrictions.  We  now  remove  the  order  restriction, 
imposed  on  (Aij).  Let  the  r  X  r  matrix  M  -  {Mi,){i,j  —  1,  2,  •  •  •  ,  0  be  any 
principal  submatrix  of  {An)  and  indicate  the  orders  of  the  diagonal  blocks 
Mu ,  Mn ,  •  •  •  ,  Mu  by  fi ,  r* ,  ,  u  respectively,  r<  ry  for  t  ^  j.  There  is 

no  loss  in  generality  to  require  that  r,  >  ry  for  i  <  j  since,  if  this  were  not  the 
case  a  similarity  transformation  exists  which  will  bring  about  this  arrangement 
of  these  blocks.  We  now  border  M  in  such  a  manner  as  to  obtain  the  matrix 
diag{3f,  /}  of  order  iri(ri  +  1).  There  exists  a  permutative  block  matrix  P, 
such  that 

(4)  ®)p-W-(lVy), 

where  the  block  Nu  is  of  order  (ri  —  t  +  1).  By  Theorem  1  there  exists  a  matrix 
T  such  that  T’NT  is  a  triangular  matrix  and  the  diagonal  elements  of  N  are 
the  diagonal  elements  of  T’NT.  Furthermore,  the  diagonal  elements  of  /  in 
diag{Af,  /},  being  also  diagonal  elements  of  T‘NT,  are  the  only  non-zero  ele¬ 
ments  in  the  rows  and  coliunns  which  contain  these  unit  elements.  Thus  there 
exists  a  permutative  matrix  Q  such  thatjQ'T'JVTQ  »  diagjiS,  /}  where  the  S 
is  an  r  X  r  triangular  matrix  whose  elements  are  those  of  M,  and  whose  diagonal 
elements  are  the  diagonal  elements  of  M.  The  matrix  S  can  be  obtained  di¬ 
rectly  from  Af  by  a  similarity  transformation  on  M.  For,  the  similarity  trans¬ 
formation  of  diag{Af,  /}  by  the  matrix  PTQ  affects  the  last  {(2iii  i)  —  r} 
rows  and  columns  as  does  the  identity  transformation  on  these  rows  and  columns. 
It  is  also' seen  that  PTQ  is  a  permutative  matrix  since  it  is  a  product  of  ele¬ 
mentary  permutative  matrices,  the  set  of  n!  such  matrices  forming  a  symmetric 
group  and  thus  being  closed  with  respect  to  the  operation  multiplication. 

Now,  let  X  »  (Xn)(t,  j  —  1,  2)  where  Xn  is  an  m  X  m  submatrix,  be  any 
permutative  matrix  which  leaves  the  last  m  rows  of  every  matrix  Y  unaltered 
under  the  multiplication  XY.  Consider  the  special  matrix  Y  —  diag{Fn  ,/«.}• 
Then  ^ 

0  /J 

Thus  the  matrix  PTQ  has  the  skeleton  diag{i2,  /}  where  P  is  a  permutative 
matrix  of  order  r.  Thus  R'MR  is  a  triangular  matrix.  Similarly,  for  a  triangular 
matrix  M  then  R'MR  is  a  completely  triangular  matrix.  Thus  Theorem  1  holds 
for  this  more  general  case. 

By  a  similar  argument  and  induction  it  is  easy  to  show  that  there  exists  a 
permutative  matrix  P  such  that,  for  a  completely  triangular  matrix  A,  then 
P'AP  is  a  triangular  matrix. 

6.  Other  cases.  The  utility  of  the  above  results  lies  not  only  in  its  application 
to  strictly  triangular  matrices.  It  can  be  applied  to  certain  blocks  of  block 
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matrices  which  are  only  “partially”  or  “almost”  strictly  triangular.  As  in  illustra¬ 
tion  it  will  be  more  convenient  to  consider  a  pair  of  10  X  10  matrices,  with 
which  the  writer  was  confronted  recently,  rather  than  to  use  100  X  100  matrices 
or  matrices  of  dimension  400  or  600  about  which  we  are  beginning  to  hear  in 
some  recent  research  and  applied  work. 

After  a  rather  obvious  similarity  transformation  and  a  second  similarity 
transformation  which  was  not  so  obviously  applicable  the  two  10  X  10  matrices 
A  and  B  were  reduced  to  matrices  having  the  following  skeleton: 


Goo 

Goi 

Got 

Got 

Got 

Goo 

Goo 

0 

Goo 

Goo 

0 

Gu 

0 

Gii 

0 

Gis 

Gie 

0 

0 

Gio 

0 

On 

Gii 

Gu 

0 

0 

Gto 

0 

0 

Gto 

0 

0 

0 

Gu 

0 

0 

0 

0 

0 

0 

0 

Goj 

G42 

Gu 

G44 

Gtt 

Gu 

0 

Gu 

Gu 

0 

0 

Got 

Gu 

0 

Gu 

Gu 

0 

0 

Gu 

0 

0 

0 

Gu 

0 

0 

Gm 

0 

0 

0 

G70 

G71 

Grt 

G71 

G74 

G71 

Gto 

Gn 

Gto 

Gto 

0 

G«i 

Got 

Gu 

0 

1 

Goo 

G« 

0 

Gos 

Goo 

0 

0 

Q 

Gw 

0 

0 

Goo 

0 

0 

Goo 

The  similarity  transformation  of  A  by  P  and  of  B  by  P,  where  P  — 
(c8<i<tc«(6CsC]C]oC7C4)  and  where  c,  is  the  1  X  10  matrix  with  1  in  the  position 
and  zeros  elsewhere,  transforms  A  and  B  into  the  triangular  block  matrices 
{Aij),  (Bij)  such  that  Au  ,  Aa ,  Bu  and  Ba  are  2X2  triangular  matrices.  A44 
and  Bu  are  3X3  triangular  matrices.  The  blocks  Au  and  Bu  were  the  following: 


Thus,  the  original  problem  of  finding  the  characteristic  roots  of  a  polynomial, 
/(A,  B),  was  reduced  to  a  study  of  this  function  for  the  3X3  matrices  Au 
and  Bu  - 

It  is  dear  that  no  permutative  transformation  exists  which  will  transform 
either  Au  or  Bu  into  the  triangular  skeleton.  Furthermore,  since  AuBu  —  BuAu 
is  nonsingular  it  is  obvious  that  no  transformation  matrix  P  exists  such  that 
P’AuP  and  P'BuP  are  of  triangular  skeleton. 

It  is  of  interest  to  note  that  the  4X4  matrices  A  *  (Gt;),  B  —  (6,,)  where 
Gij  »  6ii  —  o  0  and  a,>  =  bij  =  0  for  all  other  elements  are  not  simulta¬ 
neously  reducible  to  triangular  skeleton. 
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NOTE  ON  AN  EQUI-MOMENTAL  COMPLEX  OF  A  RIGID  BODY 
By  Hari  Das  Baqchi 

Introduction.  The  main  object  of  the  present  investigation  is  the  study  of 
certain  novel  properties  of  an  “equi-momental  complex”  of  a  rigid  body,  t.e., 
of  the  complex  formed  by  the  assemblage  of  » *  lines  (inside  a  body),  the  moment 
of  inertia  round  any  of  which  has  a  fixed  pre-assigned  (scalar)  value  I.  This 
subject  was  originally  initiated  by  Jung‘  and  was  latterly  written  upon  by 
Painvin*  and  Demoulin.*-  * 

It  is  not  too  much  to  say  that  the  main  bulk  of  this  paper  is  devoted  to  a 
discussion  of  the  surface-loci  and  curve-loci,  traced  out  by  a  (variable)  point 
‘A',  when  its  associated  cone  is  subjected  to  different  varieties  of  geometrical 
conditions. 

On  the  whole  the  paper  is  believed  to  embody  some  amount  of  original  matter, 
although  there  are  casual  references  to  known  results. 

Art.  1.  The  moment  of  inertia  (M.I.)  of  a  rigid  body  with  respect  to  a  line 
through  the  mass  centre  0  in  the  direction  u,  u,  u  =»  1,  can  be  given  by  the 
formula  /o(u)  *  u,  ^o(u),  where 

<eo(u)  =  X  (u  X  r,), 

(or  the  corresponding  integral)  r<  being  the  radius  vector  of  the  mass  point 
nti The  M.I,  with  respect  to  an  arbitrary  line  in  the  direction  u  through  a 
point  A  of  radius  vector  a  is 

/^(u)  =  u-v>o(u)  -I-  3/ (a  X  u)-(a  X  u)  =  u-^4(u), 

where 

vj^(u)  *=  ^(u)  -I-  3/ (a  X  u)  X  a  and  M  =  Sm, . 

The  totality  of  lines  with  respect  to  which  the  M.I.  is  equal  to  a  specified  (scalar) 
constant  I  constitutes  a  quadratic  complex  H  for  which 

u-^(u)  -f  3/(a  X  u)-(a  X  u)  —  7  «  0.  (1) 

If  Za  is  the  “cone  of  the  complex”*  attached  to  A,  its  scalar  equation  is,  ac¬ 
cording  to  (1),  quadratic  and  of  the  form 

r-v(r)  -I-  3/ (a  X  r)-(a  X  r)  —  /r-r  =  0,  (2) 

>  G.  Jung:  EruyklopOdie  der  Mathem.  Wiasenschaften,  4,  9,  p.  322. 

*  Painvin:  Nouv.  Annates  de  Mathim.,  1072,  p.  49. 

*  A.  Demoulin:  Bulletin  SocitU  Mathim.  France,  19,  1891,  p.  131. 

*  See  also  H.  D.  Bagchi:  ‘Normal  Complex  of  a  rigid  body’.  Bull.  Cal.  Math.  Soc.,  31, 
No.  2,  (1939). 

*  See  e.g.  C.  J.  Coe,  Theoretical  mechanics  (N.  Y.  MacMillan,  1948),  Ch.  XI. 

*  is  also  called  the  “equimomental  cone  at  the  point  A.”  See  Routh,  Elementary 
Rigid  Dynamics  (1930),  pp.  21-22,  Ex.  32. 


308 


HARI  DAS  BAOCHI 


where  r  is  the  radius  vector  from  A  (not  from  0).  If  then 

w^(u)  «  <po(u)  +  M{(a  X  u)  X  a}  -  /u  -  ^^(u)  -  lu,  (3) 

then  the  equation  of  2a  can  be  written  either  in  the  form 

T’UaCt)  -  0,  or  r*^^(r)  —  Ir-r  —  0.  (4) 

Art.  2.  Let  ii ,  ij ,  ii  be  mutually  perpendicular  unit  vectors  in  the  principal 
directions  of  inertia  at  C.  Then  there  exist  three  scalars  ffi ,  (ft  ,  fft  such  that 

W)(li)  *  (fi^i  I  W)(i*)  “  (ft  U- 

Then,  if  u  —  Uih  +  ittU  +  Uti* ,  a  ■■  aih  +  Otii  +  Otii ,  we  find  from  (3) 

uaOi)  -  Piii  -  Maiti,  uaCU)  -  PjI*  —  Motii,  »  p,i,  -  MchU, 

where  pi  —  (/i  +  Afa*a  —  pt  “  +  ilfa*a  —  pi  —  +  Afa-a  —  /.  We 
thus  obtain  for  the  three  scalar  invariants  of  the  vector  function  (D^(r)  the  fol¬ 
lowing  expressions^ 

mA  -  (w^(ii),  -  PiPtPt  —  Ma'ptpt  —  Ma^pipi  —  Ma^pipt  (5) 

“  (piP*  +  p»P»  +  PiPi)  — Afo*(pu-l-pi)  — A/oj*(pi-|-pi)  — Afa»*(pi-|-p*)  (6) 

triA  “  ii'w^(ii)  it’ci74(it)  -j- 

“  (pi  +  P*  +  P»)  ~  A/(oi*  -f-  o»*  4-  o**)  (7) 

“  (l7i  +  +  fl'*)  —  3/  -1-  2Af(oi*  +  Oj*  -H  Oj*). 

Art.  3.  We  now  investigate  four  specific  loci  traced  out  by  a  variable  point  A 
(inside  the  body),  when  the  cone  2a  is  made  to  satisfy  certain  prescribed  con¬ 
ditions. 

Case  I.  The  quadratic  cone  2a  has  a  double  line  (is  a  pair  of  planes).  Then 
rriA  ~  0.  Hence,  according  to  (5),  substituting  for  a  the  generic  vector 
r  —  xi  4-  yj  +  2k  we  find  for  the  locus 

X*  y*  s* 

[((?,  -  I)/M]  4-  r-r  [(gt  -  I)/M]  +  r  r  [(g,  -  D/M]  4-  r-r  “  ^ 

We  thus  corroborate,  by  an  aUemative  method,  a  result  previously  known,  vis. 
Prop.  I.  The  singular  surface  of  the  quadratic  complex  'S.  is  the  quartic  surface 
R  defined  by  Eq.  (8). 

This  quartic  surface  is  identical  with  Fresnel’s  wave  surface.' 

^  See  e.g.  L.  Brand,  Vector  and  tensor  analysis  (N.  Y.  Wiley),  1947,  p.  149.  We  have 
written  (abc)  «  (a,  b,  c)  for  (a  X  b)-c. 

*  See  Routh,  loc.  cit.  p.  43,  art.  65. 
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Case  II.  The  cone  2^  possesses  triads  of  perpendicular  generators.  Then 
nu  “  0.  Hence,  acco^ng  to  (7),  we  find  for  the  locus 

+  /  +  (9) 

We  thus  arrive  at  the  following  proposition: 

Prop.  II.  The  locus  of  a  point  A  {inside  the  body),  for  which  the  associated  cone 
2a  admits  of  triads  of  perpendicular  generators,  is  the  sphere  r  given  by  (9). 

This  sphere  has  its  centre  at  the  mass  centre  of  the  body  and  is  real  when 
3/  >  . 

Case  III.  The  cone  2a  possesses  triads  of  perpendicular  tangent  planes.  Then 
ml  =»  0.  Hence,  according  to  (6),  we  find  for  the  locus 

(x*  y*  +  z*)*  -  lx*  -  my*  -  m*  D  ^  0,  (10) 

where 

I  47  —  i2gi  =}■  ^2  +  gz)  ^  41  —  (gi  +  2gi  +  gt) 

' - M - ■  - - M - 

41  —  {gi  +  +  2^3) 

- - Ti - 

n  _  “  Oiffi  ~  I)  +  {g»  —  I){gi  —  7)  +  {gt  —  I){gi  —  7) 

M' 


Prop.  III.  The  locus  of  a  point  A  {inside  the  body),  for  which  the  associated 
cone  2a  admits  of  triads  of  perpendicular  tangent  planes,  is  the  surface  A  of  the 
fourth  degree,  represented  by  Efq.  (10). 

The  very  form  of  (10)  suggests  that  the  surface  A  is  a  cydide  of  the  central 
type*  having  0  for  its  center.  To  find  other  particulars  about  A  we  set  7)'  =  fc*, 
r  “  f  +  2k*/ A,  m'  =  m  -f  2k*/ A,  n'  *=  n  +  21^/ A,  so  as  to  re-write  (10)  in  . 
the  equivalent  form 

(x*  +  y*  +  z*  +  fc*)*  =■  i4(r*x*  m'*y*  -|-  n'*z*).  (11) 

Comparing  (11)  with  the  “standard  form”  of  a  cycUde,  as  given  in  Art.  561  (a) 
of  Salmon’s  "Treatise  on  the  Analytical  Geometry  of  Three  Dimensions”  (Vol.  II, 
Rogers,  1915),  we  learn  that  the  (central)  cyclide  admits  of  only  two — and  not 
five — distinct  “focal  quadrics”**  viz.. 


and 


*  See  H.  D.  Bsgchi:  (a)  Note  on  Cyolides.  Journal  of  the  Indian  Mathematical  Soe., 
Bangalore,  India  (1940).  (b)  Note  on  Cyclides  and  Hyperoyelides.  Journal  of  the  Aaicdie  Soe. 
of  Bengal,  Calcutta  (1949). 

**  It  is  worthy  of  note  that  whereas  the  average  type  of  cyclide  admits  of  five  “focal 
quadrics”  and  five  associated  “spheres  of  inversion,”  the  tpecialized  variety  of  cyclide, 
viz.  A  admits  of  only  two  “focal  quadrics  and  two  associated  “spheres  of  inversion.”  For 
obvious  reasons,  these  two  spheres  cannot  be  both  real. 
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the  corresponding  “spheres  of  inversion”  being  respectively 

X*  +  y*  +  2*  -  k*  and  x*  +  y*  +  z*  =  —k*. 

Case  IV.  The  cone  is  a  cone  of  revolution.  Then  the  vector  function 
defined  by  (3)  must  have  two  equal  roots.  Now  ^x(r)  and  wa(t)  are  coaxial  and 
the  three  (scalar)  roots  of  one  differ  from  those  of  the  other  by  I.  The  equality 
of  two  roots  of  w^(r)  implies  that  of  two  roots  of  ^^(r)  and  vice  versa,  i.e.  the 
cone  1a  tcill  be  right  circular,  whenever  the  momental  ellipsoid  at  A  is  a  spheroid 
and  conversely.  In  other  words,  will  be  right  circular  when  and  only  when 
two  of  the  principal  moments  of  inertia  at  A  are  equal.  Hence  recollecting  that 
the  two  reciprocal  quadrics  at  A,  viz.,  the  momental  ellipsoid  and  the  ellipsoid 
of  g3rration  at  the  point,  are  either  both  spheroidal  or  both  non-spheroidal,  and 
referring  to  Art.  62  (p.  41)  of  Routh  (loc.  cit.),  we  arrive  at  the  following  prop¬ 
osition. 

Prop.  IV.  The  elliptic  and  hyperbolic  focal  conics  of  the  ellipsoid  of  gyration  at 
its  mass  centre  constitute  the  complete  locus  of  a  point  A 

a)  whose  associated  cone  1a  ie  right  circular,  or  (what  is  the  same  thing), 

b)  whose  attached  momental  ellipsoid  (or  ellipsoid  of  gyration)  is  a  spheroid. 

Art.  4.  It  now  remains  to  give  a  finishing  touch  to  the  present  investigation 
by  taking  into  account  certain  subsidiary  cases,  arising  from  different  combina¬ 
tions  of  special  pairs  of  cases,  dealt  with  in  Art.  3.  To  be  precise,  we  shall  reckon 
with  three  such  specific  combinations,  viz. : 

Case  V :  Cases  I  and  II  combined; 

Case  VI:  Cases  II  and  IV  combined; 
and  Case  VII:  Cases  III  and  IV  combined. 

Case  V — Amalgamating  Cases  I  and  II  and  remembering  that  a  degenerate 
(quadric)  cone,  which  possesses  triads  of  perpendicular  generators,  is  no  else 
than  a  pair  of  orthogonal  planes,  we  arrive  at  the  following  proposition: 

Prof.  V.  The  twisted  curve,  formed  by  the  intersection  of  the  “equi-momental” 
surface  0,  (given  by  (8),  with  the  sphere  (given  by  (9),  represents  the  locus  of  a 
point  A  (inside  the  body),  the  associated  cone  at  which  consists  of  two  perpendicular 
planes. 

Case  VI.  Next  amalgamating  Cases  II  and  FV  and  bearing  in  mind  that  a 
right  circular  cone,  endowed  with  triads  of  perpendicular  generators,  must  have 
tan~‘(v^)  for  its  semi-vertical  angle,  we  arrive  at  the  following  proposition: 

Prop.  VI.  Those  points  (inside  a  rigid  body),  the  "associated”  cones  at  which 
are  right  circular  cones  of  the  same  semi-vertical  angle  tan“‘(\/2),  ore  designable 
geometrically  as  the  points  of  intersection  of  the  sphere  r,  (given  by  (9),  with  the 
elliptic  and  hyperbolic  focal  conics  of  the  ellipsoid  of  gyration  at  the  mass-centre 
(of  the  body). 

Case  VII.  Finally  amalgamating  Cases  III  and  IV  and  recognising  that  a 
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right  circular  cone,  possessing  triads  of  perpendicular  tangent  planes,  must  have 
cot“‘(v^)  for  its  semi- vertical  angle,  we  arrive  at  the  following  proposition: 

Prop.  VII.  Those  pointe  {inside  a  rigid  body)  the  “associated"  cones  rohereat  are 
right  circular  cones  of  the  same  semi-vertical  angle  cot~‘(V^)  ore  definable  as  the 
points  of  intersection  of  the  cydide  A,  {given  by  (10),  xoith  the  elliptic  and  hyperbolic 
focal  conics  of  the  ellipsoid  of  gyration  at  the  mass-cerUre. 

Inquisitive  readers  may  widen  the  scope  of  enquiry  and  ascertain  the  locus 
of  a  point  A  for  which  2^  shall  be  a  right  circular  cone  of  any  assigned  vertical 
angle.  It  is  hardly  necessary  to  remark  that  a  combination  of  Cases  II  and  III  in 
the  above  context  serves  no  useful  purpose,  for  a  quadric  cone,  endowed  simul¬ 
taneously  with  triads  of  perpendicular  tangent  planes,  can  never  be  real. 

In  conclusion,  I  beg  to  express  my  indebtedness  to  Professor  D.  J.  Struik  for 
his  suggestions  and  helpful  criticism. 

Calcutta  University 


(Received  December  19,  1952) 


BOUNDARY  LAYER  CONTROL  BY  DISTRIBUTED  SURFACE 
SUCTION  OR  INJECTION.  BI-PARAMETRIC 
GENERAL  SOLUTION 

By  T.  P.  Torda 

Introduction.  In  reference  1,  a  method  was  presented  for  the  analysis  of 
boundary  layer  control  by  distributed  surface  suction  or  fluid  injection.  This 
method  was  based  on  the  von  KArm^n  integral  principle  and  used  a  polynomial 
approximation  for  the  velocity  profile  in  the  boundary  layer.  New  boundary 
conditions  were  introduced  which  allowed  the  evaluation  of  a  physically  sig¬ 
nificant  boundary  layer  thickness  and  the  variation  of  the  required  suction 
distribution  necessary  to  maintain  a  prescribed  laminar  boundary  layer  with 
constant  or  varying  thickness.  In  reference  1,  only  the  momentum  equation  was 
used  and,  therefore,  numerical  methods  (e.g.  isoclines)  were  necessary  for  the 
final  integration  of  the  resulting  differential  equation.  Although  other  investi¬ 
gators  used  an  appropriate  energy  equation  for  the  evaluation  of  the  boundary 
layer  variation  along  solid  surfaces,  in  all  previous  work  known  to  the  author, 
the  Prandtl  momentum  equation  alone  is  used  for  the  analysis  of  boundary  layer 
control  by  distributed  suction.  The  method  described  here  employs  the  boundary 
layer  momentum  equation  and  the  energy  equation  for  the  analysis  of  boundary 
layer  control  by  distributed  surface  suction  or  fluid  injection.  Again,  the  von 
KArmdn  integral  principle  is  used.  The  tangential  velocity  distribution  in  the 
boundary  layer  is  approximated  by  an  infinite  series  in  powers  of  the  normal 
coordinate  with  coefficients  which  are  functions  of  the  tangential  coordinate. 
For  flows  around  an  airfoil,  use  of  the  terms  containing  the  first  four  powers  of 
the  normal  coordinate  are  sufficient.  The  two  resulting  simultaneous  differen¬ 
tial  equations  allow  the  determination  of  both  the  boundary  layer  thickness 
variation  and  the  corresponding  suction  velocity  distribution.  However,  in  most 
cases  of  applications  of  boundary  layer  control  the  behavior  of  the  boundary 
layer  ft  prescribed  (since  the  maintenance  of  a  thin,  laminar  boundary  layer  over 
the  whole  profile  is  desired).  Therefore,  the  two  differential  equations  are  com¬ 
bined  and  yield  a  two-par^eter  equation  for  the  suction  velocity  distribution. 
International  Business  Machines  computers  were  used  for  the  evaluation  of  the 
resulting  two-parameter  polynomials  and  families  of  curves  were  plotted  allowing 
the  direct  evaluation  of  the  problem  instead  of  the  laborious  numerical  or  graph¬ 
ical  computations  which  were  necessary  previously.  The  boundary  conditions 
which  were  introduced  in  reference  1  were  employed.  These  are:  The  tangential 
velocity  component  is  equal  to  the  velocity  of  the  potential  flow  at  the  edge  of 
the  boundary  layer.  Here,  the  normal  derivative  of  the  tangential  velocity  com¬ 
ponent  is  zero.  It  should  be  noted  that  these  two  boundary  conditions  are  ap¬ 
proximate  only.  Further,  at  the  wall,  the  tangential  velocity  is  either  zero  or 
has  a  finite  magnitude  (slip  velocity)  and  the  normal  velocity  component  is  equal 
to  the  suction  (or  injection)  velocity.  The  boundary  layer  momentum  equation 
and  its  derivatives  with  respect  to  the  normal  coordinate,  evaluated  at  the  wall. 
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yield  additional  boundary  conditions  necessary  for  the  evaluation  of  the  coef¬ 
ficients  of  the  power  series  approximation  of  the  tangential  velocity  component 
in  the  boundary  layer. 

Method  of  solution.  Let  s  and  n  denote  cartesian  coordinates  measured  along 
the  surface  and  perpendicular  to  it.  The  quantities  u  and  v  are  the  velocity  com¬ 
ponents  in  the  boundary  layer  in  the  directions  of  «  and  n,  respectively,  U  = 
U («)  is  the  velocity  of  the  potential  flow  parallel  to  the  surface,  p  *  p(s)  is  the 
pressure,  p  is  the  density,  v  the  kinematic  viscosity,  5  the  boundary  layer  thick¬ 
ness  and  c  *  «(«)  is  a  function  modifying  the  shear  stress  (due  to  slip  at  the  wall), 
c  was  taken  as  unity  in  the  analysis.  Subscript  zero  denotes  conditions  at  the 
wall.  Since  p(8)  is  the  same  in  the  potential  flow  and  in  the  boundary  layer,  the 
boundary  layer  momentum  equation  and  the  energy  equation  may  be  written  as: 

udu/d8  -f  v&uldn  “  UdU/d8  -H  vd'u/dn*  (1) 

u*  du/d8  +  uvdu/dn  =  uUdU/d8  -H  vud*u/dn*  (2) 

The  approximation  for  the  velocity  component  parallel  to  8  in  the  boundary 
layer  is  taken  as 

u  *  Uian  +  bn*  +  cn*  +  dn*)  (3) 

where  a,  b,  c,  and  d,  are  functions  of  8.  These  coefficients  are  evaluated  from  the 
boundary  conditions  such  that 

a  ^  (24  + QN  +  MN)/6D  6  =  3(-3iV  -H  4il/)/«*D) 

c  *  {-3MN  +  4ilf*)/«*D)  •  d  =  (-6  -1-3  AT  -1-  2MN  -  6M  -  3M')/S*D  I  (4) 
D  =  18  -h  6M  -  3f* 

In  the  above 

M  -  M/f  and  N  =  d\dU/d8)/y  (5) 

Equations  (1)  and  (2)  were  integrated  (p  at  y  “  5  was  calculated  from  the  con¬ 
tinuity  equation)  and  use  was  made  of  expressions  (3),  (4),  and  (5).  Two  simul¬ 
taneous  total  differential  equations  result  (prime  denotes  d/ds).  Introduction  of 
the  abbreviations 

2  3  S*/y  <r  *  UUyU’*  V  ^  Uz'  (6) 

allows  the  expression  of  the  two  simultaneous  total  differential  equations  as 

Uv[{zf\vr^'*  ^  Ai  +  Ata  +  A^r|  (7) 

Uv,{zf\v)-^''  =  -t-  Btfr  +  (8) 

where  Ai,  At,  At,  and  Bi  are  polynomials  in  M  and  N. 

Equations  (7)  and  (8)  are  the  resulting  simultaneous  equations  which  allow  the 
evaluation  of  the  general  problem  of  boundary  layer  control  by  distributed  sur¬ 
face  suction. 
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The  special  case  for  which  this  method  was  applied  is  the  determination  of 
the  suction  velocity  distribution  over  the  surface  for  a  prescribed  boundary 
layer  thickness  variation.  By  equating  the  right  hand  sides  of  equations  (7)  and 
(8)  one  obtains  the  following  double-parameter  equation 

“  0  (9) 

In  this  equation  <r  and  ij  are  functions  of  «,  prescribed  by  the  ph}rsical  problem 
and  ^  and  4>t  are  polynomials  in  M  and  N.  When  constant  boundary  layer 
thickness  is  to  be  maintained  over  the  surface,  ij  is  zero,  and  equation  (9)  becomes 

— <r  ■=  ^/4>i  (10) 

The  development  of  the  boundary  layer  along  a  solid  wall  for  an  arbitrary  pres¬ 
sure  distribution  in  the  potential  flow  is  another  special  case  of  the  analysis. 
Then,  vo  is  zero  (and,  therefore,  M  is  zero),  and  the  momentum  and  energy 
equations  yield  the  following  two  differential  equations  for  the  boundary  layer 
thickness  variation: 


Uz'  =  Cl  -f  C,<r  (11) 

Uz'  -  C,  -f  Cta  (12) 

where  Ci ,  Cj ,  C| ,  and  C4  are  functions  of  N.  These  two  equations  yield 

-<r  -  (13) 

and  61  and  dt  are  polynomials  in  N. 

Equation  (9)  is  the  sum  of  equations  (7)  and  (8).  After  the  suction  velocity 
distribution  is  calculated  from  equation  (9)  (or  equation  (10)),  it  has  to  be  shown 
that  this  satisfies  not  only  the  sum  of  the  two  equations,  but  also  the  equations 
themselves.  This  may  be  done  by  calculating  from  either  equation  (7)  or  (8) 
the  tangents  of  the  vo  curve  at  several  points  along  the  curve  and  checking  the 
agreement  between  the  curve  and  its  tangents.  For  one  numerical  example 
worked  with  the  method,  excellent  agreement  has  been  obtained.  A  similar 
procedure  has  to  be  followed,  if  the  method  is  applied  to  the  anal}rsis  of  boundary 
layers  along  solid  walls. 

For  the  evaluation  of  the  present  analysis,  numerical  work  should  be  carried 
out,  particularly  for  cases  for  which  experimental  results  are  available.  Un- 
fortimately,  most  of  these  experiments  are  of  a  classified  nature  and  were  not 
available  to  the  author.  The  analysis  will  be  published  in  its  complete  form  when 
it  can  be  checked  with  experimental  results. 
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A  NOTE  ON  THE  PAPER  “ON  A  CLASS  OF  ITERATIVE 
PROCEDURES  FOR  SOLVING  NORMAL  SYSTEMS  OF 
ORDINARY  DIFFERENTIAL  EQUATIONS” 

By  J.  Waroa 

It  was  brought  to  the  author’s  attention  that  the  iterative  procedure  designated 
by  him  as  “germay’s  method  (1)”  was  first  employed  by  E.  Cotton  in  1911  in. 
the  Annales  de  VEcole  NormcUe  Superieure,  [3],  vol.  28,  pp.  473-521.  It  was 
subsequently  employed  by  R.  Bellman  in  the  Transitions  of  the  Amer.  Math. 
So.,  vol.  62,  no.  3,  pp.  359-365,  in  1947  and  by  R.  H.  Germay  in  the  Bulletin 
de  la  SocieU  Royale  des  Sciences  de  Lihgi,  [6],  pp.  3-8,  in  1949. 


